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Double Gel’'fand states are given explicitly as polynomials of boson operators. The coefficients of
these polynomials may be expressed in terms of recoupling coefficients of external products of
permutation groups or Kronecker products within the unitary group, as well as in terms of
multiple Clebsch—-Gordan coefficients of the unitary group.

PACS numbers: 02.20. + b, 03.65.Fd

I. INTRODUCTION

Double Gel’fand states emerge naturally from the treat-
ment of representations of the unitary group in terms of bo-
son polynomials (see Louck’ and references therein). They
prove to be a powerful tool (Chacén et al.? and Louck and
Biedenharn®) in this context, but they are also useful in estab-
lishing connections to the permutation group.*~ Further-
more, they may be used explicitly to describe physical
systems.’

A close study of the explicit expressions for these states
is justified as they are basic for many applications®’. One
such expression was given by Louck and Biedenharn,” and a
different one in Refs. 5 and 6.

In the present paper we shall give three closed expres-
sions: A first one in terms of multiple Clebsch-Gordan coef-
ficients of U,. This expression may be shown to be closely
related to the one given by Louck and Biedenharn.” Next we
proceed to obtain an expression in terms of recoupling coeffi-
cients for the Kronecker product in U,,. Finally we shall
show that this expression may be reinterpreted in terms of
certain recoupling coefficients for external products of per-
mutation groups. This expression is identical to the one ob-
tained in Ref. 5, if a mistake in the normalization given there
is corrected (see Appendix).

The following diagram illustrates the relations for the
coeflicients of each monomial if a double Gel’fand state is
given as a boson polynomial.

multiple Clebsch—Gordan
coefficients of U,

: N

coefficients recoupli
, p 1ng
of double Gel’fand coefficients of U
states n

AN

recoupling coefficients
for outer products in
permutation groups
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In the next section we shall give some preliminaries
concerning double Gel’fand states and fix the notation we
shall use. Then we proceed to prove the steps A, B, and C, as
indicated in the diagram. The proof of step A will be very
different from the derivation of a similar result given by
Louck and Biedenharn® and will only use standard vector
coupling techniques. Step B will be proved in a quite elemen-
tary way, generalizing a method used in Ref. 8. To prove step
C, we shall employ the concept of special Gel’fand states,*
generalizing a technique developed previously for special
cases.” The above diagram could be completed by the proof
of D as given in Ref. 5 but we shall not reproduce this proof,
as it is given in the reference, and its methods differ basically
from the ones used in this paper. We shall only discuss in an
appendix how the normalization constant, as presented in
Ref. 5, must be corrected, to coincide with our result from
step C.

Many of the results of this paper are known at least for
special cases. Nevertheless, we believe that this presentation
is relevant not only because it gives the results in full general-
ity but especially because all results are obtained by standard
techniques and do not require the introduction of new com-
plicated concepts as the proofs in Louck and Biedenharn®
and Ref. 5 .The only exception is the use of special Gel’fand
states, but these are only relevant to establish the connection
with Sy.

Most of the content of this paper is contained in a thesis
by one of us.'?

Il. DOUBLE GEL'FAND STATES AS BOSON
POLYNOMIALS

Two standard representations for double Gel'fand
states are used in the literature; one' in terms of creation
operators for harmonic oscillator wavefunctions (boson op-
erators), the other® in terms of the variables of a complex
Bargmann space.'' The two formulations are equivalent,
and we shall here adopt the former.

We thus formally consider an harmonic oscillator in #2
dimensions. Denoting coordinates and momenta by
x;, p; (s,j = 1,...,n), we may define the creation operators
7; = (1/v2)(x; — ip;) and the annihilation operators
&7 = (n;)!, where t denotes Hermitian conjugation. Clearly
we have

[n:.6;1=6.6, [mim]=[£:6:]1=0.

© 1982 American institute of Physics 473



The operators

¢y =€ 2.1
now form a Lie Algebra for U,. under commutation [ , }.
This algebra, defined as an operator algebra over polynomi-
als of 77 (boson polynomials), only admits the completely
symmetric representations [V 0---0}, spanned by the set of all

monomials of degree N. By contraction we can form two Lie
algebras with generators

¢ =3

J

(2.2a)

and
C, = Eij

that generate two unitary groups in n dimensions denoted by
% , and U, that refer to the upper and lower labels respec-
tively. Clearly their direct product is a subgroup
U,X%,CU,..

It is well known' that the irreducible representations
(IR’s) of U, and % , must be equivalent to be contained in
[N 0---0] and thus to be realized on the space of the boson
polynomials. These IR’s are characterized by a partition of
N into a sum of n positive integers.

If a polynomial transforms according to an IR of one of
the groups U, or % ,, then it transforms according to the
same IR of the other one. The row labels with respect to the
two groups are independent and we have a 4 2 -dimensional
vector space, all of whose members transform according to
an IR a of dimensions d, with respect to either group.

We choose the row labels for both groups as Gel’fand
schemes, that is, by characterizing them through the IR of
the chain of subgroups

(2.2b)

U DUy D DU D%,
and similarly for U, . These IR’s are successively partitions
of positive integers (<V ) into n, n — 1, n — 2, etc., positive
integers and may be arranged into triangular patterns that

characterize the row label of an IR [g]=|g".g5,....&7 ]. Such
a pattern, called a Gel’fand scheme, is denoted by

n—1 n—1

& 8.1
\g/ =

n—2 ves n—2

&1 En_2

(2.3)
4
The number g} must fulfill the “betweeness” conditions
8> 281 (24)

A further important concept is that of the weight of a
Gel’fand pattern defined by

i=1

s s—1
w, = Zgj _j;lg}f*l_

If [ g] is a partition of the type [m0---0]=m, then the vector w
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formed of all weights characterizes the pattern uniquely, and
we shall often use the labels m and w instead of [ g} and \ g/
to denote such situations. If, in turn, the weight vector has

only one component different from zero, [ g] must be of the
type [m0---0] and the nonzero component of w must equal m.
We shall then denote [ g] and \g/ by m and i, where / indi-
cates the component of w that is unequal to zero.

To be quite clear, the above notation implies that a basis
vector of U, usually given by the pattern

g1 &

grllfl ver g::ll _[g]

[gliNg/,

Il

g/
& (2.5)

will now be denoted for the special cases mentioned above as

= _=mw,
w
(w, + w,)0
W
2.6)
mo0 0
mo 0
mO 0 = =m;i
i
0
i—1 . 0
Tows )
0 (2.7)

We shall use notations with the row labels below or next to
the representation label according to typographic conve-
nience. When considering double Gel’fand states, we intro-
duce similar notation for %, and U, i.e., for upper and
lower labels; preferably we shall use the letter # when refer-
ring to the lower and the letter g when referring to the upper
indices, and we shall usually put the row labels in the corre-
sponding upper or lower position.

As mentioned above, we must have equal partitions for
the IR’s of U, and %, and thus we have
h" =g"=f,, 1<i<n, where we introduce the last notation,
£, to avoid asymmetry. A double Gel'fand state now is writ-
ten as
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s=1,.,n 78\
mi_ o ] 28
EANY,

where / \ indicates an inverted Gel’fand scheme, and the
bra indicates a representation as a boson polynomial. In a
double Gel’fand state we have a second set of weights
= Shi-Sh

Jj=1
The first weight w is associated with the upper, the second W
with the lower labels. A pattern is said to be of highest weight
if w, = f; forall 1<i<n, and similarly we have adouble state
of highest weight if both patterns are of highest weight. The
weight w, is the eigenvalue of 4 * and is thus equal to the
sum over ; of the exponents of ; in a state. This sum must be
constant for all terms of the polynomial that forms the state.
A similar argument applies to i; for the lower labels [cf. Eqgs.
(2.10a) and (2.10b)].

Double Gel’fand states of highest weight are propor-
tional to products of determinants of boson operators' and
are thus readily available. All other double Gel'fand states
may in principle be obtained by applying lowering opera-
tors'? to the polynomials, first to the upper, then to the lower
indices. The result must be a homogeneous polynomial in the
77 and may be written as

s=1,..,n /&N
wi_ ]
ANY,
no ()P
_ECD[f] \g/\h/)ml'_[1 D)7 (2.9)
where D is a n X n matrix with elements D,; that fulfill

SD,; =w,, (2.10a)

3D, =w, (2.10b)

]

We thus write
/ &\

.
v/

s=12 5 s=1 ‘ 1 < s=2
i, = i, Wi; 5.
771:1 [g] z<771—1,...,n lD1> 77't=1,

The last equations express a property of the weights men-
tioned above. The factor 1/(D,;!)'”* was introduced for con-
venience, since then each monomial is a normalized oscilla-
tor function.

Various explicit expressions for coefficients C will be
derived in the following sections.

lil. EXPRESSIONS IN TERMS OF MULTIPLE CLEBSCH-
GORDAN COEFFICIENTS

In order to express double Gel’fand states in terms of
multiple Clebsch—-Gordan coefficients, we use the fact that
the basic building block of the expression (2.9) is
(75)°/(D,;1)"?; this simple monomial clearly transforms ac-
cording to an IR [D_0--0]) of U, and % . The correspond-
ing double Gel'fand state is characterized uniquely by the
weights wy =48,.D,,, W) =§;D;,.

Next we may consider a monomial of the form
1L, (53)>/(D,Y)'/2. Such a product transforms according to
the IR w, = [w,0--0] [w, given by Eq. (2.10a})]. Again the
weight determines the state completely. For the upper indi-
ces we have w, = 8, w,, and for the lower ones
w = D: = [Dsl DJZ'"Dsn ]‘

Considering notation established in (2.6) and (2.7), we
may write

< 5 fixed
7]1»1. =1,.,n

s <R H

w”D,> = il;[l __(D,,.!)‘/z . (3.1)

Here the s refers to % , and the D, to the U, row labels.
For reasons that will become apparent later, we now proceed
to couple two such states to one transforming according to
the IR [ g*]=[g?£20--0]. We perform this coupling using
Clebsch—-Gordan coefficients of U, and summing over dif-
ferent possible values of D, and D,. To choose the lower
pattern for the coupling is essential, because all possible row.
labels of w, are of the type required, whereas the upper labels
are fixed.

(3:2)

81830~ 0>

o 2 ><w, w,
2’Dz D, D,| \ 4%/

where the last coefficient on the right is a Clebsch-Gordan coefficient. Here \ ¥/ is any pattern compatible with the IR

[g2820--0], and we define

&
& &

/g\= g & - g

The upper pattern then has to be /&’
proceed by successive coupling, using the recursive formula
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(3.3)

because g, = w, and all weights for 5 > 2 are zero. It is now clear that we intend to
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=t+1
??I}l—l

s=1,.,t+1

“l———l, )

/gl+1 /g N
: v

s=1,.
-+ 1 — S,
[ ] - 2 77;,1.___1,"',” [g]

r+l ><[gt] Wit
\714-1/ \Y' 4D \},l/

w (g '] ) (3.4)
D Y/ Dy

\,},!+l/

t+1

Again the upper pattern is completely fixed as we add weight only in one row that previously had weight zero. Here and in
what follows we use any partition with / numbers different from zero to identify an IR of any group U, i<j<n without
adding or dropping the zeros in question explicitly.

Note that the Clebsch-Gordan coefficients involved are free of multiplicities since one of the partitions is always of the
one row type. Explicit expressions for these coefficients are given by Chacén et al.?

We now choose the patterns \y"/=\ h/ and / g\=/g"\. Applying (3.4) repeatedly, we obtain

] 2 I H S e
BRI

YIZI\/D

where D is any matrix fullfilling Egs. (2.10) and D, is the sth row of this matrix. We inserted Eq. (3.1) in the last line and we
defined the muiltiple coupling coefficient (MCC} of U, by

(S R A KN S SR

»»»»»

SOl

[g3]> <[g"‘] w,

i 3.6
N4 \y"“/D"\h/> (3.6)

We thus have obtained a first closed expression for double Gel’fand states. Comparing Eq. (3.5} with Eq. (2.9), we find that the
coefficient C is exactly the MCC of Eq. (3.5).

From Eg. (3.6) and the expression given by Chacén et al.,” these coefficients are given in a closed form.

A similar expression could have been obtained by interchanging the role of rows and columns. This gives an identity
between distinct MCC'’s that is a generalized “Regge symmetry” as shown at the end of the next section.

IV. DOUBLE GEL’FAND STATES IN TERMS OF D, = [D;0-0],j = 1,...,n. The result one obtains will
RECOUPLING COEFFICIENTS have the advantage of being completely symmetric with re-
spect to the upper and lower patterns.
We now proceed to give an expression similar to (3.5), We shall define a recoupling coefficient assuming that
but in terms of recoupling coefficients rather than MCC. To  a/l couplings involved are multiplicity free.
do this, we shall show that the particular MCC (3.6) is pro- We consider n° IR [4,] of U, with row labels \g,/,
portional to a recoupling coefficient of the n” representations  and we couple them in two different ways as follows:
J
. <[H 114.1](0?] A.al] ][o"‘][Am] [ ]><[H w,] (1] [62][w3]]_”][6"‘ Jwn 1|1 4] >
NG g /T =1 \qll /\qIZ \qll \qm \ql/ \‘I1/\q2/ \ql/ \qn/ AN h /
4, o w
N I T 1 it ot et [
wl o @l |5 g £ NG G F=1 NGy /NGy / NGy / NG/ ING;/
167 g7 ']
(3] 5 )
B - )
N IVAN 24 \17;/ NVARNY. ¥4

476 J. Math. Phys., Vol. 23, No. 4, April 1982 A. Antillon and T. H. Seligman 476



Here we define the following compact notation for recoupling coefficients:
pu—

4, [4a) (@] [4a] 6] - 7] @] lw] )
[4,] [42] [0’%] (4] [o3] [o77'] [4..] [w,]
] [&] (73] 2] (6]
(4] (45,] [0%] [45;] [0J3] [Ug_l] [Asn] [w;]
4, o w
o 6=
@ 0 f . . .
[7'1 [oz7'] [75"] [a:7'] [e"~']
4.1  [4.] [02] [4s]  [on] [oo7'] (4.1  [w]
LD I A N 5 B CA R (O -1 @)
= ([ {(~([4,1[4 D07 14 03) [o7 ][0 =" )[40, Dl D (o) (w2 ]} [02] 3 [0 1 N(o(er) [, 1} LA (4.2)
X [ {(-+{[41,1[4:,))[3 14505 [ ~ ' 1[4, Do, ](---("-)[wz]}w 1} (677 () [B, LD
Thesymbols [4, ],[0}],[& ], [w,].[i,],[0°],and [8'] <[Hw \i0,][6* ]w3] ][9"_’]“’ (/] >
all indicate IR’s of U,,; their exact roles are clear from their n INA/
appearance in the MCC’s. n _ 2y
We now proceed to identify the last MCC on the left- = ( M 0 MU =1 47— l)) Sz tnir
hand side of Eq. (4.1) with the one in (3.6). This defines all w, I_(f, +n—s)! i=
to be trivial IR’s w; = [w;0--0]; the [4; ] must, in turn, be (4.5)

trivial IR’s of the form D; = [D;0--0]. The IR [¢/] then
becomes spurious and may be omitted where it is convenient;
the IR [#] has to be choosen as [g']. The barred quantities
play a similar role.

We are still free to choose the \ g,/ within certain re-
strictions derived from the previous choices; we shall set

DUO .ne 0

DO .ee 0

i

0o 0
Jj—1 rows
0 (4.3)

We now consider the first # MCC’s on the right-hand side of
Eq. (4.1). Employing Eq. (4.3) and notation (2.6) and (2.7), we
find that the jth MCC is

[ e,
J \q,/
=6('7'/ )(zpv.o-~-0)rli[15[”/]v[2,-'=ny-°"'0]‘ (4.4)
NN B

Thus, essentially the first 7 MCC’s on the right-hand side are
1, the labels i}, g, and [o] ] take the values defined in the
Kronecker & °’s, and the corresponding summations
disappear.

Focusing now on the last MCC on the right-hand side,
we find that it has the form
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Since in each coupling step, weight is added in one row only,
beginning at the bottom, we find that for a given choice of
\ & /,the [87] are fixed as indicated by the 8 ’s, provided that
the weightsof \ 4 / are iv;; this eliminates the last sum on the
right-hand side of Eq. (4.1). Furthermore, the coefficient is
simple enough to be calculated using (3.6) as well as Eq. (6.2)
given by Chacén et al.?; the result free of summations is given
in Eq. (4.5).

We have chosen the w, to be one-row partitions. Then
the \ g,/ are uniquely defined by the weights predetermined
by the \ g, /; otherwise the coefficient becomes zero. The
sum over \ ¢,/ is thus eliminated, and we are left with coeffi-
cients of the type

wi>
q;

[z o). ]
( ﬁ DY w, !)1/2_ "

with numerical value given by
i=1

Inserting these results in Eq. (4.1), we obtain

[ R RN )
=(H'—'w UL (fi — f +_]_1))1/2 D, w
I, DML, (f +n —j) . i :
4.7)

where the trivial o’s are suppressed.

Substituting this expression into Eq. (3.5), we obtain a
new closed expression for double Gel’fand states in terms of
recoupling coefficients of U, :
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= | 8 I w @M (f — f +5—1)
w7 )= " -
i N IG_ (f; +n =)

D 5P w

) ;]i[ ' g | (4.8)

.w ' w

h f

Since the recoupling coefficient is invariant under reflection of the diagonal from upper left to the lower right, the result
(4.8) is pleasingly symmetric with respect to upper and lower labels. Also we can take advantage of the symmetry of the
recoupling coefficient in Eq. (4.7) to elucidate the following Regge symmetry for the MCC of Eq. (3.6)'*':

(1[N R S

(/] >_<[Hw| wz][hz]wa ]m][hnl]w,,
A/ LD DY D} D!,

[f]
\ g/>' 49)

It may also be worthwhile to note that the derivation of Eq. (4.7} actually allows for the more general case, where in the
recoupling coefficient the couplings of the 4;; are stretched only in one direction, e.g., we may assume [w, | = [w; ,w, ~w, ]
not to be a one-row partition. In this case the generalization of Eq. (4.7) reads

Aij U(q) l;) [H‘J_IA ‘nr—]nk<l(wt,( wk,+l_ ) s—l(f +n— )‘]1/2
5 on gl U Mo, =G B (f, ~ 1=
i1 (w,1706%1 [w,1] 1671 (] [f]>
X<[ [\q./\qz/] \q3/] ] \g,/IN R/ (4.10

where 0{g) is a nX(n — 2) matrix with elements o, = [(g,); -(g,),0--0] and (g,}, (g, means the jth row of the Gel’fand
pattern \g,/. This expression may be useful in certain computations in nuclear physics as it provides a simple closed form for
certain recoupling coefficients of SU (3) occurring in this context.'’

V. RELATION BETWEEN RECOUPLING COEFFICIENTS
FOR KRONECKER PRODUCTS IN U/, AND EXTERNAL
PRODUCTSINS,

We shall now reinterpret the multiple recoupling coeffi-
cient of U, obtained in the previous section as a recoupling
coefficient for external products in S,,.

Any multiplicities that may occur in such products are
completely equivalent (see, e.g., Hamermesh'®). Since the
actual problem at hand is multiplicity-free, we omit all mui-
tiplicity labels, but we note that the entire argument is valid
if nontrivial multiplicities occur. In the previous section the
simple relation between MCC’s and recoupling coefficients
depends on the particular form of the IR involved. The rela-
tion we derive next between recoupling coefficients of S, and
U, will be general, despite the fact that we shall apply it to
the particular case of the previous section.

A special Gel’fand state is defined to be a double Gel-
*fand state, one of whose weights is (1,1,...,1). Given this
weight, two consecutive rows in the Gel'fand patterns differ
in just one label; accordingly, the Gel’fand pattern may be
characterized by a Yamanouchi symbol or, equivalently, by
a Young tableau. We shall abbreviate such a Yamanouchi
symbol by a Greek label u; thus

x_s=1,...,n . y>
<77i’1'= 1,...,n £ \ g/

will denote a special Gel’fand state where the particular
weight corresponding to u is realized for the upper pattern.
We can now choose the subgroup S, of %, that permutes
the weights. The special Gel’fand states will span an invar-
iant subspace under this subgroup; indeed, it can be shown
that they form a Yamanouchi basis for the IR fof S, .*
{Actually, the concept of special states is not restricted
to the relation between a Gel'fand and a Yamanouchi basis.
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r

For example, a Weyl basis of U, will go into a basis for the
rational representation of S, in an analogous fashion,'” and
we can generally speak of special states to establish relations
between bases of U, and S,, )

Consider now the subsets N of the ordered set N and
the two chains of groups

Sy DSy, XSy, 2 [[ S,
i=1

Sy, DSy, XSy, D2 [[Su,s (5.1)

J=1

SyDSy_ 5 XSz D~ DHSN,

j=1
S’EDS‘Y/' ,\_,UXS,!“D'"D HSN', 5.2)
i
where N, = U/_ | N;;, 1-\_7, =U/_,N; and where, e.g., Sy is
the group of permutations of the elements in the set N
Note that the last groups in both chains, IT1}_, [I7_, Sy,

and II7_ II7_ Sy , are conjugate and connected by the
permutation
JYH ]YIZ ‘}\_,ln 1!21 IYM)_Z
Y 1!21 JYnl 1\_,12 "Ynn ’

which is to be interpreted as replacing each set by the corre-
sponding string of numbers.®

We now define a recoupling coefficient for the outer
product of S, as the matrix element of Z between a bra that is
subduced according to the chain {5.1) and a ket that is sub-
duced according to the chain (5.2):

<[ [( (4114127/1 13 Vi A Wi {42,45)73 Azn)wz]
X080, _ (- w, ]a|Z|[ [(( (411421)71431)7’2 4,,)

Xwy(-(4 12422)7’2 n2)w2]62 w1 ()T, Ja),
where the 4;; are the IR’s of Sy . The symbols vi, (5.3)
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77;;’ w,, ;, 0;, and G, are IR’s of the subgroups We may now calcuate this coefficient by taking the ma-

SNt Ny . 3 SN et Ny 2 SN S S, 41 v, and trix element of a weight permutation between special states
\ s Yij+1 ’ Af7] e Vi U, _[, I!l’ ¥, . ".) . A

S, + ... n» Tespectively. The row labels of 4, do not appear that transform like the bra and ket, respectively.

and the matrix elements are diagonal in 4, since the sets N; ~ Weproceed, e.g., to construct the state for the ket, cou-

are permuted without suffering internal reordering. pling successively with respect to Uy . Using arguments simi-

| lar to those that lead to Eq. (3.5), we find:

seN 4,, 4,1» 17 T 4.,1° @18 19, ., @) a
. an /{[[ ] ] J [.‘.[...] ]] [...[...] |
<77 t=1,.,n 7 Tin Tx Tl
z L] <[ [Au AZ:’]?‘ Asi]’75 ]774 : 4, wi><[ [w, wz]g’ ‘7’-3](7‘ ]5" ' W a>
_qmqu,,,,,%ign g1 92 qs; 9 14 9 9 g 9. 1\q/
GivesTn

x I <?7}: <

Jj=1 t=1,.,n

Tji .
Aji; ! > . (5 4)
q;i

Note that with respect to the upper labels we have a special state that is part of a basis of an IR for the permutation group of the
weights and of the form required in Eq. (5.3).

In the matrix element between such states, the permutation acts trivially on the product of uncoupled kets. Clearly the
scalar product is diagonal in the IR labels 4; and in the row labels g, of Sy, , and is independent of the latter labels. Since all
states are normalized, we obtain

N e K Al W
T Ti2 Tin

(S

closai o )

Sl 27 21 o)
N\ g/l =, dh  9p 95 9n | g;

4, 4,17 A4, 1A 4,|w; w, w,]% w]®% l&.. w,| «@
X _ o _ _ (5.5)
9y 9y UEY, 9, 14; 9, 9> q; N4

In the right-hand side we have a sum over Clebsch—Gordan coefficients of U, ; this sum defines a recoupling coefficient of this

group as may be confirmed by comparing with Eq. (4.1), after using unitarity relations for the MCC’s to gather them on one
side of the equality.

Therefore, we finally have the relation

Qi Gan
Gy
Grregn

&

4, 4,, 4, v - 7i? 4, w,

4, 4, 7 4,; ¥ - Y3 4, Wy

7 72 7 Y 6,

4, 4., n 4,y i NP 4,, w, = ([[((A nd 4 I})ﬁ el Wy (oo Jwy ]62---]9,, e, ]a

XIZ L [+44,11820071 8,) 173 4, @ -),18, 18, _ (), Jae)

it vl Z A

Anl Anz 7/711 An} Yi o 7/: -2 Ann w,

w, w, 9_2 w, é_n —1 w, a (3.6)

Thus step C of Fig. 1 is completed. Step D is proved directly,’ essentially by using matrix basis elements of S, applied to the
indices of a simple product of states of creation operators or (equivalently) of Bargmann space variables. A mistake in the
normalization given in Ref. 5 is corrected in the Appendix.

r
Vi. CONCLUSION portant to note that the coefficients involved are available
explicitly in terms of factorials.
Closed forms for double Gel’fand states have been de- The main feature of the train of thought followed is that
rived by straightforward methods of vector coupling in U, it yields, in a simple and straightforward way, deep insight
and related to different results previously obtained. It is im- into the structure of Gel’fand states. The use of boson poly-
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nomials is convenient but by no means essential to the argu-
ments given.

The practical importance of these results consists of re-
lating certain coefficients of S, that appear frequently in
problems involving the evaluation of matrix elements of
antisymmetric states'® to multiple Clebsch-Gordan coeffi-
cients of Uy, which may be evaluated following Chacén et
al?

Finally, this paper establishes implicitly the relation be-
tween the unitary and the permutation group approaches to
the evaluation of matrix elements between antisymmetrized
states.'®'®

APPENDIX

From Ref. 5, Eq. 10.5 we take the following expression
for the normalization constant (we drop the square-root of
the denominator given there erroneously):

OF (H 21172
Ve [; (aBE (H)|Z, |a6E (H )) ] |
I [44(Z,))!
The symbols are as in Sec. V except that the identity IR of
S, X8, X+ XS, = H isabbreviatedby E (H ) and similar-
lyE(H).

The expression (A1) may be summed as a particular
case of an orthonormality relation for double coset coeffi-
cients obtained by Klein ef al.'® Considering such expres-
sions, we have

(A1)

S(1/d, {aBE (H)|Z, |a6E (H)) ('8 E (H )| Z,|a'6 'E(H"))

k
n!
HH la B
where d,, denotes the number of times a double coset HZ, H
is covered by AZ, h as h and A range over H and H respec-
tively, itis given by I}, [D;(Z,)]!. |o| means the order of the
IR ¢, and |H | and |H | indicate the order of H and H.

| a,a' 515(!7),15(17')615(11).5(11 ) (A2)
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From (A1) and (A2) it follows that
v (abE (H)|Z, |abE (H))* _ n!
T I [D,2Z) H| |a| |H|

Substituting the corresponding values for ja},® |H |, and
|H |, we have for the normalization constant

v | M B G f — £ +)— 0] (Ad)

i tn—i)
Using this constant, the results in Ref. 5 and Sec. V coincide.

(A3)
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The Auslander-Kostant induction scheme is extended to yield the discrete series UIR’s of G (G
semisimple] in the L *-cohomology group #%(.¢ , ), wherei = {(dim# — rankg}ori = {dim4. We
show that this involves a choice of complex structure in each Weyl chamber which is intimately
connected with the choice of a positive polarization at that point. We illustrate our results with the

example of Spin (4,2).
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I. INTRODUCTION

The intimate connection between the Auslander—Kos-
tant theory of UIR’s of simply connected solvable Lie
groups' and the geometric quantization scheme? is very well
known. Here, we continue to analyze the UIR’s of semisim-
ple Lie groups with special emphasis on the discrete series
representation. We know from Schmid’s work® that for all
semisimple G with compact Cartan subgroup H, the discrete
series UIR’s are realized in 7, (., ), the Hilbert space of i-
forms which are solutions of the Laplace-Beltrami equation

o = 0. (L.1)

We note that in Schmid’s theory the degree i of the form is
dependent on the Weyl chamber in which the character e*
defining the representation lies. In a previous paper,* we
have shown that for Spin (2,1) and Spin (2,2), it is possible to
choose complex structures in each Weyl chamber in such a
manner that / = 0, leading to UIR’s in Hilbert spaces of
functions rather than forms. We also showed that this choice
of complex structure is very naturally tied up with the choice
of a positive polarization in the Auslander-Kostant theory.
Finally, it was clear from our analysis that if / = 0, then
Auslander-Kostant theory was sufficient to reproduce all
the well-known results.

Our aim in this paper is to generalize the above analysis
to arbitrary semisimple Lie groups, and to extend the Aus-
lander-Kostant induction scheme in order that it may yield
the discrete series UIR’s. Our results can be summarized by
the following

Theorem: Let G be semisimple. Let H be a compact
Cartan subgroup of G. Then, to each nonsingular A€4; (the
complex dual of 4,) leading to a character ¢* on H, there
corresponds a unique element se4 which is regular and
quantizable in the sense of Kostant. Further, there exists a
positive polarization .%, at x. Choosing complex structures
on G /H in accordance with the choice of ¥, all discrete
series UIR’s of G appear in spaces #°(.% , ), where

i = ydimé — dim4) or i=ldims, (1.2)

¢ = # + 4 being the Cartan decomposition.

We give the proof of this theorem in Sec. II. We illus-
trate the theorem with the example of a physically important
group, Spin (4,2), in Sec. I1I.
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Throughout this paper, we assume that G has discrete
series representations.

Il. GENERAL THEORY AND PROOF OF THE THEOREM

Let G be a semisimple Lie group with ¢ as its Lie alge-
bra. Let H be a compact Cartan subgroup and let £ be its Lie
algebra. We define a mapping

j=AA
by xt—»A, h, = 2mix, where
Alh)=Blh;,h) VYheh,.

Let .¥ = {Ae4 :¢" is a character on H }.
Proposition1: xe/ is quantizable iff jix)e.Z". Define the
scalar product

(A,a) =B hy,hy), Aach:. (I1.2)
Let A be the system of roots associated with (¢, 4) and define

BiA) = [[ha) VAe:.
aed

{the complex dual of 4 )

(IL.1)

(I1.3)

Let
L' = {AeL:a(A )#0]. (IL.4)
Lemmal: The following statements are equivalent: (i)

x€4 is regular and quantizable and (i) j(x)e.Z".
Proof: This follows from

(A,@) = Bk, h,) = alh,) = 2mia(x), (IL5)

where A = j{x). Note, of course, that if « (x) = O for some
aed, then ¢, + ¢ _, C¢, and hence x is not regular.
Let ., be a positive polarization at x.
Lemma 2: (i) 7, exists for all regular x and is of the
form

SLy=A+n, n =g, acd’}, (I1.6)
where 4 ' is a certain subspace of 4.
(II) aed "&{A,a) >0, where A = j(x). (IL.7)

Proof: The existence and general form of .77 is well
known.® To prove (ii), let {4;} be a basis of 4 such that

Bih,h)= —86;. (I1.8)

Since H is compact all the roots are pure imaginary on 4. It
follows immediately that

ha = - iz(ak)hk’
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where (@, ) is defined by

i) =alh), (a;)eR. {IL.9)
Since H is compact, it is easy to show that
AL A = Znaa, n,€Z, (IL.10)
implying by = — 1% (4, )k, and
k
(ha) = B(H,H,) = S(a i) (IL11)
k
Finally, if zeg,, then
[zz] = — i}/Z(ak e,  veER,y>0. (I1.12)
k
Defining A = j{x), one has
iB (x,{Z,2} >0 — Y B((A, )y ,(a;)h, >0
Kk,
& — Bh,h)A,a)>06(4,a)>0. (IL.13)

From the fact that the a’s are pure imaginary, we con-
clude that .'ng = 0. Also, we know that o, = ¢ _ .

Hence,

S=gnF, =4, e=pnF + 5 )=g (I1.14)
Define

AF(x)={aedy ,C7, 1 (I1.15)

Since ¥, is a polarization and hence isotropic with respect
to B, it follows immediately that 4 F (x) is a positive {resp.
negative) subspace of 4 and therefore can be used in place of
the A * used by Schmid.

Define

K F(A)=card{aed [(x),g, C4., La)<0}
+ card|a€d F, ¢, Ct., (A,a)>0},(IL16)
where A = j{x]. It follows immediately from Lemma 2 that
K (A)=card{aed *(x):p, Cr. } = Idims,
K, (A)=card{aed ~{x):g, C4.])
= J(dim# — dim/) = §(dim# — rankg).

(I1.17)

Using the results of Schmid, we now conclude that the
spaces 5 (% ), { = K (4 ) depending on the choice of
positive subspace of 4, bear UIR’s of G, proving the theorem
stated in Sec. L.

Corollary: Let G be compact. Then the discrete series of
UIR’s appear in spaces of holomorphic function (i.e., K+
(A)=0).

We know that all compact Cartan subalgebras of ¢ are
equivalent to one another. Also, every regular xe4 belongs to
a unique compact Cartan subalgebra. Now, from Schmid’s
work, we know that the discrete series UIR’s derived by
choosing different compact Cartan subgroups are equiv-
alent. We thus have the following

Theorem 2: Let xe4 be regular, semisimple, and quanti-
zable. Let %, be a positive polarization at x. Let ¢* denote
the character whose differential is given by 27iB (x, — ). Let
D, E be constructed as usual and let o7} (% ;) be the space of
i — forms with compact support on the line bundel .Z; asso-
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ciated with the principal bundle D—E—E /D and let 77
(-Z ,) be defined in terms of &/§(.¥ ;) as in Schmid with /
given by Eq. (I1.17). Let%f, (¢*) denote the natural represen-
tation at G or #%(.Z ;). Then

o = ind$(ind5e?) (IL.18)
is irreducible and is dependent only on the orbit of x under
Ad4.

The formal similarity between this result and the result
of Auslander-Kostant is worth noting. Of course, if / =0

(e.g., for G compact) then the induction scheme reduces to
the Auslander—Kostant scheme.

lll. APPLICATION TO SPIN (4,2)

We define the Lie algebra SO(4,2) by
[Jij’JkI] =giijI + ngJik —gfl'ljk — gijil!Jij = — ']jl
where ij = 1,...,6 and

gy =diag{ + L+ 1,+1,+1,—1,-1j. (I11.1)
B is defined by

BUydu) = — (88 — 8ulix)
with

£ = {J o 13 1ad 232034056 )5

(I11.2)

/A = {JisassSaslas 1ol 2003600 a6 -
/4 can be chosen as

4 = {Ji2l 3056} (II1.3)

It follows immediately that K (1) =4, K 7 {4 ) = 2. (g, 4)
has twelve roots:
ay =i, —i,0) Pa, — (i3 + iy — iJoq + i3} €4,
Za, = a5 + ias + ilJ36 + iJ46)}64c,

(12 = (Oyl:i)
a;=(0,, — i) Fa, = §J35 + i — i(J36 + 1746)}‘5/2:,
a, = (5,50 Za, = [J13 + o3 + ilUog + i)},
as = (;,0,) Fa, — [J15+i125+iJ16+ich)}§ﬁc’
as = (i,0, — i) Pa, = [J15 +iJys — il + J6)}6c
(II1.4)
where, e.g., a, = (i, — 1,0) means that
a) = — a3 =ha,(Jse) =0,
and where
a=Fa
It is easy to see that if
A=A, + A, + A,
then
A = ([AiA, + Ay — A4, — A3)) (I11.5)
It follows therefore that
K ={A=n,a, + na, + nyas, nn,nsel}.  (IIL6)
{4 )£ 0 imposes six conditions on A:
{i2n, — n, — n,#0, (ii)2n, — n, #0,
(iii)2n; — n, #0, (ivin, + ny#0,
(vin; + n, — n;5£0, (vi)n, — n, + 0,50, (IIL7)

corresponding to the six conditions (4,a,) #0. These six con-
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TABLE I. Subspaces of .# "classified by sign of (1,a,), i = 1,...,6 and corresponding values of X (4 ).

S.No. Signof{da;),i=1,.6 K.)
{ 2 3 4 5 6
1 + + + + + + 2
2 + + - + + + 3
3 + + - + + - 4
4 + + - - + - 3
5 + - + + + + 3
6 + - + - - + 4
7 + - + - - + 3
8 + - - + + + 4
9 + - - + + + 3
10 + - + + - 4
1 + - - - - + 4
12 + - - - - - 5
13 - + + + + + 1
14 - + + + + - 2
15 - + + - - + 2
16 - + + - - - 3
17 - + + - - - 2
18 - + - + + - 3
19 - + - + + - 2
20 - + - - - - 3
21 - — + - - + 3
22 - — + - - + 2
23 - - + - - - 3
24 - - - - - - 4

ditions are not always independent, e.g,, if

2n, —ny —n3;>0,2n, —n, >0, thenn, + n, —n,>0. One
accordingly gets 24 subspaces of .¥”’, where two subspaces
are distinguished by the signs of the (4,, ). These subspaces
are listed in Table I, where the entry under i is the sign of
(4,a,). Note here, that, e.g., (A,a,)>0=2n, — n, — n, <0.
Also listed for each case is the value of K (4 ), defined with
referenceto 4 * = {@,,0,,a,,a,,05,0,}. Note that K {4 }var-
ies from subspace to subspace. The positive polarizations
attached to each x can be read off from the same table, using
Lemma 2. For example, for case 1, where all {1a,) > 0, one
has

Fx =t g0+ g0, F #ay + Fa, + Fa, + 74, (1I18)
Forming 4 Z(x), one gets

Afx)=4", A7(x)=4-4",
and hence K ;" {4 ) =4, K[ (4)=2 as expected.

(IIL.9)

IV. CONCLUSIONS

By choosing different complex structures in different
Weyl chambers of 4_, we have shown that the Schmid repre-
sentations are realizable in (.7, ), where i is constant
over the Weyl chambers. In particular, for G compact, we
have seen that it is possible to choose / = 0, which repro-
duces the classical results. We note also that our choice of
complex structure at each point x is intimately related to the
choice of a positive polarization at that point. This result
encourages us to believe that the Auslander-Kostant theory
could be extended to semisimple Lie groups.

There are, of course, at least two problems to be solved
before such an extension can be performed.

(1) The parameter / used above has been defined inde-
pendently of xe4. However, for x€4, we know that i =0 is
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indicated by the classical theory rather than the value de-
fined above. Of course, if £ contains a Cartan subalgebra,
then D = E and hence the problem does not arise [as in the
case of Spin {2,1) and Spin {2,2)]. Spin (4,2), however provides
a counter example to this case.

(2) While for x regular and semisimple, xe4, our results
are fairly conclusive, we have not made any statements re-
garding the case when x is not regular. The condition x regu-
lar, however cannot be imposed ab initio in an extended Aus-
lander-Kostant theory, for [e.g., in Spin (2,1} and Spin (2,2]]
it is known that the supplementary series of representations
cannot be derived using x regular. We hope to comment on
these and related problems in a future communication.
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|. INTRODUCTION

In a previous paper,' we have shown that the discrete
series UIR’s of G (G semisimple) arise in a natural manner
from an extended Auslander—Kostant theory.” Here we dis-
cuss the case of the principal and supplementary series
UIR’s. Our major result is given by

Theorem: Let G be semisimple and let h be a f-invariant
split® Cartan subalgebra. Let xehnp be quantizable. Let there
exist a positive polarization, s, atx. Let y be the character on
G, associated with x. Let S, = G,.S?, where S is the ana-
lytic subgroup of G © with Lie algebra s, . Let y ' denote y
extended trivially to S, . Then the following representations
are equivalent.

(i), = indZ:( ind ;x)

(ii) p, = indg7y’,
where ind denotes holomorphic induction and where D
and E are defined as usual.

We prove this theorem in Sec. II. In Sec. III, we discuss
a physically interesting symmetry group, Spin {4,2).

Il. GENERAL THEORY AND PROOF OF THE THEOREM

Let G be semisimple and let h be a f-invariant split
Cartan subalgebra, i.e.,

h = (hp) & (hrk), (IL1)

g = k + p being the Cartan decomposition.

Let A denote the set of roots relative to (g,h). The follow-
ing results are well known.

Proposition 1:

(i) If @A is real on h, then a vanishes on hnk.*

(ii) If a€A is pure imaginary on h, then & vanishes* on
hnp.

(iii) If « is complex, then g, = g5.

Let xehnp. Define

(8) = {aed: a(x) = 0}. (IL.2)
It is clear that

g.=h+n,
where

n, = (lin span{g,:ae{6 ) }{)ng. (IL.3)

Let A * be a positive subspace of 4.
Proposition 2°: Let x be quantizable. There exists a posi-
tive polarization s, at x which is of the form
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s, =h+n, +mn,
where
n, =g, acd *, aé(d)}. (IL4)

for a suitable choice of A *. Note, however, that s, is not
necessarily unique.
It is clear that

8 =s,ng=h+n, + (n,ng),

e=(s, +5,)ng=h+n, + (n, + A,)ng. (IL.5)

Lemma 1: Let y be the character on G, associated with
x. Then y is trivial on s, /h.

Proof: This follows from the fact that the mapping
27iB (x, — ):g,—IR, which is the differential of y, is trivial on

g./h

Consider the induction

o, = inds:(y’). (I1.6)
The left covariance condition reads

vigh)=x"(g)h), gss,, heE.. (IL7)

It is obvious that if geD,, then Eq. (I1.7) agrees with the
corresponding condition for the induction
0, = ind 5 {y)- (IL8)

Assume accordingly that ges, /D,. One gets immediately,
from Lemma 1,

Yigh)=lh), ges./D,, hekE.. (I1.9)
We take g of the form

g =exp(z,4,), A,en, (nosummation)
and write 4 as

h = [IT exp(&A,)-m exp(n;4,)]-h', h'eD,, 4;€n,, A€n,.
(I1.10)

On performing the multiplication, we get

gh=h" Il exp€ (A,)-mexp(n;A,)]h', h"eG,/H.
(IL11)

Eq. (I1.9) then becomes, using the fact that y (A ") = 1,
YT exp(& A,)-1T exp(n;-A;)]h’
= [T expl&,A;)-7 expl(n;-A;)-h ).

Differentiating the equation with respect to z;, , rewriting this
differential in terms of dy/J¢,,, and putting z, = 0, we find
that

(IL12)

/I, =0, (IL.13)
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which is just the holomorphicity condition. We have thus
proved,
Lemma 2: Using notation as above,

‘ind () = indZ-(y).
One immediately concluded that

p, = indZ( ind 5y)=indS(indEy’) =p, (IL14)

which proves the theorem stated in I.

1l. APPLICATION TO SPIN (4,2)
We define the spin (4,2) Lie algebra by
[Jij»JId] =guty + gle.'k — 8l — &idus
Jy= = i j=1..6
with
g; =diag{ + 1, + 1, +1,+1,— 1, —1}.
We have,
k= {J,Z,Jl3,.],4,]23,]24,]34,156],
P = [Viswlasssas 1626 36 a6} -
Let h = {J,5,/56J54} With
bk = {754}, bp{Jis)26}-
The roots are given by
a;=(1,— 1,0, gxa,=[nFlsFlsFisl
a,=(0,1i) gxar={JyF it il FJael}
as=(0,1,—1i), g8xa;={Jo3FJseF il/2a FJusl},

(IIL1)

(I1L.2)

TABLE 1. Forms of s, [Eq. (IIL.5)). A + sign under/, /= 1,...,6 implies
81, &8, resp.

Zw
[=]
—_
(8}
w
&
w
o

©® o B —
44+ +4+++++++4+

LU ++++

L +++1 01+

P b i+ T ++ 00 +++1 1+ +++
FL Tl 44+ L ++ 10 +++1 1 +4++4++
Pl++ 0000 L+t + 1+ +++++1 1 ++

Ll bl +4+++++++1 1
P+++ 11 1 +++++11

o
{1 U T U O O O
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a,=(1,10), gta,={JFlrs+ st}
as=(1,0,), g+as={J3FJs+illisFJss)},
a,=(1,0,—i) gxas={J;3FasFilJ1sFJss)}, (IIL3)

where, i.e., a; = (1, — 1,0) means that
a;s)= —ale) =1, a,(J3)=0.

Let x = b,J,s + byJo, b,,0.€6R. We have the following
classes of orbits:

(i) by,6,7#0, |b1|¢|b2|’ g, =h
(ii)bl =b2¢oy 8x =h +ga. +g—a,’
(iiiJp, = — b,%0 g =h+g, +g_..

(iv)b, = 0,b,0,
g.=h+(g, +e ., +8, +8 )8
(v)b,#0,6, =0,
g.=h+(g, +8_ ., +8, +8_,)ne (IIL4)

In all the cases, X is quantizable. The corresponding positive
polarizations are given by

sx = gx + s;’
where s., could be any of the 24 subalgebras listed in Table 1.
Here, a + signunderi, i = 1,...,6, indicates g , «, ©8; respec-
tively. Further, y is trivial on g, /{J,s,/56} . The correspond-

ing representations of G thus form a subset of the set of prin-
cipal and supplimentary series defined by Harish Chandra.®

V. CONCLUSIONS

We have succeeded in reproducing some of the repre-
sentations defined by Harish Chandra ez al. using the Aus-
lander-Kostant induction scheme. One may possibly hope
to rederive all the known principal and supplementary series
representations by using a modified induction scheme,

. T E
o= mdg:( ind ; o},
where ois an arbitrary UIR of D,. However, the relationship
between o and the point xeg under consideration (as exists if
o is a character) is not yet transparent. An analogous situa-
tion arises if we choose o to be nonunitary representation in

order to rederive the complementary series of
representations.
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(1982).
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SL. P. Rothschild and J. A. Wolf, Ann. Sci. Eéole Norm. Sup. t 7, 155
(1974); H. Ozeki and M. Wakimoto, Hiroshima Math. J. 2, 445 (1972).

$These representations are discussed in R. L. Lipsman, “Group Represen-

tations,” Lecture Notes in Mathematics Vol. 388 (Springer, Berlin, 1974).
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To construct a renormalizable nonabelian gauge the-
ory, one should avoid triangle anomalies.' Also in a gauge
theory with zero mass fermionic bound states, in addition to
elementary fermions, anomalies calculated in terms of ele-
mentary or composite fermions should be the same for con-
sistency. 't Hooft suggested® to use this as a constraint to
search for possible models with a zero mass fermion spec-
trum. He? and other authors*~ found various solutions. In
particular, the supergroup SU(V /M ) has been used as a tool
toinvestigate 't Hooft constraints.** It is desirable to have an
expression for the anomalies of various representations of
supergroups to facilitate further investigations. A formula to
calculate the anomaly of a general representation of SU(WV ) is
given in the literature.®”'* In this paper we give the anomaly
of any representation of SU(/ | in Young tableau parametri-
zation and extend this result to the SU(N /M ) case. The
anomaly is proportional to the eigenvalue of the cubic Casi-
mir operator.” One can calculate higher order Casimir invar-
iants in the same way.® We conclude this paper by describing
a procedure to obtain the eigenvalues of higher order Casi-
mir operators of supergroups starting from the expressions
for SU(V ) and O(N ) given in the literature.'*

The anomaly of the representation R,4 (R ), is given by®
M (R ). = Tr({R (Q,).R (@) IR ()], (1)

where the matrices R {Q,) are the generators of the gauge
group in the representation R. For the group SU(V ), the d
symbol, which is completely symmetric, is defined by the
relation

LA} =(@/N Iy +2d A5, (2)
where 7 is the N X N unit matrix and 4, /2 are the gener-
ators in the fundamental representation. Note that there is a
factor of 2 between this normalization and that of ref. 6. We
take A, s to be traceless and normalize them according to

Tr{(d,A,) = 26,,. We define the third order Casimir opera-
tor C;(R ) in the representation R as

CyR ) =dR(QR(Q°IR(Q). (3)
Using Egs. (2) and (3), and the fact that the Casimir operator
is proportional to unity, Eq. (1) can be rewritten as

*Research supported in part by the U. S. Department of Energy under
Contract No. DE-AC02-76ER03074.
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Am)szR)TmUy @)
Gi(1) Try(l)

In this expression Trg (/) and Tr,(I) are the traces of the
identity element of the group for the representation R and
the fundamental representation, respectively. C,(1)is the Ca-
simir operator in the fundamental representation. For Lie
groups, in particular for SU(V ), the trace of identity is equal
to the dimension of the representation considered.

A method to obtain eigenvalues of any Casimir invar-
iant starting from the characters is given in Ref. 8. We de-
scribe it here for completeness. We denote a given represen-
tation of SU(N ) by (n,n,,....,n 5 _ | ,0), where n, is the number
of the boxes in the /’th row of the corresponding Young tab-
leau. The character y,, , , of this representation is*''

Xlrl,,n ...... nao) = det(hn, - i+j)’ (5)

where we have shown the (§j)th element of the matrix, the
determinant of which is calculated. 4, in the above expres-
sion is the character of the representation (m,0,0,...,0} corre-
sponding to the tableau with a single row of m boxes and is
given by®
—n—1
B 6
i det(1 — zU)
where Uis the group element in the fundamental representa-

tion (1,0,0,...,0). Since any group element can be written in
the form g = exp{a®Q,) we can write the C;(R ) as®

C}(R )=

83
— R , 7
aaaaabaac ( g}’(rco ( )

abe
where R { g} is the representation of g. Upon taking the traces
of both sides we find

83
d{RIC,R)=d,, |——————
(RICA(R) 8aa8abaaCXR

abe

(8]

(8)

a=0

We first calculate C,(m), the eigenvalue of the Casimir oper-
ator in the completely symmetric representation
{m,0,0,...,0). Using Egs. (6) and (8) we find

_m{N + m)(N + 2m)

C,im) = C4(! 9
sim) = Cy(1} N1 2N+ D) (9}

Upon substituting Eq. (9) into Eq. (4) we get
© 1982 American Institute of Physics 486



A(m) _ mN+m)N+ 2m)A

0 (10)
d, N(N+ )N +2)

d

m

_ %N(Nju DN + 2N+ m — 1) = &, (1),

whered (m)andd,, aretheanomaly and the dimension of the
representation (m,0,...,0). Assuming 4, #0 [which is true ex-
cept for SU(2)] we may normalize it to 4, = 1. This result
agrees with Ref. 6. Similarly differentiating Eq. (5) we obtain
the anomaly 4 (n,,n,,...,n,,0,...) of the representation
(ny,2.1,,0,...) as®
A (n,n,,...,n,,0,...)
A(”l) d,,2_1 dn,vz
A(nl+ l) dn2 dn_,—l
Alny+2) d,, ., d

3

d, Am—1) d

n, n,—2
+ dn|+l A(”Z) dn_,—l
dn,+2 A(n2+ 1) dnJ
dn, dnz— 1 Any—2)
P A ‘e
dn,+2 dn2+l A (n;)
(11)

where the dimension of each determinant is equal to /, the
number of rows in the Young tableau. In the above expres-
sion the number of determinants in the sum is also /. This
agrees with the previous results which are given in different
forms.*®

One can use the formula for the eigenvalues of the cubic
Casimir operator given in Ref. 9 to write down a concise
expression for the anomaly. We give the result in two identi-
cal forms. One of these is

A(n,n,,...,n,,0,...,0)
d(n,ny..,n,0,...,0)

N 1 1
= 2% nd24+3b n? — 2in,
(Nz—-l)(N2—4)[ i;l izl( !
!
+6 Z (n; —in}) +nlb? + b —2n)|, (12)
i=1
where 7 is the total number of boxes in the Young tableau,
n=n,+n,+ - +n, (13a)
and
b=N+1-2n/N. (13b)
Equation (12) can be recast into yet another form:
Aln,n,,...)
d(n,n,,...} . N NI
. n +
= n—1——+ .
(Nz—l)(N2—4).-;1( N 2 )
(14)

For possible applications in grand unified theories and the-
ories of composite quarks and leptons?~? it is of interest to
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inquire whether there are anomaly-free, complex, irreduci-
ble representations of SU{N ) type groups. Using Eq. {12) we
calculated the anomaly of the representations of the groups
SU(N ),4<N<9, with dimension less than 1000. We found
that the only anomaly-free representations among these are
the real representations. However, for large values of n there
are anomaly-free, complex, irreducible representations of
SU(N),N>5. We give some examples of anomaly-free, com-
plex, irrreducible representations of SU(V ) groups in Table L.
We denote the generators of the supergroup SU(N /M)
by X,,4 = a,a. These form a superalgebra.
X,,a=1,.,N2+ M? — 1 are the even elements and
X, ., = 1,..,2NM are the odd elements of the superalgebra.
The grade of the index 4 is defined as g(a) = O,g(a) = 1. For
the supergroup SU(N /M ) we again define the d symbol by
the relation.

TABLE 1. Some anomaly-free, complex, irreducible representations of
SU(¥ )} groups, in Young tableau parametrization.

N Representation

(13,13,6,3,0)
5 (13,10,7,0,0)

(12,9,6,6,0,0)
6 (12,12,6,6,3,0}

(11,8,6,6,4,0,0)
(11,8,7,6,3,0,0)
(11,8,8,6,2,0,0)
(11,9,9,6,0,0,0)

7 (11,11,7,5,5,3,0)
(11,11,8,5,4,3,0)
(11,11,9,5,3,3,0)
(11,11,11,5,2,2,0)

(10,7,5,5,5,4,0,0)
(10,7,6,5,5,3,0,0)
(10,7,7,5,5,2,0,0)
(10,8,8,5,5,0,0,0)

8 (10,10,6,5,5,5,3,0)
(10,10,7,5,5,4,3,0)
{10,10,8,5,5,3,3,0)
(10,10,10,5,5,2,2,0)

(9,6,5,5,5,3,3,0,0)
(9,6,6,5,5,3,2,0,0)
(9,6,6,6,5,2,2,0,0)
{9,7,7,5,5,3,0,0,0)
(9,7,7,6,5,2,0,0,0)
9 9,7,7,7,5,1,0,0,0)
(9,9,6,6,4,4,4,3,0)
(9,9,7,6,4,4,3,3,0)
9,9,7,7,4,3,3,3,0)
(9,9,9,6,4,4,2,2,0)
9,9,9,7,4,3,2,2,0)
(9,9,9,8,4,2,2,2,0)

(8,5,4,4,4,4,3,3,0,0)
(8,5,5,4,4,4,3,2,0,0)
(8,5,5,5,4,4,2,2,0,0)
(8,6,6,4,4,4,3,0,0,0)
(8,6,6,5,4,4,2,0,0,0)
(8,6,6,6,4,4,1,0,0,0)
10 (8,8,5,5,4,4,4,4,3,0)
(8,8,6,5,4,4,4,3,3,0)
(8,8,6,6,4,4,3,3,3,0)
(8,8,8,5,4,4,4,2,2,0)
(8,8,8,6,4,4,3,2,2,0)
(8,8,8,7,4,4,2,2,2,0)
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4
MgABIN+M + 2dpchc, (15)

{’lA y Ap } =
where the (N + M ) X (N + M ) supertraceless matrices A, /2
are the generators in the fundamental representation,

7 = + 1{ — 1)for the class I (II) representations. The metric
845 is not symmetric and related to the normalization of A
matrices by a supertrace®:

Strid,A5) = 2845 (16)
withg,p, = (— 1)§4)88)g  Wenote that Z, 5 as defined by
Eq. (15) is symmetric for even indices, but antisymmetric for
odd indices. We define the third order Casimir operator
analogously to Eq. (3), except for using the d symbol of the
supergroup SU(N /M ).

For supergroups the anomaly of a representation R,

A (R), takes the form

M (R)ypc = Str[{R(X4 ) R(Xp) IR(Xc)]- (17)

For supergroups Casimir operators are proportional to unity
only for the representations where the dimension of the bo-
sonic supspace is not equal to the dimension of the fermionic
subspace'’. For such representations Eq. (17) can be written
in an analogous form to Eq. {4):

ARy < SIR) xall).
Y1) il

where C;’s are eigenvalues of the Casimir operators for the
representation R and the fundamental representation and
x ’s are the characters of identity for these representations.
Note that for supergroups, the character is defined as the
supertrace of the matrix representation.®

A detailed study of the representations of supergroups
is given in Refs. 8 and 12. In this paper we will examine class
I representations only. Generalization of our results to class
II representations is straightforward.

We first consider class I representations constructed
from only covariant bases. We denote a given class I covar-
iant representation of SU(N /M )) by (n,,n,,...), where n; isthe
number of boxes at the i’th row of the corresponding super-
tableau.® The character of this representation is®

(18)

Xinong.) = det(Hn,-*i—Jrj)’ (19)

where H,,, the character of the representation (,0,0,...), is
—n—1

_$d_ = (20)

™ ) 2mi Sdet(l —2%)’
with % being the supergroup element in the fundamental
representation. Following the methods of Ref. 8 we can ob-
tain the eigenvalue of the third order Casimir operator for
the supergroup SU(N /M ) as
3

xu)cs““(R)=a/ABc[ mg)] e

da ,daydac w0
Equations (20) and (21) give C;(m), the eigenvalue of the Ca-
mir operator for the representation corresponding to the su-
pertableau with a single row of m boxes, as
C¥Mim) = CYM(1) mN—M+ m)N —M + 2m) ’
N—M4+2N—-M+1)
(22)
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which agrees with Ref. 4. Equations (18) and (22) yield

Am) _ m(N—M+mN—M+2m) 23
Xnll) (N—M)N—M+2N—-M+1)
Xoll) =N = MYN =M+ )l = M — 1)

=H, ),

where y,, (I )is the character of identity (which is equal to the
number of bosons minus the number of fermions) and 4 {m)is
the anomaly for the representation (m,0,0,...). Similarly dif-
ferentiating Eq. (19) we find the anomaly 4 (n,,n,,...,n,,0,...)
of the covariant class I representation (n,,1,,...,1,,0,...) as

A (n,ny,...,n,,0...)

A(ny) an—l(l)
=dn,+1) y, )

Ay —1)
A (n,) T . (24)

Xn 1)
+ Xn,+l

Now, if we compare this expression for SU(N /M ) to Eq. (11)
for SU(V ), we note that they are formally the same except for
the replacement of N by N-M. Indeed this observation'? is
true for all Casimir operators as can be derived from the
expressions in Ref. 8. Therefore we can simplify our expres-
ston and obtain a result similar to Eq. (12) in terms of sums of
powers of n,. We find that

A (ny,ny,...n,,0,...)

X(n.,ng,.“n,,o,...)(j)

_ (N—M)
(V—M) —1][(N - M) —4]

X |2 }1‘, nl+3p }1‘, (nf — 2in;)

i=1 i=1

!
+6 Y (*n, —ind)+n(B*+B— 2n)], (25)
i=1
whereagainn=n,+ - +nandf=N—-M+1
— [2n/(N — M)]. Using Eq. (25) one can find a number of
anomaly-free representations of SU(N /M ). In particular,
class I representations of the supergroup SU(N + r/N ) cor-
responding to the supertableaux with the same shape as
those of the real representations of SU(r) (with »> 3) are
anomaly-free. From Ref. 8 it can be seen that the same result
applies to the class II representations of the supergroup
SU(N /N + r) which have supertableaux reflected from the
diagonal relative to those of SU(N + r/N ). These are com-
plex representations of the supergroups and were used in
Ref. 3 with » = 4 for the representation (2,0,...) to construct a
model of composite quarks and leptons that satisfy the
anomaly constraints of 't Hooft.

Character formulas for the class I (and also class II)
representations constructed from only contravariant as well
as mixed (covariant and contravariant) basis vectors is given
in Ref. 8. Using those expressions and Eq. (21) one can obtain
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obtain anomaly expressions in determinantal forms similar
to Eq. (24). In particular we have the relation

Ay — 1y — ny — 10,0, ) = — A4(..,0,0;1,,15,15,...) (26)

between the anomalies of the covariant representation
(-..,0,0;n,,n,,n,,...) and the contravariant representation
(+ery — 3, — Ny — n;0,0,...).

With the recent advent of dynamical supersymmetries
in nuclear physics'® one particularly needs the eigenvalues of
linear and quadratic Casimir operators. Reference 8 gives an
expression for the eigenvalues of any Casimir operator.
However, the determinantal forms of Ref. 8 can be simpli-
fied using the methods of Ref. 9. We only need to note that
SU(N /M ) Casimir eigenvalues can be obtained from the cor-
responding SU(V ) eigenvalues by replacing N by N-M, as
follows from the expressions in Ref. 8, and as illustrated
above for the cubic Casimir operator.

The standard definition of the pth order Casimir opera-
tor of SUWN /M ) is"

CNM = T, 4T, hT, o Q)+ 8+l (27a)

where the generators T/ are related to the previously defined
generators X, via the relation

\THA ) =X, (27b)
Note that a cubic Casimir operator defined in this way dif-
fers from our previous definition [Eq. (3)], which is more
suitable for anomaly considerations, by quadratic Casimir
operator. We give the result for covariant representations of
SU(N /M ). C, is defined to be N — M. The generating func-
tion for the Casimir operators of SUN /M ) is

S chmp
‘SN M)expl —f(2)] + {1 —exp[ —flA)]}z"",  (28)
where
R P _ Lk
fiz) _kgz b.z* withb, _?,-; (j)sj. (29)

For the covariant class I representation (1,,1,,...,;,0,...),
with /<N — M.S; is given as

=5 5 ) ) wowe oo

where 7 is the total number of boxes in the supertableau. We
again emphasize that the above expressions are valid only for
the representations where the dimension of fermionic sub-
space is different from the dimension of bosonic subspace.
Using Eqs. (27)-(29) we can write the eigenvalues of the qua-
dratic Casimir invariant for the representation
(ny,n,...,1,,0,...) of SUN /M ):

489 J. Math. Phys,, Vol. 23, No. 4, April 1982

2

1[ ¢ n
CN'M:——[ 2_2in)+ (N—M+ l)n-
2 5 > (ni —2in;) + ) N

M}.(n)

i=1

One can similarly obtain the Casimir invariants of the super-
group OSP(N /2M ) from the expressions for O{V) given in
Ref. 10 by substituting N — 2M in place of N.
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Explicit expressions for codimensions of orbits and strata of elements of complex Lie algebras

gl (n, C), on, C),sp(2n, C) and real Lie algebras g/ (n, R), g/ (n, H), u( p, g), o{ p, ), 0*(2n), sp(2n, R),
and sp(2p, 2¢q) are given. They make it possible to list easily all dimensions of orbits and strata in a
given Lie algebra. The dimension of an orbit or stratum of a given matrix, an element of one of
the Lie algebras in its natural representation, can be determined from our formulas after the
matrix has been transformed into its Jordan normal form in g/ (n, C), gl (n, R), or g/ {n, H).
Stratification of the Lie algebra in the vicinity of a singular element is discussed.

PACS numbers: 02.20.Sv

1. INTRODUCTION

It is generally accepted that fundamental physical inter-
actions are determined by a spontaneously broken gauge
symmetry.'~ The symmetry is characterized by the fact that
an interaction potential (Higgs potential) has a minimum on
a nontrivial group orbit. Therefore the orbit structure of re-
presentations of some compact semisimple Lie algebras has
been needed often and a number of particular cases were
studied in detail (cf. Refs. 1-3 and references therein). Orbits
and strata of representations of noncompact semisimple Lie
algebras are equally of interest; their structure is richer. One
of the representations invariably appearing in particle phys-
ics is the adjoint one. In this case one often speaks of conju-
gacy classes of elements of the Lie algebra because they coin-
cide with the orbits.

In mathematics also much attention has been devoted
to conjugacy classes of elements (cf. Ref. 4 and references
thereinj. It is curious to notice that the orbits of interest in
elementary particle physics are the critical orbits which are
of smallest dimension, while in mathematics those which are
best studied are the largest, called regular and subregular
orbits.**

In this article we consider two related stratifications of
real and complex classical Lie algebras: (i) into orbits under
the action of the corresponding Lie group, and (ii) into fam-
ilies of orbits, called strata, containing elements of the same
structure, i.e., having conjugate centralizers under the ac-
tion of the corresponding group.

Consider first an example, the Lie algebra
gl (2, C)~C*>*2. It is a union of three strata of 2 X 2 complex
matrices:

1. Matrices with distinct eigenvalues; they form an open
dense set of C*>*2.

2. Matrices similar to a 2 X 2 Jordan block; these form a
semialgebraic (i.e., defined by equalities and inequalities)
submanifold of codimension one.

"Work supported in part by the Natural Science and Engineering Research
Council of Canada and by the Ministere de I'Education du Québec.

*'Centre de recherche de mathématiques appliquées, Université de Mon-
tréal, Montréal, Québec, Canada.

“'Départment de mathématiques, Université de Montréal, Montréal, Qué-
bec, Canada.
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3. Multiples of the identity matrix {scalar matrices}; this
is an algebraic submanifold of codimension three in g/ (2, C).

Clearly orbits belonging to the same stratum are distin-
guished by the eigenvalues. In the first and the second case
the orbits have dimension two; in the third an orbit is just a
point. The union of strata 2 and 3 is an algebraic subvariety
of C**? isomorphic to the direct product of a cone and a line,
and the set of the scalar matrices is the direct product of the
vertex of the cone with the line.

The purpose of this paper is to answer the following two
questions about the dimensions of orbits and strata in com-
plex and real classical Lie algebras: 1. What are the dimen-
sions occurring in a given Lie algebra? 2. Given a matrix, an
element of a given Lie algebra, what is the dimension of its
orbit or stratum?

It turns out that the dimension of the orbit and stratum
of a matrix depends only on its Jordan normal form in
gl{N, C), gl (N, R), or gl (N,H) according to the case, and not
on the additional Lie-algebra structure.

In what follows elements of a Lie algebra (group) are
identified with their natural matrix representations. It is ad-
vantageous to consider codimensions d of the orbits and co-
dimensions ¢ of the strata rather than the respective dimen-
sions D and C. Obviously,

D=N-d, C=N—c, d>c (1)

where N is the dimension of the Lie algebra. Together with
the codimensions of orbits we present the codimensions of
strata. Strata with codimension ¢ > 0 are called singularities.
In general, strata are semialgebraic submanifolds.

The results for g/ (n, C) and gl (n, R) are in Ref. 6. They
are also in Refs. 7 and 8, respectively, and these techniques
are generalized to the other cases. The dimension formulas
of Ref. 9 for sp(2n, Rj are simplified here. For o(n, C} and
sp(2n, C) they are in Ref. 10. The remaining cases are new
here.

Our expressions for the codimensions d of orbits were
obtained by direct computation of the centralizers of repre-
sentatives of conjugacy classes of elements.'''> Another way
to arrive at the same results would be to use the description
of the centralizers given in Ref. 4. Since each stratum con-
tains orbits of the same codimension d, the codimension ¢ of
a stratum is obtained from d by subtracting from it the num-
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ber of distinct nonzero real (complex) numbers necessary to
specify the eigenvalues of a generic element of the stratum of
a real (complex) Lie algebra. However, ¢ can be computed
from any element of the stratum.

Section 2 contains explicit formulas for the codimen-
sions d and c of all orbits and strata in all complex and real
classical Lie algebras. In Sec. 3 a local stratification of a Lie
algebra is described in the neighborhood of an element be-
longing to a stratum of small codimension. Section 4 con-
tains some remarks and conclusions.

2. CODIMENSIONS OF ORBITS AND STRATA

Here we first introduce some conventions and then give
explicit formulas for d and c.

We denote the Lie algebras as in Ref. 13. In our compu-
tations the normal forms of representatives of conjugacy
classes were used.'"'? A conjugacy class is represented by a
direct sum of generalized Jordan blocks

a I

(2)

I

a,
and their transposed with entries either numbers (in R,C,H)
or 2 X 2 matrices. However, one does not need to be familiar
with details of Refs. 11 or 12 in order to find the dimension of
the orbit to which a matrix (an element of a given Lie algebra)
belongs. Indeed, it suffices to bring the matrix to its Jordan
normal form [in g/ (n, C) or g/ (n, R) or g/ (n, H) according to
the case] ignoring the details of its Lie algebra structure, and
to use the information about its structure and eigenvalues in
the formulas below. The Jordan forming/ (n, R)and g/ (n, H)
consists of the generalized blocks of type (2) associated with
pairs of eigenvalues a + ib. The actual computation of these
formulas was lengthy but straightforward. We present just
the results, a few comments, and examples.

Algebrag/(n, C)

If an element has distinct eigenvalues a,...,a,, each
corresponding to a direct sum of Jordan blocks of respective
orders n} >n} >->nj , then

d= 2 2(21—1) (3)

i=1j=1

c=d-—r. 4

Algebra g/(n, R)

Formula (3) applies in this case with any pair of complex
conjugate eigenvalues a + ib counted as one a,. The Jordan
blocks are now real. Also

c=d—v, (5)

where v denotes the number of distinct eigenvalues.
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Algebra g/(n, H)

If an element has pairs of complex conjugate eigenval-
ues(a,, a¥),...,(a,, a¥) corresponding Jordan blocks with en-
tries which are 2 X 2 complex matrices ( ¥ 5. 2.) (represent-
ing quaternions) and of respective orders n} >nj >->n;,
and real eigenvalues a,,...,a, corresponding to Jordan blocks
of respective orders m| >-->mj,, then

d=$ Y- +23 30— m, (©

i=1j=1 i=1j=1
c=d—v, (7)
where v is the number of distinct eigenvalues.

Algebras o(n, C) and sp(2n, C)

If an element has nonzero eigenvalues a,...,a,, each a;
corresponding to Jordan blocks of respective orders
n} >-->n, , and Jordan blocks of orders N,>---> N, of zero
eigenvalues, 7 of these blocks being of odd order, then

(z Z (2f — )nj + 2 (2k — 1)V, —et) (8)
i=1j=1
where e = + 1 for o(n, C)and € = — 1 for sp(2n, C)

—d— L _s, 9
¢ 5 9)

with
1 if 0 is an eigenvalue of multiplicity 2 and
6= [ e=1, (10)
0 otherwise.

Note that d is half of (3) minus ez.

Algebraso(p, g) (e = + 1)andsp(Zn, R) (e = — 1)
Codimension d is given by (8) where pairs of complex
conjugate eigenvalues a + ib are counted as one a;. The Jor-
dan blocks are real.
c=d—lv-34, (11)

where v is the number of nonzero eigenvalues and § is given
by (10).

Algebras sp(2p, 2q) and 0*(2n)
The dimension d is equal to half of (6)
c=d—p—8, (12)
where v is the number of nonzero eigenvalues and

1 if O is an eigenvalue of multiplicity 2 and
8= e= —1
0 otherwise.

Algebra v(p, q)

In this case the dimensions d and c are given by (3) and
(4), respectively.

Let us point out that a stratum of elements of a given Lie
algebra contains all matrices with the same structure of Jor-
dan blocks corresponding to eigenvalues of the same type.

It follows from computing the centralizers that the no-
tion of the stratum of elements of a Lie algebra and the no-
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tion of ““the set of elements of the Lie algebra having the same
Jordan normal form” are closely related. Namely one has
the following

1. The two notions coincide for g/ (n, C), g/ (n, R),
gl (n, H), sp(2n, C), and sp(2n, R).

2. Elements of the orthogonal algebras o(n, C), o{p, g),
and 0*(2n) with the eigenvalue zero of multiplicity 2 belong
to strata which contain also elements of another Jordan nor-
mal form (see examples below).

3. For the algebras o(p, ¢), u(p, q), [resp. sp(2p, 2g)] a Jor-
dan normal form of an element can be divided into two parts
of order p and g (resp. 2p and 2¢) according to the signature of
the algebra. A stratum contains only elements with the same
Jordan normal forms within each of the two parts.

For example, the matrices (§ ° ;) with #0and (§ §
belong to the same stratum in o(2, C) but to different strata in
s (2, C); in the first case their centralizers coincide, in the
second one they are different. In general, whenever matrices
with different Jordan normal forms belong to the same stra-
tum, the one with the eigenvalue O of multiplicity 2 is a spe-
cial case of the other.

Consider the matrix

M,=Mb, b
0 b 1
(—b 0 1
0 b
-5 0
- 0 b " (13)
—b 0
\ 0 b
—b' 0
bb'cR, b£b', bb'#0.

It is an element of o(6, 2) because it satisfies the relation
KM, + MTK = 0, where K is the nonsingular symmetric
matrix

K= (14)

1
\ "
1
with signature (6, 2). Let us denote the pairs of distinct eigen-
valuesof M, bya, = + ibanda, = + ib’. Theycorrespond
to Jordan blocks of respective orders n} =4, n; =2, and n}

= 2. From (8) and (9) one finds the codimensions d, and ¢, of
the M, orbit and stratum

d,=1[(n} +3n; +ni)]=6, =0,
c=d—p—6=d—2=4, §=0,v=4 (15)

492 J. Math. Phys., Vol. 23, No. 4, April 1982

The matrix M, and the matrix

M,=M|(b,0)
0 b 1
(—b 0 1
0 b
—-b 0
= 0 b ) (16)
-b 0
\ 0
0
0#beR

have the same centralizers in o(6, 2), as can be verified by
direct computation. In this cased, and ¢, are given by (8) and
(11), wheren} =4, n} =2, N,=N,=1,t=2,6= +1,
€ = + 1, v = 2. Thus one has as before d, = 6 and ¢, = 4.
Clearly M, and M, belong to the same stratum. If, however,
we put b = b ' in (13) the matrix M, = M (b, b ) belongs to a
different o(6, 2)-stratum. Indeed, then we have
n? =0, n} =2,and v = 2, so that

d =n} + 3n) + 5n3) = 10,

c=d—=09. (17)

As another example consider the matrix

a 1
m=| ¢ | aeR. (18)
—da

-1 —a

It is an element of (2, 2) because MK + KM 7 = 0, where K
is a nonsingular symmetric matrix

1 0

0 1t
K= 19
L 0 (19)

0 |1
of signature (2, 2). The Jordan normal form M, of M is
a
a
M, = 20
: I (20)
—a

Using again (8) and (11) and the properties of M, one can
determine the codimensions 4 and ¢ of the orbit and stratum
containing M, namely, ¢, =0, a, = —a,v=2,6=0,
ni =2, n} =2, therefore

d=Yn +ni)=2,

c=d—lv=1 21)

It is important to notice that a simple eigenvalue never
contributes to the value of the codimension of a stratum,;
such an eigenvalue contributes 1 to both d and to the number
of continuous parameters. As a consequence, for instance, a

matrix with one 2 X 2 Jordan block and all other eigenvalues
distinct always belongs to a stratum of codimension ¢ = 1 in
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gl (n, C) regardlessof the value of n»2. That explains why it is
simpler to work with codimensions rather than with
dimensions.
As aconsequence of Eqgs. (3)-(11) we have the following:
Theorem: Let M be an element of a real classical Lie
algebra A. The dimension (codimension] of the orbit and
stratum of 4 containing M is determined by the Jordan nor-
mal formof Mingl{n, C}if4 = ulp, ¢},0(n, Cjorsp(2n, C},in
gl(n, R)if 4 = olp, q) or sp(2n, R}, and in g/ (n, H) if
A = 0*(2n) or sp(2p, 2q).

3. LOCAL STRATIFICATION OF A LIE ALGEBRA

Here we describe the stratification of a Lie algebra in
the neighborhood of a singular element M, belonging to a
stratum of codimension ¢ > 0. This stratification is a direct
product of a stratification in C° (resp. R°) with C" ~ (resp.
R" ~ ), where N is the dimension of the Lie algebra. Hence
the stratification depends essentially only on ¢. Consequent-
ly the problem reduces to a stratification in C* (resp. R¢). To
find the stratification, one computes a matrix M {4 ) depend-
ing holomorphically (smoothly) on complex {resp. real) pa-
rameters A = (4,,...,4.) and such that M (0) = M, the differ-
ent values of A representing all strata appearing in a
neighborhood of M,,. The matrix M (4 ) is computed from a
versal deformation of M, (cf. Refs. 7-10). One can decide
from the characteristic polynomial of M (4 ) and its discrimi-
nant when singularities occur. The set of parameters
{A1y.--A.) corresponding to the singularities is called the bi-
Surcation diagram. Forc = 1, 2 and 3 itis convenient to draw
the bifurcation diagram.

We consider two examples of bifurcation diagrams in
the neighborhood of the two singularities of codimension
¢ = 2 present in u(p, g). The first one corresponds to the 3 X 3
Jordan block with the eigenvalues /b. Then

b 1 0
MA)=14, b 1], bAi,AeR (22)
A, A, ib
M (/4 } belongs to ¥(2, 1) since
0o 0 -1
MAK+KMA)" =0, K=| 0 1 0
-1 0 O
(23)

The characteristic polynomial of M (4 ) is (t — ib)?

— 24,(t — ib) — iA,. The matrix M (4 } is singular iff the dis-
criminant of its characteristic polynomial is equal to zero,
ie.,

3243 42742 =0. (24)

The bifurcation diagram is shown in Fig. 1{a). The product of
this diagram with R 7 * ? gives the stratification of

u(p + 2, ¢ + 1} in the neighborhood of an element having
one triple eigenvalue and the remaining ones simple. Hence
on this diagram one readily sees the strata of u(p + 2, g + 1)
surrounding the singularity. Namlely, there are two open
strata [on the left and on the right of the curve (24)], one
closed stratum at the origin, and one stratum given by Eq.
(24) minus the origin.
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')‘1
\
3 2
4')\1 427)\2 = 0
(a)
A
N "M
ol e
2 2
S

{b)

FIG. 1. Bifurcation diagrams describing the neighborhood of the singular
elements of the algebra u(p, g) with codimension ¢ = 2. Different circles
indicate the position of the eigenvalues in each region of the {4,, A,)-plane.
The interior of the circles are portions of the complex plane, dots and con-
centric circles indicating multiple eigenvalues with the corresponding
multiplicity.
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The second singularity of codimension ¢ = 2 in u(p, g)
corresponds to a couple of double eigenvalues 3, — 3 *. One
can take M (1) as

B 1 0 0
M=t B e
0 0 —B* —Ai,—il,
0 0 -1 —B*
It belongs to u(2, 2) because it satisfies the identity
0 I
MAK +KMA)r =0, K= 02> (26)
2

M (4 )issingulariffA ; + 4 3 = O(cf. Fig. 1b). Similarly asin

the previous case this singularity appears in any
up+2,9+2),p,9=0,1,..

Note that in u(p, ¢) there are other singularities of codi-
mension 2: they occur as intersections of two singularities of
codimension 1, corresponding to different eigenvalues.

4. CONCLUDING REMARKS

(1) Codimensions of all orbits and strata in classical real
or complex Lie algebras of all ranks are found in Egs. (3)—(11)
of Sec. 2.

(2) In applications one is often interested in particular
orbits or strata, such as open or closed strata, critical orbits.

Open strata have codimension 0. There is a unique open
dense stratum in complex Lie algebras and in the compact
real forms. In general a noncompact real Lie algebra may
have several open strata; cf. Fig. 1(a) where we have two open
strata.

Closed strata are strata of maximal codimension. They
are algebraic submanifolds. In the adjoint representation
there is a unique closed stratum and two cases can appear:

(i) All elements of the Lie algebra have trace zero. Then
the closed stratum has a unique orbit which is therefore criti-
cal (i.e., isolated in its stratum?). This orbit is just a point: the
zero element.

(ii) In other cases [g/ (n, C), g/ (n, R), g/ (n, H), u(p, g)] the
closed stratum consists of multiples of the identity matrix.
Therefore there is no critical orbit.

In general, orbits are semialgebraic submanifolds.

One can remark that our definition of stratum coincides
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with the one of Refs. 1-3, namely: a stratum is a union of
orbits having conjugate little groups.

(3) In other applications, for example the study of sim-
ple singularities, one is interested in regular and subregular
elements of Lie algebras.

An element of a semisimple Lie algebra is regular iff its
orbit has codimension R, where R is the rank of the algebra.
The set of regular elements is open and dense.” It contains in
particular all open strata and a unique orbit of nilpotent ele-
ments. An element is regular iff its characteristic polynomial
coincides with its minimal polynomial.*

An element is subregular iff its orbit has codimension
N + 2, where NV is the rank of the algebra. (There are no
orbits of codimension N + 1.} The set of subregular elements
is a nonsingular submanifold of codimension 3 (Ref. 5).
There is a unique orbit of subregular nilpotent elements.*
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Application of a new functional expansion to the cubic anharmonic oscillator
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A new representation of causal functionals is introduced which makes use of noncommutative
generating power series and iterated integrals. This technique allows the solutions of nonlinear
differential equations with forcing terms to be obtained in a simple and natural way. It
generalizes some properties of Fourier and Laplace transforms to nonlinear systems and leads to
effective computations of various perturbative expansions. Illustrations by means of the cubic
anharmonic oscillator are given in both the deterministic and the stochastic cases.

PACS numbers: 02.30. — k

INTRODUCTION

Recently a new approach to causal functionals was pro-
posed using noncommutative variables and iterated inte-
grals.! This algebraic viewpoint enables us to obtain in
closed form solutions of nonlinear differential equations
with forcing terms. This can be done in a very simple and
natural way using the vector fields connected with the equa-
tion. The rules for manipulating noncommutative variables,
where the product is replaced by the shuffle, generalize
Heaviside symbolic calculus to the nonlinear domain, i.e.,
noncommutative variables allow us to extend some proper-
ties of Laplace and Fourier transforms to nonlinear systems.

The aim of this paper is to illustrate this theory, which
has appeared in engineering, by some physical examples.
After some necessary recapitulation, we compare the funda-
mental formula giving the solution of a nonlinear differential
equation with some recent attempts due to Uzes,” Jouvet and
Phythian,? and Langouche ez al.* Morton and Corrsin® used
Fourier transforms for giving the solution of the cubic an-
harmonic oscillator, commonly known as the Duffing equa-
tion. Their computations, which had only an heuristic value,
are completely justified with our noncommutative variables.

The last section is devoted to the study of statistical
properties of the output of the cubic anharmonic oscillator
driven by a Gaussian white noise. Noncommutative varia-
bles give a systematic understanding of the derivation of the
first perturbative terms of the moments and lead to an easy
implementation on computers.®

. NONCOMMUTATIVE GENERATING POWER SERIES

A. Free monoid and noncommutative formal power
series

Let X * be the free monoid ’ generated by a finite set
X = {xq,...,x, | called the alphabet. Every element of X *isa
word and consists of a finite sequence x; --x; of letters of the
alphabet. The product of two words x; --x, and x, --x,_ is
the concatenation x; --x; x x,Xx,- This operation is non-
commutative. The neutral element is called the empty word
and written with 1.

Let R(X ) and R({X })) be the R-algebras of formal
polynomials and power series (ps) with real coefficients and
noncommutative variables x,€X. An element seR((X )) is
written as a formal sum
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s= Y [(s, wwlweX *},  where (s, w)eR.

Addition and (Cauchy) multiplication are defined by*

51 +s8,= Z{ {{s1 w) + (54, w)]waEX*}’

o3 2

wow, = w

(51, wy)lsy, wz)]w}we‘(*}‘

B. lterated integrals and analytic causal functionals
Let£,, &y, ..., &,: [0, T1>R be n + 1 continuous func-

tions with bounded variations. We define the iterated inte-

gral® §o dE, -dg, (0<t<T)by induction on the length

[ =500 =01,

L de, dE, = L de, () fo “dg ek,

where the last integral is a Stieltjes integral.

To the inputs u, ..., u,: [0, TR, which are assumed
to be piecewise continuous, one associates the iterated
integral

T

fl d§; -dg; , where £y(7) =17, &(7) =J u;(oldo

(i = 1,...,n).

Now consider a noncommutative ps geR{{X )). It de-
fines a causal, or nonanticipative, functional'® of the inputs
u, if we replace the word x; x; by the corresponding iterat-
ed integral ((d¢; ---d¢, . Thus, the numerical value'' is

.V(t; Uy ooy un) =g, 1) + z z (g’ 'xjv"'xjn)
codv=10

v20 ju -

Xf as; -dg, . (1)
(0]

Such a causal functional is said to be analytic with the gener-
ating ps g.

C. Fundamental formula

Consider the following differential system, which is as-
sumed to be of first order without loss of generality,

4t} = dg/dt) = Aa) + 3wl lg), 2

() =hlg).
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The state g belongs to a real analytic manifold Q [the initial
state g(0) is given]}; the vector fields 4, 4, ..., 4, and the
function A: Q—R are analytic. The inputs (or controlsj u,, ...,
u,: [0, T]>R are often forces.
Take some local coordinates chart, where ¢ = (¢, ...,
¢")and
—_ N k(1 N __a__
k; 85, q") %
(the 6 | are analytic functions of ¢, ...
the first line of (2) is equivalent to

§*t)y=0§ + 2 16k
i=1
One can prove that the output y of (2) is an analytic
causal functional of u,, ..., u, defined by the generating ps'?

a=h|g40 + 2 2 A Ay B g0 %) X, (3)
V30 fou oy g =0
(the notation |, means the value at g(0})].

The formula (3) and its proof generalize Grobner's
work'? on Lie series and free differential equations of the
formgit\ = A4 (q).

Uzes? tried also to extend Grobner’s theory to get the
solution of forced nonlinear differential equations, using Ga-
teaux-Fréchet’s functional derivatives.'* The latest expan-
sions are really useful if the time ¢ is fixed once and for all. In
the dynamic case, where time varies, they lead to a more
complex formulation than (3). On the other hand, Jouvet and
Phythian® and Langouche, Roekaerts, and Tirapegui® used a
formalized operator which does not give the generating
functional in a simple form. These comparisons, and others
we can make with engineering attempts,'>~'” lead us to think
that for causal functionals the natural expansion is done with
noncommutative generating power series.

, V). Recall then that

tk=1,..,N)

D. Volterra series

Volterra series are until now the functional expansions
most commonly used.>*!5-'7 With only one input, one
obtains

Pt ) = wolt) + f w,lt, 7l

+ J‘ f ’ wlt, 7o, Ty (To)u (7, )d7d T

+ . +j f f W, (8 Toy oony Ty)Uy (7)ot (7))

Xdr,dr| + . 4)

Kernels here are in a triangular form; hence 137, >--> 7 >0.
One can also use the symmetric form

e uy) = wglr) + J: wi (L, 7wl )T + -

+ f f WL, Ty wos TJUy(T )ty (7))
o 0

X d»r: "'dTl + oo,

where the w! are symmetric functions of the variables 7, ...,
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7, In each case the kernels are uniquely defined up to a set of
measure zero.

In these expansions, the linear, quadratic, cubic, etc.,...
contributions are separated.

There is, in fact, a strong relationship between Volterra
series and noncommutative generating ps. One can show
that a Volterra series defines an analytic causal functional if,
and only if, for all s >0, the kernel w,{¢, 7, ..., 7} is an analyt-
ic function of ¢, 7, ..., 7,.

Consider the differential system

{ q(t) = Aolg) + u (2 )4,(q)
) =hig)
of the form (2), with only a single input. From (3), we can get

the output y as a Volterra series {4), where the kernels are
given by'®

Wyt Z A h |y — etop | (0}
v>0
)
wit, m)= 3 Ayddgh |q(0> T
Vet 20 ViV
Ao — A,
=el 4 e T |
wl(ta 7'2! T])
. : (t = 7)"(ry — 1)y
= z AgAd A4, A5h iq(O)
V¥ 20 volv gl
— eﬁA‘A le(f: — r,)A(A Iell — rj)A‘,h |q(0),
] v
-7 ) tee T
ws(t) Ty eeny 7.1) = Z A V(A AlA h Iin
v, >0 ‘ 'V()'
=e""“A . W T

il. ANONCOMMUTATIVE SYMBOLIC CALCULUS
A. Presentation

The generating ps representing the solution of a forced
differential system can be obtained by a noncommutative
symbolic calculus which generalizes Heaviside symbolic, or
operational, calculus. Rather than a general formulation,’
we apply the method to the cubic anharmonic oscillator, i.e.,
the Duffing equation

)+ ap(t) + i) + By (e) = uft) 5)
To account for the cubic term, we introduce a new oper-

ation on generating ps: we define the shuffle product by in-
duction on the length of words

lml =1,
VxeX, lox = x,
Vx, x'EX, Vw, wIEX*y

{xw)m(x'w') = x{wmix'w] + x'[{xw)mmw]. (6)

xul =

So the shuffie product of two words is a homogeneous
polynomial, the degree of which is the sum of the length of
the words. For example

XX IILX X = 2XX] X + XX XoX1 + XXX 1 Xo + 2x X%
The shuffle product of two generating ps g, §,ER((X ) ) is
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given by

g,ig, = @2 wow I, |w,, wyeX *].

Z{gl’

Consider now the product of two iterated integrals

([ )( [ 42)

An integration by parts gives

ag, ([ a. e, )( [ dei, )
(A ORI

This last formula is similar to the definition (6} of the shuffle
product.'® We then have the following important result.
Theorem?>’: The product of two analytic causal func-
tionals is a functional of the same kind, the generating power
series of which is the shuffle product of the two generating
power series.
Consider again (5) in the following integral form:

yt)+ aJ: yr)dr + O’ dTLT yloydo + B .[: dTJ: Ylo)do

— J drf w0 + at + b, (7)
0 (¢]

where a = y(0) + ay{0) and & = y(0).

The previous theorem and the relationship between it-
erated integrals and noncommutative indeterminates allow
us to write (7) in the following form:

8 + axeg + x50 + Bxoguguig = xox, +ax, +b. (8
The algebraic equation can be solved iteratively with the
fixed point theorem, according to the scheme
8y 1 + aXo8, + X530, + Bxjg,mg,mg, = Xox, +ax; + b.

Noncommutative variables extend some properties of
Laplace~Fourier transforms to the nonlinear domain. In-
deed, with the linear differential equation

J+y=ul)

we associate for y(0) = p(0) =
above, the generating ps

0, by the method described

8 + X580 = Xox,,
g={1+4x3)" xpx,,

which is analogous to the classical transfer function
1/(p* + 1)

B. An example of functional expansion

Consider again Eq. (5), seeking for small £ a perturba-
tive expansion of the form

YE) = polt )+ Byilt) + B ilt) +
In a quoted paper, Morton and Corrsin,” to this end, used the
Fourier transform. This is heuristic because there is no sim-
ple relationship between the transform of a product and a
product of transforms. After briefly reviewing their work,
we show that our noncommutative symbolic calculus justi-
fies it rigorously.
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Making use of harmonic analysis, the authors write y
and %, in the form

+ 7
y{t) = ZY((U)eiwl with Y((L)) = —I- y(t )e — lm:dt’
w 2T J_ T
. 1 + T ]
Ul(t) = Z Ul(w)etwt with Ul(w) —_— u,(a))e — ity
@ 2T J_r

where [ — T, + T] can be very large. Equation {5) becomes

(1 — @ + iaw)Y (w) +BYY Yo - (0 —o")Y (")
= U\(w)

or

(1 — o +iaw)Y (@) + B

W, + Wy + = w

Y{w,)Y{(@,)Y ()

= U\().
Terms of the perturbative expansion

Y () = Yolw) + BY,(0) + B Ysw) +
are then

Yow) = (1 — & + iaw) ™' U\lw) =

Y@ =S 3

W, + Wy + Wy =w

Yyw) =35 3
Wy 3 Wy + W, = w

These expressions become more and more complicated. The
use of Feynman type diagrams in which

- S(@)U,(w),
Yolw ) Yolw,) Yolws),

Yo )Yo(@,)Y ().

a straight line ( ) represents S (o),

a dot (.) represents 3,
a dashed line (---) represents Y,(w),

allows us to simplify the manipulations. We deduce the fol-
lowing representations:

Y, &— 3 e

P
The one-to-one correspondance between Y, and these dia-
grams obeys the following rules:

Four elements are joined at each vertex, at least one of
which is a straight line.

There is a factor of 3 associated with every vertex hav-
ing one or two dashed lines entering it.

So to draw Y, one must take k straight lines and &
vertices, combining them in all possible ways consistent with
the above rules and adding the necessary (2k + 1)Y,’s
(dashed lines).

- - 4 - ' /
- K - ra ’ A
Y, a9 —
S~ ~. S N . \ L
-~ .
Ky
\
\
-
/ ;oo
- 4 d
4 T + 18— —< -
\ PLd RN N
- .
. \

Let us write the solution g of (8) in the perturbative form
8 =00 + g, + B2 + -
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Hence,

8o =1{1 4+ ax, +x(2))_l{xox1 +ax, + b)
= — S(xo)lxox; +ax, + b),
81 = S (xo)8olL1goLug,,
82 = 35 {xo)g,1Lgyilig,,
which represent them as ¥, Y|, ¥, by

fo > —=-

,
’

g > — 4=

N,
~

. .
4

,
7

« ——t——--

% \\ <\

The connection between three branches corresponds to the
shuffle of three series.”!

. SYSTEMS DRIVEN BY WHITE GAUSSIAN NOISES
A, Generalities

A classical problem of convergence of functional ex-
pansions arises when the inputs are white Gaussian noises.
This happens with generating ps as well as with the other
techniques.

As we will see in the following, it is, however, instruc-
tive to use noncommutative variables. To this end, we must
first give a meaning to stochastic iterated integrals
Sod€; -+dE; ,wherethe £, (t) = b,(t) are Wiener processes, or
Brownian motions which, for simplicity’s sake, are supposed
to be mutually independent and standard, i.e., (b;(t)) =0,
(61t)) = |t |. Tokeep the rules of ordinary calculus and tak-
ing account of approximation properties,** we use Stratono-
vich integrals. 2 If £(¢) = ¢t, £,(¢) = b,(t ), we set

Lt dg, -df, = Lf dg, () L e, dE,,

where for j, #0, this last integral is a Strotonovich integral.
It is also necessary to compute the average
(fodé; --dE, ) of iterated integrals. The following proposi-
tion can be compared with Wick’s theorem.
Proposition: The moment (f,d&; --dE; ) of the iterated
integral f{d¢; --d&; is given by induction on the length by

<L{d§jv"‘d§,~,, >
J:d7'<‘£’d§jv_ . dé',) if j, =0,

— ! d T . ) .
f —TU dE, 2---d§,,,> i, =jo \ #0,
o 2 o

0 otherwise.
Proof: The iterated integral

BJ.A...J.. = _[)dfj\."'df;,

satisfies the Stratonovich stochastic differential equation
aB B; . .j.°d5-

opeida = D
(Forj, = 0,i.e.,df, = dt, theresultis trivial). This Straton-
ovich stochastic differential is related to that of It6 by

498 J. Math. Phys., Vol. 23, No. 4, April 1982

dB, ., =8, . -4, +1dB, -4,
where the symbol . denotes the differential in the It8’s sense.
Hence,
dij.A,j,, = Bj‘, Lo 'dgj‘,
+3[B, .45, | +dB, | dE Vg
From the definition of the 1t6 stochastic differentials, we
have
(Bj‘ A 'dgj,) =0.
Finally, the classical rules of stochastic calculus,
db.db~dt,
db.dt~0,
dt.di~Q0,
lead to

(dB, ..

dt e .
P} «B; .. ifj.=j,_#0,

0 otherwise.

B. Statistics of the solutions of stochastic differential
equations

Consider again the system (2); here in Stratonovich sto-
chastic form

dg = A(g)dt + Y A(qidb;,

i=1
(t)=h(q).
b,,b,,...,b, are standard Wiener processes, which are mutu-
ally independent [the initial state ¢(0} is given]. Applying the
previous rules to the fundamental formula, we get®

t” 1 & v
<,V(t)> =h |q<0) + z —‘(Ao+— 2 Azz) h |q10)
v>0 v! 2 i=1

= [exp t (AO + % i A f)]h g0 -

i=1

Example: The following system is described by

dg = (Bo + 2": Bidbi)q{t ),

i=1
(t) = Aqlr).
The state ¢ belongs to RY; B; (j =0, ..., n) and A are, respec-
tively, square matrices and row vectors of order N (systems
of this form are known, in control theory, as regular or bilin-
ear systems). We have

w=a(1+5 S Bes,| 'd§,-,---d§,~',)<1(0),

V30 fyprjy = 0
hence

o) =2 [exp (B + 2 $ 52)]gt0 o)

i=1

In this particular case, we see that we have convergence and
the formula (9) is then rigorous.?®

Figure 1 gives the time expansion up to orders 8 and 12
of the moment (g(r)) where

G+4+q+0,2¢=b(),
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<q(t)>

Selution by Monte-Carlo method

Time eXpansion up to order 8

Time expansion up to order 12

FIG. 1. First moment of the solution of the equation § 4+ ¢ + ¢ + 0.2¢> = b(t)with o = 5, g(0) = 3, 4(0) = 0.

with ¢(0) = 3, 4(0) = 0.2 The symbol & is the formal deriva-
tive of a Wiener process b, i.e., b is a Gaussian white noise.
Here (b(t)) =0, (b *(t)) = 5¢|.

In the following we study perturbative expansions from
which we can expect better results,

C. Perturbative expansions with respect to nonlinearity

Consider the nonlinear differential equation

Ly +BPp)=b() (90}, ¥(O), ..., are given),
where L is a differential operator with constant coefficients,
P a polynomial, and 3 a small parameter. Here we seek a
perturbative expansion for the solution y(t ),

Ht) = pilt) + Byilt) + Byaft) + - (10)
Techniques using noncommutative variables, shown in the
Appendix, give the ps g, corresponding to the y,:

8 =00+ 88 + 8%+
g is the generating ps associated to y. From a result analo-
gous to the previous proposition, it is possible to derive the
first terms of the perturbative expansion of (y(¢)) and more
generally of (y"(z)).

Application: We refer again to the anharmonic
oscillator

J+ay+y+By=>b(t)
for which we compare our results with those of Morton and
Corrsin® (Fig. 2). The generating ps associated with the solu-
tion p verifies the algebraic equation

g = —B(1 + ax, + x;)~ 'qurguug
+ (1 4 axy + x5) 7 '(xox, + axy + b).
Setting

(1 4 axy +x3) = (1 — a;xo)(1 — axy)
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and

(1 4+ ax,+x3) " "ax + b)
=A,(1 —a,x,)"! + 4,(1 —azxo)_',

we obtain?®

1 1
8o = 0
4]
1 1
0
Q
1 X Y
0 0],
1 0
1 X Y
8= 0 3
1
3 X X
0 2
1 1
3 X X
0 1
1 2
1 X X
0 0
1 3
3 X X X Y
0 3 2 2
1 0 1 0
6 X X X YT
0 2 1 1
1 1 2 1
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3 X X X Y
1 0 1
0 1 2 3 2
6 X X X Y X Y
1 0 3 2 2 1 1
0 1 1 0 1 0
12 X X X X Y Y
1 0 3 2 1 1 1
0 1 1 2 i 0
6 X X X Y X Y
1 0 2 1 1 0 0
0 1 2 1 2 1
12 X X X X Y Y
1 0 2 1 0 0 0
4] 1 2 2 2 1

1 1
<90) = 1 0
0 0
1 1
0 0f,
1 0
1 X X
(gl) = 1 0 3
0 1 0
3 X X
1 0 2
0 1
3 X X
1 0 1
0 1 2
1 X ¢
1 0 0
1 3
12(%) X X X X X
i 0 3 2 1 1
0 1 Q 1 2 0
12% X X X X X
1 0 2 1 0 0
0 1 i 2 1

Figure 2 gives the perturbative expansion up to order 2
of steady-state moment {y?).

IV. CONCLUSION

The functional methods proposed here are mathemat-
ically rigorously correct in the deterministic case, where
they clarify various former attempts. In the stochastic case,
their algebraic nature simplifies the computations of pertur-
bative expansions.
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APPENDIX
Consider the differential equation
Ly +BPy) +b(r)

with

n d
L= L— (I, =1
,';o dt,- ( )
and

Pix)= 3 px.
i=1
As previously (Sec. ITA), the generating ps associated with y
is given by

(2 I;XS“)Q +x38% pg
=0 i=1

n—1
R

i=0
or

g= — (2 "fxgii)_lx(y;ﬂ ipjgmj
i=o =

#(Fam) (w4 S o)
i=0

i=0
where 6,(i = 0,...,n — 1) are constants depending on the ini-
tial conditions.
The expansion (10} is “‘equivalent” to that of g in powers
of 5:
8= 6o+88 +B%,+ -
with

——— sclution by Fokker-Planck eguation

----- Perturbative expansion up to order 2
{by formal p.s.}

.14 — — . Perturbative expansion up to order 1
(by formal p.s.)

-e-y--. Perturbative expansion up to order 7
(Morton end Corrsin)

.08
.08

.04

.02z

FIG. 2. Second steady-state moment of the solution of the equation
G+g+q+Bg' =b(t) (b)) =o)e].
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i=0

n \ -1 n—1 .
90:(2 I,-xo") (xg“xl + 5,-xé,\)
i=0

and

j=1 kyyernrk;
Ky+ e+ k=

n \ -1 m
8 = _—('Zo li-xG_') X5 2 Pu P,

XPx, B, WGy, W--111g, .

To have the rational expression of g;, we need to com-
pute the shuffle product of powers series of the form

(1 —apx)™ l'xi,(l —axo)” lxiz"'(l — apxo)_]- (A1)
Proposition*®: Given two formal ps
ST =1 —agx,)~ I-xi. (1 —ax,)™ Ixi:"'xi,,(l - apx())_l

=88" ‘x,-p(l —a,xp)""

and

{1 - aoxo)—lxi. {1— alxo)‘ixiz "'xip(l - apx()}—‘>
(1 — agxg) ™ "xo{(1 - alxo)d]xiz"’xi,,(l - apxo)_l>
=1 - agxo) xo{(1 — aZXO)—lxi""xip(l —a,%) ™"
0

g, is then a rational fraction in the only variable x,,. Its de-
composition into partial fractions and the following lemma
give its corresponding expression in time.

Lemma: The rational fraction (1 — ax,) ~# corresponds
to the exponential polynomial

_1 i N
(02)5 )
Sow—1/ f
This results easily from

(1 —axg) 72 = (1 + axof ~ 'm(l — ax,) ™"
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S? =(1— boxo)“'le(l — b,xo)“‘sz...qu(l — b,x,)""
=897 "%, (1 = byxo) ™',

where p and g belong to N, the subscripts iy,...,i,, j,...j, t0
{0, 1}, and a;, b; to C; the shuffle product is given by induc-
tion on the length by

SAmSY = (S4mS§~x, [1~ (a, + b, o] '

+ (857 'mS g, {1 — (@, +b,)x]7"

with

(1 —axg)~'mfl —bxy) ' = {1 —(a+bx,] "

This shows that g;{/>0) is a finite sum of expressions of
the form (11). To derive perturbative expansion of the first
moment,

(8) = (8o) +B(81) +B%(g2) + -,
we should compute
(1 —apxg)™'x; (1 — ale)—l‘xiz'"xip(l ~a,x) ')

This is given (see the proposition of Sec. IIIA) by induction
on the length by

if i, =0,
ifi,=i,=1,
otherwise.

M

%In the case n = 0, one finds again the commutative algebras R[x,] and
R{[x,]] of polynomials and power series in one variable. .
“Iterated integrals have been introduced by Chen as an important tool in
topology. See, for example, K. T. Chen, Bull. Am. Math. Soc. 83, 831

1977).

"’(A fmlctional is said to be causal, or nonanticipative, if at time ¢ its value
depends on the values of the u;(7) only for 7<¢.

'Equation (1) is supposed to be absolutely convergent for ¢ and
max,, .., |u,(7)| sufficiently small.
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A; A h |40 and x, -x; are inverted.

YW, Grobner, Die Lie-Rethen und ihre Anwendungen, 2nd ed. (VEB
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the mathematical validity of the foregoing is not ensured. This formula
could also be derived, in an heuristic way, from the Fokker-Planck equa-
tion by path integral techniques. See, for example, R. L. Stratonovich, Sel.
Transl. Math. Stat. Prob. 10, 273 (1971); and R. Graham, Z. Phys. B 26,
281 (1977).

2°L. Arnold, Stochastische Differentialgleichungen (Oldenbourg, Munich,
1973); English translation, Stochastic Differential Equations (Wiley, New
York, 1974).

"1t should be remembered that, for this equation with an additive noise,
Itd’s and Stratonovich’s interpretations are equivalent.
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2¥The notation

C B X, x;
Cio Cit Cip Cip
Cag €2y Cap 1y Cap
means

CAA T[] — (c0@, + Ca082)X0]" Ixy, X [1 - (Clﬂal + Czp“:)xn]

29F, Lammabhi-Lagarrigue and M. Lammabhi, Ric. Automatica 10, 17

(1979).

M. Fliess and F. Lamnabhi-Lagarrigue

502



Nonlinear superposition, higher-order nonlinear equations, and classical

linear invariants
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We find a class of nonlinear ordinary differential equations, in p, of any order m>2 whose
solutions are given by the nonlinear superposition law p(r ) = x(¢ )r(r), d7 = p(t )dt, where
d"r/dr™ = F(r,r’,...) and x(t ) satisfies a special self-adjoint linear equation of order m. The
coefficients of the self-adjoint equation in x, which are identical to those of the nonlinear equations
in p, can be deduced from the well known invariants of the classical theory of linear differential

equations.

PACS numbers: 02.30.Hq

l. INTRODUCTION
The celebrated Riccati equation
dy/dt + ayft) + a)itly + ax{t p? =0 (L.1)

is perhaps the best known nonlinear differential equation for
which a superposition principle exists. As is well known, if
three distinct particular solutions y,,y,, and y; of the Riccati
equation are given, its general solution follows from the alge-
braic relation

Yoh VTl ¢ (1.2)

Y=V Vi—J):
where C is an arbitrary constant. This cross ratio is the com-
position rule for the nonlinear superposition law "2 for the
Riccati equation. Recently, Anderson® has obtained a non-
linear superposition law for a system of coupled Riccati
equations of the projective type, the generalized cross ratio
for the ith equation being expressed in terms of particular
solutions of the given system of equations. The problem of
expressing the general solution of a given differential equa-
tion in terms of a fundamental set of particular solutions of
that equation held the attention of certain mathematicians in
the 1890’s. See Anderson® for key references to the older
literature. In the same vein, for the equation

dy/dt +ait) +a\tly +ay(t ' +ay(ty’ =0, (L.3)

Chiellini* found nonlinear superposition laws which, with
certain restrictions, compose its general solution in terms of
four particular solutions y,,i = 1,...,4.

In the foregoing cases the nonlinear superposition is
such that the general solution of a given equation, or set of
equations, is composed of particular solutions of the given
equation, or set of equations. In contrast, we have recently
studied® a different type of superposition law whereby the
solution p(f ] of a certain ordinary differential equation is ex-
pressed by the composition rule

pley=x{t)r(r), dr=dt/x% (1.4)

where x and r are solutians to differential equations related
to, but different from, the given equation in p.
In our earlier point of view™* the pair of nonlinear
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equations
p +pltlp + @t =q,(t)f(galt o), (1.5a)
%+ ple i + @t 1x = g{t glgalt ), (1.5b)

was taken as a premise, and the nonlinear superposition law
(1.4) was deduced by choosing the ¢'s such that the ratio

r = p/x satisfied the autonomous equation »” = F{r). We
will let overdots denote differentiation with respect to ¢ and
primes denote differentiation with respect to 7. The function
Fis determined when the ¢’s are specified in terms of x and p.
The chaice of the ¢’s is not unique and, in general, (1.5a) and
{1.5b) become coupled. In Ref. 6 the g’s were chosen to se-
cure the pair of equations

P +p(t)p + &t = flx/p)/ixp?),

X + plt ) + o’ )x = glp/x)/(xp),
the solution being p = xr, provided

r=F(r) = f(1/7) = gl¥. (1.7)

We call this pair of coupled equations an Ermakov system,®
for which there exists the first integral

(1.6a)
(1.6b)

xX/p 0/ X
I=18%px — xp)* + f flAVdA + J giA 1 dA,(1.8)

where

6= expjp(t ) dt. (1.9)

The form of the right members of {1.5) may seem overly
contrived at first glance, but the functional form f(g,p) is in
fact necessary if fis to be more general than a set of powers
of p.>” We are led to this conclusion if we consider (1.5a}, for
example, as an equation of motion and apply Noether’s theo-
rem to the corresponding Lagrangian.” It was found that
Noether’s theorem forces the condition ¢, = 1/x, which is
the same as our choice for the Ermakov system. From this
point of view, our superposition law is a by-product of
Noether’s theorem.

We mention, in addition, that Noether’s theorem acts
to uncouple the auxiliary equation in x from the equation of
motion in p. The Noether system
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p+pt)p + 't = f(x/p)/(xp%), (1.10a)
X +p(t)x +o’(t)x =K /(6%%), {1.10b)
where K is a constant, is thus not as general as the Ermakov

system. The Noether invariant for system (1.10) takes the
form

X/p
I =107 px — %p) + 1K (p/x)? +J fiA)dA. (1.11)

Our earlier work has emphasized the importance of the in-
variants (1.8) and (1.11).

In this paper we forsake Ermakov systems and
Noether’s theorem, and thereby forfeit first integrals such as
(1.8) and (1.11), in favor of a search for other nonlinear ordi-
nary differential equations of the second and higher orders
whose solutions are still given by the composition rule
p = xr. We will reverse our earlier point of view and empha-
sis and will now regard the nonlinear superposition law

plt)=x(t)rr), dr=pult)dr, (1.12)
as the basic premise.

In Sec. I1 it is seen that the linear form of the left side of
{1.5a) allows the deduction of defining differential equations
for both u and x in (1.12). Linearity of the left side is assumed
for all higher-order equations under consideration. In Secs.
ITI and IV we apply (1.12) to nonlinear third- and fourth-
order equations, respectively, and outline a calculational
procedure to vouchsafe our superposition law. Based on
these explicit calculations, inferences are drawn for the high-
er orders of this class of nonlinear equations and, in addition,
it is noted in Sec. V that results from the classical literature
are apropos to establish our composition rule for any order
m>3. Section VI contains several important examples of the
rule. In Sec. VII we present our conclusions and indicate
areas for further work.

Il. SECOND-ORDER EQUATIONS

With a slight change in the notation of (1.5a) to accom-
modate the higher order equations, consider the second-or-
der equation

prapt+a,p=qFq.p), e =ailt), g =glt) (2.1)
and the substitutions
p=x(t)r7), dr=upult)ds, (2.2)

which transform simultaneously the dependent variable p
and independent variable ¢. It follows that (2.1) is trans-
formed into

r' 4+ r'QQux + px + aux)/(u*x)

+ ME + @)X + ax)/(u’x) = q,F (q:p)/ (). (2.3)
We make the choice to reduce this last equation to the simple
autonomous form

r" =F(r), r=dr/dr, (2.4)
and we thus must have

g =ux, q,=1/x, (2.5)

2%/x 4+ p/pu+a, =0, (2.6)

X+ax+ax=0. (2.7)
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Let x, therefore, be a solution to (2.7), and let (2.6) serve as a
defining equation for u. Integration of (2.6) yields the
solution

ubx’=1, 6= expf a, dt. (2.8)

Thus we have
p=1[0(p )]~ (2.9)

i.e., u(t) is defined implicitly in terms of x and 6. From (2.2)
the variable 7 is given for the second-order case by

T= J ——d% . (2.10)
(6x7)
Combining these results, we find for the nonlinear equation
ptap+ap=(0%%""F(p/x), (2.11)
the solution
dt
p=x(t)(r), 7= o) (2.12)

where x is a particular solution of the linear equation (2.7)
and r is the general solution of (2.4). Conversely, if x is the
general solution of (2.7) then r may be a particular solution of
(2.4).

Had we chosen the coefficient of 7 in (2.3) to be a con-
stant K, then x would be a solution to the nonlinear equation

X+ ax+ax=K/6%), (2.13)
instead of (2.7), and » would satisfy
r" + Kr=F(r). (2.14)

By redefining the arbitrary function to be F = f(1/r)/7 the
Noether system (1.10) is recovered. Further, by setting the
coefficient of 7 in (2.3) equal to the arbitrary function
g g{g.x), instead of K, the Ermakov system (1.6) is regained
through appropriate choices of ¢, and ¢,. Thus as long as '
depends only on 7 there is no new result for second order.
However, the substitutions (2.2) will reduce the
equation

f+a,p+ap =02 "F(p/x0(px —3p)), (2.15)
to the autonomous form
r'=F(rr), (2.16)

by the foregoing scheme. Equation (2.15) has solution (2.12)
provided x satisfies (2.7) and » now satisfies (2.16); but the
system now has no Ermakov invariant, because the simple
device used for integrating (2.4}, i.e., multiplication by ', will
not work for (2.16). It is still possible to derive® an equation in
p, with autonomous equation (2.16), such that a Noether
invariant will obtain.

We mention that the superposition law exhibited in this
section is equivalent to the integrability condition obtained
by Bandié® for the nonlinear equation

p+ap+ap=qlx)/p. (2.17)

Il.THIRD-ORDER EQUATIONS

In this section we will subject the nonlinear third-order
equation

p+3ap+asp=q,Flg,p) (3.1)
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to the transformations (2.2). The result of these transforma-
tions on the left side of (3.1} is unaffected by the argument of
F on the right side as long as that argument is such that F
reduces to the form F(r,”,r”,---). For this reason, it is nota-
tionally convenient and is no loss of generality to carry only
the single argument g, p, where g, = 1/x for all orders. It is
convenient to do the calculations with the next-to-highest
derivative absent from the equation. The omission of the
next-to-highest derivative here and for higher orders creates
no loss of generality. It is well known that the substitution
p =y exp( — { a, dt) removes the next-to-highest deriva-
tive. It may be assumed that such substitution has been made
for the equations under consideration.
When transformations (2.2) are introduced into (3.1),

we easily obtain the transformed equation
74 3R + pyx)/ ()

+ 3 (ux + px + aux + fix/3)/(ux)

+ HX + 3a,% + ax)/(x) = q, F(r)/(u’x). (3.2)

To obtain the simple autonomous equation »” = F (r), it is
clear that ¢, = u’x and that the coefficients of 7", ', and r
must separately vanish. The latter requirement generates a
set of differential equations, i.e.,

X/x +p/p =0, (3.3)
X+ xu/p + xfi/(3p) + ax =0, (3.4)
X+ 3a,% +a;x=0. (3.5)

These equations must be consistent or compatible. The first
of these yields a defining relation for x4 in terms of x, i.e.,

pw=1/x(¢) (3.6)
which expression used in (3.4) gives
X —x/x +3a,x=0. (3.7)

This last equation and (3.5) are not generally equivalent;
however, they are equivalent if (3.5) is of the self-adjoint
form, i.e., 2a; = 3d,. Multiplication by x followed by inte-
gration brings the self-adjoint form of (3.5) into the second-
order form (3.7). We put the integration constant equal to
zero. The nonlinear equation (3.7) is equivalent to the linear
equation

X+3a,X=0 X=x"2 (3.8)

The requirement of consistency of the hierarchy (3.3}~
{3.5), places a restriction on the coefficient @, such that the
linear equation (3.5) becomes self-adjoint, With the use of
(3.6), we have g, = x ~2. Therefore, the solution of

P+ 3a,p + 3, p=x77F(p/x), (3.9)

is given by p = x{t )r{7), dr = dt /x, where x is a solution of
the linear equation

X 4 3a,x + 4dx =0, (3.10)
and r is a solution of
r=F(r), r=dr/dr. (3.11)

Alternatively, x may be determined from the second-order
linear equation

X+3a,X=0, x=x"2 (3.12)
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V. FOURTH-ORDER EQUATIONS

The next member in the class of equations under con-
sideration is of the form

P +6a,p +4asp+a,p=9q, Flg,p). (4.1)
When the substitutions (2.2) are made in this equation, we
will get a transformed equation of the fourth order in anal-
ogy to (3.2). To secure the autonomous equation »* = F (r),
it is necessary to set separately equal to zero the coefficients
of ¥, ", ¥, and r in the transformed equation. The following
hierarchy of equations is thus produced:

2 X 438 o ‘ 4.2)
x 7
L pLX 25 ut
X+2— 4 + = +ay)x=0, (4.3)
© 3 I
5&'+3ﬁ)i+(—3ﬁ+3a2)x+(—’f—+3'“—a2 +a3)x=0,
2u 2u 4u 2u
(4.4)
x4 6a,X + d4a.x + ax =0. (4.5)

As in the previous examples, this set of differential
equations must be consistent. Integration of (4.2} defines  in
terms of x, i.e.,

p=x"3 (4.6)
from which it follows that
g, =p’x=x"3"3 (4.7)

When this expression for u is used in the second member,
{4.3), of the heirarchy there results the equation

¥—3xY/x+%ax=0, (4.8)
which is equivalent to the linear equation
X+1a,X=0, X=x'3 (4.9)

The use of (4.6) in the third member, (4.4), of the hierarchy
reduces that equation to the form
X —Xi/x +83/x* + Rax +¢ax =0, (4.10)
which is equivalent'® to the linear equation
J+Rap+4a,y=0 y=x"3 (4.11)

Consistency requires this equation in y to be equivalent to
the linear equation in X. The requirement is met if

2a, = 3d,. {4.12)
Replacing a; in (4.11) by 34,/2, multiplying by y, and inte-
grating gives

Jy—1p/y+$a,y=0, (4.13)
which equation transforms into
X+ia,X=0 X=)" (4.14)

An integration constant was set equal to zero in (4.13). The
remaining equation in the hierarchy, the linear equation
(4.5), must also be reducible in stages to the linear equation in
X. Equation (4.5) can first be reduced to the nonlinear equa-
tion (4.10), and then by the route already indicated to linear
second-order equation (4.14). To achieve the first stage, sub-
stitute (4.12) for a; and (4.8) for % into (4.5); then multiply by
x and integrate by parts to obtain the equation
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XX — XX 4+ 8°/% + Raxx + §dx?

+ f (a5 — 26, — (9?a%) x2dr = 0. (4.15)

It is readily seen that this equation is the same as {4.10) if
(4.12) holds and if
a,=3d,+ (9% a3. (4.16)

The net result of the foregoing calculations is the state-
ment that the nonlinear fourth-order equation

P+ 60y + 63 p + (G y + (3703) p = x 31 F (p/),

(4.17)
has the solution
p=x(t)(r), dr=dt/x*", (4.18)
where x satisfies the self-adjoint equation
x4 6a,X + 6d,% + (24, + (9°a3) x =0, (4.19)
and r satisfies the autonomous equation
d*r/dr* = F(r). (4.20)

Alternatively, instead of (4.19), we may solve the second-
order equation

X+1ia,X=0, X=x'" (4.21)

V. HIGHER-ORDER EQUATIONS

The calculations made above to derive those third- and
fourth-order equations with solutions given by p = x7 may
easily be extended to higher-order equations of this class. We
have sufficiently demonstrated the nature of the calculations
to infer several conclusions valid for any order m. These are
forthcoming, but first it is convenient to define the linear
operator

L=+ (3)

drm 2

dm—Z
Ay~
dtm—Z

+ (m) PR 5.1
3 Sdtm_3+"+am’ ()
where m>2 and a;, = a,(t), i =2,m. The symbol (7) is the
usual binomial coefficient.

Given the mth-order nonlinear differential equation

L,p=q Flg,p) (5.2)
and the transformations
p=x(t)rir), dr=ult)dt, (5.3)

there will obtain a transformed equation of the form

(e s ot (Bor
+ - ta,r=q,F(r)/(ug"x). (5.4)

The coefficients a; are functions of x, i, and their ¢ deriva-
tives and of the a,. For each order m we choose

g, =p"x, q=1/x, (5.5)

and we require the coefficients a; separately to vanish, leav-
ing the autonomous equation

d™r/dr™ =F(r). (5.6)
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The set of m differential equations in x and u thus produced
must be consistent. Setting the coefficient a, equal to zero
leads to a first-order equation in x and u whose solution
defines u in terms of x. The vanishing of a, gives a nonlinear
second-order equation in x and 2. We should expect that,
when u is eliminated, the resulting equation in x is then
equivalent to a linear second-order equation in X via the
transformation X = x'/" ~ . The remaining equations of
the set must all reduce consistently to the linear equation in
X. In the process of this reduction, restrictions are forced on
the coeflicients a;, i = 3,. . .,m in such a way that the linear
equation L,, x = 0, the last member of the set, becomes self-
adjoint. Not only is the linear equation rendered self-adjoint,
all coefficients higher than a, are determined in terms of a,
and its derivatives. The class of nonlinear differential equa-
tions for which our superposition law will hold is thus
restricted.

We therefore conclude to prove our superposition law
for order m that only the first two equations of the hierarchy
of equations for order m and the last, L,, x = 0, are needed. It
is sufficient, then, to know only the first three terms of
d "p/dt " when it is transformed according to (5.3) to secure
our nonlinear superposition law for the equation of order m
of this class. It is not our intention to transform d "p/dt ™
here; the calculation has been done by Forsyth'' (see Sec. 11
of his paper). We shall be content to adapt to our notation a
formulation of Rivereau, ' whose presentation best suits our
ends:

P = A P [(T)“ + (';)“]

S e

+3 (T) y2] x] -t (5.7)

For any order m it follows that coefficients a, and a, are
given by

(T) = “‘2")_'[(T> px + (’:) AX] (5.8)
R (R

s (] (D

Setting , equal to zero yields
£ _2 x =0, (5.10)
7 m—1 x
and the result
ult) =x (5.11)

follows for an order m>»2, while setting a, equal to zero leads
to

2/m—1
’

, o ) g om 41 42
X +(m_2)i‘_£+(m VA (m Jm ),u_2
X uox 3 u 4 U

+a,=0. (5.12)
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In view of (5.11) this last equation can be written as
3m=1
m+1)

_m=2)
(m—1) x

a,x =0, (5.13)

which is equivalent to

X+ 3 aX=0, X=x"m"1 (5.14)
m+1
for any order m»2. The higher-order equations of the hierar-
chy corresponding to a; = 0, i = 3,m, must each reduce to
the linear equation (5.14) for any order m>3.
We are now able to state our nonlinear superposition
theorem for equations of order m: For nonlinear differential

equations of the form

m my _ -
P(M)+(2)“2P'm_2)+ (3)"sp"""’+---+amp

=x ~im+Wim=NE(5/x), (5.15)
the solution is given by
plt)=x(t)rr), dr=dt/x*""", (5.16)
where x satisfies the linear equation
(5.17)
and r satisfies the autonomous equation
d"r/drTm = Fr). (5.18)

The notation 4;, { = 3,. . .,m, indicates that the coefficients
a, are expressed in terms of g, and its derivatives such that
(5.17) is self-adjoint. (Explicit self-adjoint forms are listed
through tenth order by Chiellini.'?)

Alternatively, we can express the superposition theo-
rem in terms of X by replacing x /" ~ " with X and the mth-
order linear equation (5.17) in x with the second order linear
equation (5.14) in X.

Under the condition that coefficients &, and a, both
vanish, Rivereau'? has recorded the coefficients a5, a,, and
o for any order m of the transformed equation in . Closely
associated with the coefficients a;, />3, are quantities called
invariants. The first such invariant,'? labeled B, here, is asso-
ciated with a;; it has the form

B, = i*a, = 2a, — 3d,. (5.19)
The next two such invariants'? can be written as
B, =plla, —a;]
. . 3bm+17) ,
=a,— 24, + 84, — ——— a3, 5.20
4 3 5“2 5(m + 1) 2 ( )

By =p|as — 30, + 12a,)

=as— 3ad,+ LBd; — S0m +13) a,(2a, — 3a,).

T(m + 1)
(5.21)
Forsyth'' called these quantities “linear” invariants, and he
carried the explicit calculations on through B, of this se-
quence. Those calcuations are rather tedious, and shall be
omitted here. It is possible from the formulas given above to
draw an important conclusion: The requirement that the
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“linear” invariants B;, i3, vanish produces the same effect
on the coefficients a; as the requirement of consistency of
resulting differential equations when the a; are set separate-
ly equal to zero in the transformed equation in r.

As an example of the use of formulas (5.19)}5.21), we
can treat nonlinear differential equations of the form

p(’"'+ ( )a p(’"—2]+ < )a p("’l—3)+ ( )a p('"—“)

=q, Flgp), m>4, (5.22)

for which the linear operator L, truncates after the coeffi-
cient a,. Using transformations (5.3) and deducing from

B, = 0and B, = O the coefficients a; and a,, respectively, we
find that equations of the form

S (o

m\[.. 3(5m+17) 2] m—)
U, + 22T,
+(4)[“+ sm+1) 2)f
m>4

=x—m* Vim=DE(5/x), (5.23)

have the solution p = xr, where x satisfies the linear equation
which results when F =0 in (5.23) and r satisfies the autono-
mous equation d "r/dr™ = F (r), m>4. Let us call {5.23) the
four-term equation of the class. Knowledge of the set of ““lin-
ear” invariants through B, would permit determination of
the coefficients a; of the n-term equation for m > n. Addition-
al examples are discussed in the next section.

VI. EXAMPLES

In this section we demonstrate the use of our superposi-
tion law with a few specific cases of the autonomous equa-
tion 2™ = F (r). The simplest possible form of F (r), i.e.,

F =0, leads immediately to a nontrivial result. The linear
equation

L,p=0, (6.1)

where L, is the operator L, with the coefficients restricted
to self-adjoint form in terms of @, and its derivatives, has the
general solution

p=XT"'by+byr++b, 7" 4b, ") (62)
We use the alternative form of our theorem, and X, is a
particular solution of the linear equation (5.14). The expres-
sion in parenthesis is just the solution of d "r/d7™ = 0, and
the b; are constants of i mtegratlon Since 7 = fdt /X2, an-

other solution of (5.14)is X, = X, 7. Solution (6.2) can thus be
expressed as

P=bXT "+ b X7 X, + 4 b, X X7

+b, X7 (6.3)
Solutions of the latter type have long been known for the
lower orders. Brioschi'* seems to have been first to note this
solution for third order. We will not attempt to cite all the
papers since Brioschi’s which report this solution for third
and fourth orders. Sapkare:v’5 has fairly recently found solu-
tion (6.3) for equations of orders four through eight, with and
without the next-to-highest derivative. As far as we know,
this solution has not been displayed before for ninth- and
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higher-order self-adjoint equations of the class under
discussion.

Another example for any order m follows when
F (r) = K, a constant. In this case

L p=K/Xp*" (6.4)
The solution is
p=KX7/X)/m +p,, (6.5)

where p, is solution (6.3).

An important subclass is that set of equations in p
which are uncoupled from x or X. We posit the nonlinear
equation

L, p=Kp®, K=const (6.6)

and ask for the value of 8 that will render the right member a
power of r when the coefficients a; are constrained by the
requirements of our superposition rule. We find

B = — (m + 1)/(m — 1). Therefore the nonlinear equation

L’mszp—(m+l>/(m—1) (6.7)
has the general solution

p=x(t)r), dr=dt/x¥*'"~", (6.8a)

=X""Y\Mr), dr=dt/X?, {6.8b)

where 7 satisfies the autonomous equation

d”r/dr" =K /pmFVim =1 (6.9)
and

L,x=0, X+ [3/(m+1)]aX=0. (6.10)

In closing our discussion of examples, we will remark
on two special cases of (6.7). When m = 2 there results the
Ermakov-Pinney'®'” equation

p+aytlp=Kp™>. (6.11)

For this case, the autonomous equation »* = K /r° yields the
result

j(b, —Kr ) dr=b, +J4§,
X

the form in which Ke¢kié'® implicitly left the solution

p = xr. Kecki¢ arrived at (6.12) by a different route. But,
since 7 = § dt /x?, the integration can be completed,® and
the solution takes the form

p= (b3 +2byxpx, + (b3 + K], (6.13)
which is equivalent to the solution first found by Ermakov.'®
Functions x, and x, are linearly independent solutions of
(6.10) with m = 2.

Gergen and Dressel'” made a search for a third order
Ermakov-Pinney equation and concluded with essentially a
null result. We see for m = 3 in (6.7) that the third-order
equation

p+6a,6+6d,p=Kp~?, (6.14)

obtains. It is natural to call this equation the third-order
Ermakov-Pinney equation. The solution takes the form

(6.12)

119

p=xr=(bX}+bXX,+X3)r7) {6.15)
where
r"=Kr"% dr=dt/X3, (6.16)
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and X, and X, are linearly independent solutions of

X+3a,Xx=0. (6.17)
We are justified in saying that (6.7) above represents the com-
plete Ermakov-Pinney hierarchy of equations for any order
m>2. It is now a simple matter to represent the general solu-
tion for m>2 intheformp = p_r{7), wherep, is givenby (6.3)
and {7} is any particular solution of (6.9). In the second-
order case it may be more convenient to obtain a complete
solution of the r equation.

VII. CONCLUSIONS

In previous papers>®® we have considered first integrals
of such systems as

prap+a,p= fix/p)/xp?
and

(7.1a)

X+ ax + ax = g(p/x)/(x°p) (7.1b)

to be of an importance equal to the composition rule p = xr
for the solution. Here we have elevated the superposition law
p = x(t )r(t),dr = p(t Jdtto the fore and have dropped consid-
eration of first integrals altogether. In particular, the empha-
sis has focused on a search for those ordinary differential
equations whose solutions are given by the above superposi-
tion law. We have succeeded in finding a class of equations
with that property.

The class of equations found for which our superposi-
tion law is valid is of the form

L, p=x""* V=N (p/x, px — p,~), (7.2)

where L, is the linear operator defined in (5.1) constrained
in such a way that it is self-adjoint in terms of the coefficient
a, and its derivatives. The functions x and r satisfy the equa-
tions L, x =0andd "r/dt™ = F (r,r',. . .), respectively. We
have outlined a direct calculational procedure for securing

the composition rule for any order m#1.

It is fitting at this point to note that Berkovié?® and
Berkovi¢ and Rozov?! have applied transformation (5.3) to
nonlinear differential equations of the form

L, p+u"xF(p/x)=¢1), (7.3)
which clearly is similar to (7.2) when ¢ (¢ ) = 0. Their reduc-
tion scheme, however, is considerably different from ours.
For example, they require 7 to satisfy an mth-order linear
autonomous equation with nonzero coefficients. Conse-
quently, there is little overlap of their results with ours.

In pursuit of the higher-order nonlinear equations hav-
ing the composition rule p = xr, we have “backed” into the
rich lode of older results that exist on the invariants of linear
ordinary differential equations. Many of the details of our
superposition law have been known since the work of For-
syth,!' Halphen,?? Brioschi,”® and others?* and we insinuate
no proprietary claims on the relation p = xr and several oth-
er formulas of Sec. V. To our knowledge, however, the super-
position law presented here has not before been applied to
third- and higher-order equations. It seems to us that the
classical literature pertaining to invariants of linear differen-
tial equations might now be read with an eye for application
to nonlinear equations.

J. L. Reid and J. R. Ray 508



Generalized mth-order systems analogous to (7.1) hav-
ing been neglected, the examination of third- and higher-
order coupled systems for first and subsequent integrals is an
open subject for further work. In addition, Noether’s theo-
rem should be applied to higher-order systems to find those
with Noether symmetries.
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This paper, Paper II of a series, presents a transformation technique that enables one to
substantially simplify the form of the matrix elements of the simultaneous equations to which the
two-dimensional Helmholtz equation was reduced in Paper 1. The explicit passage to the limit was
also carried out for the case of the normally incident wave.

PACS numbers: 02.30.Jr

INTRODUCTION

Paper I of the present series, Ref. 1, described a new
method of solution of the Helmholtz equation in domains of
complex shape together with the application of this method
to solution of the two-dimensional problem of plane wave
diffraction on a periodical boundary of general form. The
solution of this problem was obtained analytically as a series
(6.12) in Paper I whose coefficients C,, B,, had to be found
from a convergent infinite system of lmear algebraic equa-
tions (5.1) (Paper I}. Matrix elements of this system were
expressed through multiple integrals of the quasistatic
Green function G, and their direct calculation on a computer
would lead to a substantial increase in program complexity
and computation time.

In this part of the work we shall demonstrate an analyt-
ical transformation technique that will markedly simplify
the form of the matrix elements, thus decreasing multiplicity
of integrals in them and even enabling to calculate several of
them explicitly. Relations will be derived that permit simpli-
fying calculations to solve the system (1.5.1), and passage to
the limit when S—0 will be carried out for the case of normal
incidence in this system. We shall make use of all notation
and results of Paper I without further comment. In what
follows the prefix I before a formula, e.g., {I.5.1), denotes
reference to a formula in Paper I.

I. CALCULATION OF AUXILIARY INTEGRALS

Consider the function f(z) = exp[i,z — i3,§ (z)]. The
function is evidently analytical in the semistrip 0 < x < d,
¥ > 0and periodical, with the period d. Let us apply a confor-
mal mapping e* ™ = 5. As a result the semistrip mentioned
would become a unit circle ¢, |s| < 1, cut along a radius
0 < Res < 1. Denote f(z) = f(s). Due to periodicity inz, fasa
function of s will be single-valued in the circle |s| < 1 and
analytical throughout, except maybe the point s. = 0, which
is the image of z = 0. The relations (1.3.3)—(1.3.5) imply that
f(s)~s"*” when s—0, i.e., (0) = 0 when 1 > p,
£(0) = const < oo when n = p, and when n < p; then f(s) has a
pole of theorder p — n at zero. Thus f(s) can be expanded into
the Laurent series

k=n—p
From here we immediately find
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%f exp[iB,c —iB,{ (x,0)] dx

Zﬂlff()_:a()
0, n>p

= 1 d°-
(p—nds="
Expressing ¢ from Eq. (1.3.3) and denoting @(z) = y(s),
1 d*
0 F(s)
0, k<O
we can rewrite (1.1) in the form

- [f(_g)_gl’* ]v—()’ np. (1'1)

, k>0,

s=0

9D Fls)=

d
%J- exp[iB,x — i8,£ (x,0) }dx
O
=9, .o "=E, . (1.1')

In the similar way we find

d
= [ explif ¢ 0.0) — 8, x1dx

0]

=, eP=E . (1.2)

nep
Taking complex conjugates of (1.1') and (1.2), we find
two more integrals { 3 is assumed real):

_(IJ_J" exp[ — iB,x +iB,¢ (x,0)]dx

nezv X 15) — E-n,p) (13)

n

[:ﬁp e — iﬁ,,xt.\}]* —_ {//«p

%J expliB,x — i/)’pf(x,())]dx

AW =B, (14

(Here and further on both an overbar and an asterisk denote
complex conjugacy.)

Integrating f(s)/s along the circumference of C, :
|s| =e ~*™9 corresponding to the segment 0<x<d,
Imz = y in the z plane, we obtain an obvious generalization
of (1.1'):

[#, """ *=w

n—p n—p

d
L[ expliBr— 8,5k Ndx =¢7E, . (1L1)
0
Similarly,
d
%f exp( — iB,x + iB,¢ )dx = e "E, (1.2')
¢l
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—;—J:exp( — iBx + B, dx = S, (1.3

1 , - R ——

FJ; exp(lﬁ,,x—lﬂpg')dx=e*5~y EnTp . (1‘4:)
These integrals will be used while calculating the values
f.»f " and the matrix elements (1.5.1).

Il. CALCULATION OF THE VALUES f,, f *

It obviously follows from (I.5.2) that to determine
[, f T,oneneeds f,, f . Note that Eq. (I.5.2) was derived
for y > 0. For arbitrary yef2 this formula must have the form

[ =e,0(y) + £, (x, p), (2.1)
where
_ L ¥>0,
9“’)”{0, y<0.

Similarly, Eq. (I.5.4) for arbitrary y has the form

[y =e,0(n)+/T. 2.1)
Denote
d d
K, = f PG |y —odx', L, = f &P a6 dx’.
0 0 ' ly-o
It follows from (1.5.2) that
fi=L,+a,%,. (2.2)
Similarly,
fr=Ly—a¥, (2.2)
Let us apply the Green formula to a pair of functions G and
u(x', p') = P =15 in the semistrip 2 ;5 : 0 <x' <d,
Y >H>0,
f J(GA 'v—vd'G)dx'dy’
2y
=J (G-ai —va—G)dI’, (2.3)
an on' an’

whered ' = 3°/9x'? + 3°/dy"*. Takinginto account the con-
ditions (1.3.12), (I1.3.14), {I.3.15) and the harmonicity of the
function v, we obtain from (2.3)

&y — hlx, y)
= [ (S +ile)  ave o
o ay’ y—H
Hence for H = 0 we find
L,= —|B,|.%, — 8y}~ (2.4')
Substituting Eq. (2.4) into Eqgs. (2.2) and (2.2'), we obtain
fo=la, =BT, =0y PP, (2.5)
fr= —(@+B)¥%y— 0y, (2.5

Now let us apply the Green formula to the pair of functions
w,(x',y') = e™ sinh B,y'/B, and G in the domain
12,,:0<x'<d, 0<y'<H. Asw, is a harmonic function, we get

j f w, 4G dx' dy' = w, (x, Yyie2,)

12,
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Ky =w,ix, )0 (y) — e $

3
zf (w" 9G ;% )41', (2.6)
3, on' an'

where y (£2,,) is a characteristic function of the domain £2,,.
As the integrals along the segments x = 0 and x = d are can-
celled because of the condition (I1.3.14), and w, (x',0) = 0,

dw, (x',0)/dy’ = ", Eq. (2.5) implies

w, (X, Y)Y (e2y)
d . I
— f elﬂ,,x a_G dx’ Slnh[)”l
0 ay' y=H /j"1
d ‘
¢ y=0 0 y =0
Hence, using Eq. (2.4}, we obtain
.W" = w"(x, y)X('()H)
d
+ J e’ G dx' cosh, H
0 y=H
+ [(sinhB, H /B, (8 (p — H e~ VBl =t
d
— |ﬁn f e'ﬁ""'G dx'], (2.7)
0 y=H

Having taken H large enough with y fixed, we ensure H > y,
7' > 17 and obtain from Eq. (2.7)

dx’'

y=H

d " . ’
=w, (x, y)e(y) _ e'ﬂ"lH{ f eiﬁ,,x'[ SL’ el/)’,_(g — &Y
0 p

S

d
Ky =w,x,)0(y) + e "‘”J PG
0

COShﬁpn e ﬁ""]dx’

1B, 1d
+J.d[ z eiﬂ,.(,f*af')f_(iS}_lﬂ_ﬂze /1,,111'] dx’}
0 Lipl>in] pr|d y =H
=w, —I,—1LIL.

It follows from the estimate (1.3.5) that 7,—0 when H— .
Thus, when H— o, we get

coshf3, 7 r

p= - in| Vjp |d
d
X f P AR gy 1 o(1)
o y =H
-1 coshB3 7y
= w,(x, )0 () +"|ﬁ"|ﬂ[ S
=1 B,d

d
Xe'ﬂp-E J. elljux B8
(¢]

¥y
_ g coshBo s (s - ing

e’

p=0 B,,d 0

dx’] +a(1).
y =H

Substituting Eqgs. (1.1"), (1.2'}+1.4') into this relation, we
obtain

. -1 cos P
‘/{/n = wn(x’ y)e(y) + eV}an[ 2 —[)’h/))p-l eﬁ"f‘ ‘ EHHEn,P
p= —|a} p

- 8 Y e T oy
p=0

B,
(2.8)
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Now consider separately the cases n>0 and n <0. When
n>0, then p < n in the first sum on the right-hand side of Eq.
(2.8), 1.e., by definition, £, , = 0. Then for n>0

i8¢ COSO, T coshB,n

np

Ze

As %, is independent of H, we obtain finally

Ky =w,(x, )6 (y) — E,, +oll)

I4

) n. o, COS
H, = w8y — 3 BT s
=0 B,
(2.9)
The same expression can be rewritten as
5 . SN
a, = e 20 g
B
n iBuS i p'.*:
_— Z & Enp y n>0
o 28,
2.9

When n <0, then the second sum in Eq. (2.8) equals zero, and
we have

<l 5, coshp
H=w () + 3 22N E onco,
B,
(2.10)
or
o sinhg, y <1 P o PE
PO L VIPYIE ik 4 Ll S
B 2 s,
(2.10')

Substituting Egs. {2.9), (2.10}, or {2.9'), (2.10') into (2.5}, (2.5},
we obtain explicit expressions for £, and f *. The values f),
and £ can be obtained now from Eq. (1.5.2').

Ill. SIMPLIFYING THE FORM OF g,

In order to simplify the form of g, , let us assume that
we know such functions v,, that 4v,, = — k u,,. It is not
difficult to construct the systems {u,, | for which the corre-
sponding v,, are known. For instance, one can imbed & into
arectangle0 <x <A4,0>y> — B,A>d, B>#h, and construct
the system of {u,, } by orthonormalizing in & any system of
trigonometric functions that are complete in & [e.g.,
{sin(kmx/A ) sin(lmy/B)}7,_ , ]. For such u,, the construc-
tion of v,, is obvious, One can take as u,, a complete system
of eigenfunctions of the Laplace operator du,, = —4,,4,,
in Z (boundary conditions for all m need not coincide}.
Thenv,, = k %u,,/A,,. When the domain & allows the sepa-
ration of variables, particular solutions (modes) of the Helm-
holtz equation can be taken as u,,,. Thenv,, = u,,.

Knowing v,,, one may write

g, = —k? J f Gu,, (x',y)dx' dy

=f f GA'v,, dx' dy'
' 3

:f Jva’de'dy’—#f (G——v —vma—G—>d1’
7 aur a ! an'

] 3
=vm(x,y)x(<@)+f (G o, iq)dl'. 3.1
3 0"72’ afl‘
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The expression for g, in the form (3.1) is simpler than the
original one as it contains a single instead of a double inte-
gral. It can be simplified even more if an additional condition
v, (x,0) =0, 0 <x <& is imposed on v,,. Then, taking ac-
count of Eq. (I.3.13), it follows from Eq. (3.1) that

av,,
G—-dl'
s on’
This expression is further simplified by imposing one more
condition on v,,: dv,,/dn|z., = 0. Then we obtain

gm =vm(x’y)X(£Z)+ (31,)

dx’. (3.1%)

y =0

8m = Uy (X, y Y ()

ay’
If we choose as v,, a system of functions satisfying the
Cauchy conditions v, (x,0) = dv,,(x,0}/dy = 0 on the reso-
nator gap 0 <x <&, y = 0, then it follows from Eq. (3.1) that

g = v (% YD) + f (3.1

aw
This form is convenient as it contains G when {isreal, { = ¢
sincep =0on /.
If v, (x,0)#0, then Eq. (3.1') contains a term

§5 v,,(0G /3y')|,; — odx" which is an integral of the double
layer potential type, i.e., a discontinuous function with a gap
line 0 < x <8, y = 0. The discontinuity can be explicitly de-
termined in the following way. Introduce a function v/, {x, y)
defined in & + d<, harmonic in & and such that v;, (x,0)

= v, (x,0). Applying the Green formula to the pair G, v;, in

<, we have
f JG“ , —v,4°G)dx' dy
- _Um(x’y)X(“‘OZ)
a ’
:J <G v, r,naa)dl,
s an’ an
! ®
_ Vs _ J v, 9G dx’.
o On' o ' ly-o
a )
=J G m g f 0, 5G|
2% an’ o ayl y=0
Hence
s v,
[ %] av—umommer+ [ 6Srarna
N ayr y—o s on'

The integral on the right of Eq. (3.2) has become a continu-

ous function. The function v}, is not uniquely determined by

the conditions mentioned. Imposing additional conditions,

one can obtain different versions of Eq. (3.2) in the same way

as Egs. (3.1)—(3.1"} have been obtained from Eq. {3.1}.
Substituting Eq. (3.2) into Eq. (3.1), we have

V)

d m — Um
= [0,,(x, ) — v} (% P (L) + L G_(%_—

dl’.
(3.3)

IV. TRANSFORMATION OF MATRIX ELEMENTS OF
EQUATION (1.5.1)

Making use of the results obtained, we can substantially
simplify the form of the matrix elements of the system (1.5.1).
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To this end, we shall need some symmetry relations for G stance, in problems dealing with system eigenfields, with dif-
which immediately follow from Eq. (I.3.11): fraction on a system of nonhomogeneous plane wave an}:i
Ty = 'Y Xy with wave generation and amplification in a system wit
Glo,yx'ys = F) = Glx'v/ % 5) &y electronic gow. For calculatioI:ls it is convenient to deal not
with Eq. (1.5.1), but with the subsystem (1.5.1') in the form
G*xypx'y';B)=Gx'y xy;B). (4.2)  (1.5.6) together with the subsystem (I.5.1"). Consider at first
The formula (I.3.11) was derived for real 3, but itcanbe  coefficients of the system (L5.1."). Making use of Eq. (2.5), we
extended for complex B with a nonzero real part, if instead of get

For real values of 3 the following relation is also valid:

1B, | we substitute B, = 8, sign (ReB,). In the same manner R d, i
Egs. (I.5.3)~(1.5.5) are generalized to the complex 8 numbers. Sus =(1/d) Of;l(x’o)e dx
Relations (1.3), (1.4), (1.3'), (1.4') and others that follow from J
them are extended for complex 3 as a result of analytical = (a, — |8, ])(1/d) J K (x,00~ P*dx — 8.
continuation. In this case complex conjugates must be taken,
regarding /3 as real. One has to consider complex B, for in- Having used then Egs. (2.9'), (2.10) and (1.2), (1.3), we have
J
( " E -
- Z ‘5/3_”2_ (e' 4 eP%)|,_pe” Pdx, n>0
j;n = —5.:"+(an - lﬂn,)‘ lo
2 [ (e 4 %), e Pdx n<0
P! :
;
n - E -
-2 2"’} > ; ., n»0
=0
= =8+ - T 7 (4.3)
< E,E__+ E,
L S = , n<0.
p=1n P 2
Similarly it follows from Eq. (2.5) that
A E,+ E,
fj — _58 (1+ﬂ Eoo 5.0 > .O‘ (4’4)
To simplify the form of the §,,, elements, change the integration order; then we have
i = [ [entoraxar|ia)[ Gimoxyie #ax].
Using Eq. (4.2) (under the assumption that /3 is real), we get
f J X'y dx'dy’ [ 1/d )f G *(x',y' x,0)e —‘ﬁ‘xdx]
= [ [untworavay e[ G x0eas]
= ()] Jum (x)¥ Hxp) dxdy
@D
s Bk 8L
ﬁ———;__e_—E .t;v S>O
Ifu (x.p) r=0 e dx dy. (4.5)
l e — 1 p§+e iBpl
——E,, 5<0

p~s 2

Due to analytical continuation this formula is extended for complex S [here E_'W must be taken from Eq. (1.3}, i.e., taking a
conjugate we regard /3 as real]. In the same manner as Eq. (4.5) we obtain from (3.1) that

a OF*
gA,m:J (W;" O o, S)d/ (4.6)
£y, on on

[asy = + Owhilecalculatingg,,,, one should set y (&) = 0in Eq. (3.1)]. It is obvious that Eqgs. (3.1'}-(3.17),(3.2), and (3.3) can
be similarly rewritten.

If these relations are less convenient than Eq. (3.1), then the right-hand side of Eq. (4.6) can be somewhat simplified in the
following manner. Note that 3.%",/dn|;., = O {it follows from Eq. (1.3.2)]. Then we may write

OX* 5 QI *
v,, dl = v, dx.
a2 an o dy ly=o0
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Then, having applied the Cauchy-Riemann relation to (2.9}, (2.10"), we get
) — B - iR
K e » e o

| -3t E, 50
HE | 8 P 28,d
Um X dl =1 vm (x’o) - i35 - if3 L_ dx
D an o ax e T e
> ~—5d E , 5<0
P =5 Bp y =0
; B B x=0
e —e
— —_— E ., >0
D Y I MR e
= IUm ('x?O) 1 — B iB& _
— e " _.p G 0
X oga |, B i<
po= 3 f y- 0 B x -0
. B¢ B,E
N e p— e
— e T gL, 530
(?dv,,(x,0) PO 2B,d d
— . . X.
0 dx 1o P g
& ¢ " E, s<0
7 -5 2ﬁpd y -0

The term outside the integral on the right of this equality equals zero, as by definition ¢ (0) = 0 and £ (8 ) = £ (8). Thus
5 — B B
e —e

: sanwo || T2 e e 20
(o U . U Xy n=AQ P
= ,/;/*—— —_— _ . !
& J:)_@ " dn d1+1J; ox Ve B _ B o dx. (4.6
- F, ,, s<
p s Zﬁpd »r y—0

Consider now the coefficients in the system (1.5.1”). It follows from Egs. (2.1), (2.1}, (2.5), and (2.5') that in %
.frl = (an - |ﬁn I)‘%/‘n’ .f+ = - (a +B)'Z/‘()-
By definition
d
f;zj = J‘ J‘ uj f;i dx dy = (an - lﬂn l) f J\ uj(xa J/) dx dyf G[x,y,x',O]eiﬂ”x' dx'.
2 4 0

Let us restrict the analysis to real «;, 5 and take complex conjugates to both parts of the latter equation:

d
B, )J Juj dx dyf G *(x, y,x',0)e ~ P dx'.
% (O

The case of complex u; (x, y) is reduced to the one treated in the text if we consider the collection of real and imaginary
parts of u, as a new system of functions {4, |.

Using Eq. (4.2) and changing places of the variables (x, y) and (x', y'), we get

o=@, =

d
5= — 8. [ e an | [ GOx by dr dy =d(@, — |8, or S = e, — |B, a8
’ ; (4.7)
Similarly,
£t = —la+Bldg. 4.8

These formulas can be generalized to complex 3 in the same manner as all the above formulas, i.e., |3, | is substituted by
£, sgn(Ref,,) and conjugates are taken to “real 3.
In the similar way symmetry relations are obtained for g,,, :

g::j =&im- (4.8")
Making use of the results of Sec. III and applying the Green formula, integrals in g,,; can be lowered by two orders, g,,,; being

expressed by a double integral of G. We present the corresponding results without intermediate steps and only for cases
corresponding to Egs. {3.1”) and (3.3}

% v, (x',0 g av;(x,0
Gy = Uy — JTJ M dx' J. G (x,0,x",0) v;(x_l dx, (4.9)
k 0 8y’ 0 c?y
8 = Upj — Ui — _1_J- I _—‘—U:n}dl' ——’—'_a(vj—v;) dl. 14.10
mj mj mj k2 9 on' v on

Here

Upj ZJ fvm u; dxdy, v, :f Jv,’n u; dx dy.
@2 %
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Derivation of Eq. (4.9) and similar transformation in the i _ \/d dx d
rest of cases considered in Sec. III present no difficulties. e g = —(17d) ., Um AX P,

Now we may find limg_,u,,. To this end, we first find

V. NORMAL INCIDENCE CASE limg,_, Bu(x, y; #). Taking into account that u(x, y;0)is a fin-

As it was mentioned in Ref. 1 a passage to the limit ite value and using Eq. (5.4), we obtain from Eq. (1.6.12)

when —0 must be carried out to fit the results obtained for
the case of normal incidence. Directly this passage can be = — kA +kC(0) + — ZO B,,(0) f J u,, dxdy,
made only in the values E, ,,E ", (and in their conjugates). (5.5)

We get
where Cy|z_o = Col0), B,,, |50 = B,,(0).

If the orthonormal system {u,, } is chosen so that

limE, ,=E, ,{0)= _ . expl — 2impyls)/d ],
o 7 ? ? X uylx, y) = 1/4/S, where Sis the area of &/, then Eq. (5.5) will
E, 0)=2, ,exp[mpyis)/d]. (5.1) acquire an especially simple form

Hence Cy(0) + (i/2xm)B,(0) = A, (5.59
E,.(0)=E , ,(0)=6, (5.2) where x = kd /2. Using Eq. (1.2.4), Eq. (5.5') can be written

and, if the function y {s) is real on the real axis, then for all p,q in the alternative form

_ap0)=E, (0) (5.3) C,(0) + (i/2k7r) f J ulx,y)dx dy = A, (5.5")
Ifonlyx (0), ¥ (0),...,y '"(0) are real, then Eq. (5.3) is valid for 7

all p, provided ¢g<r. It follows from the symmetry principle or y
that y (s)is real ifand only if the periodic system {2 is symmet- J‘ . f J
A . ) 1 J0)d. 2 , =A.
ric with respect to the axis x = d /2. We omit the easy proof (17d) o u,(x,0) dx + (i 26cm) ., ulx, y) dx dy = 4
of this fact. (5.5")
_ Letusfind now lims_, ff, (x,y;f)and These relations are interesting as they are, e.g., for control in
l'fnrx .0 B8, (%, y; B). After obvious transformations Eq. (5.2) numeric calculations. To take the limit at —0 directly in
yields the system (I.5.1), and therefore in the coefficients C,, B, we
) e b . need, asymptotics of the matrix elements (I.5.1) must be
},m}) Bf, = iké,, };T) Bf* = —ik, found at S—O0 with the accuracy O ( B ). After some transfor-
(5.4) mations we find:
]
~ / {s) R
fu = =84 (14 FJone = 20| XL~ 80300)] 4 [a,001— [ 1]
B 2 s!
B Z E,,0 E,O0+E,0
p=1 P 2 ik oco , 7,
+O0(B)=—06,6,+f, +O0(B), (5.6)
E,,0E , +E,,©O) B
, n<0
=n P 2
wherea,(B)=a,d = (b2 —«*)"% b, =f,d /27, so that a, (0) = (n> — «?)"/%;
i 0 s o~ 2ing/d — 2i1;f /d
_.’Y_(). — + e Esjp(o)’ S>O
g - 60 o 2d st r=1 47d
ms 1 e umEsd | o —2inf/d dxdy+ O(pB)
E_ (0), 0
; 4md o0 s<
= 50 =
Bd +&. +O(B), (5.7)
whereo,, = ({4 u,, dx dy;
N ik
£y =dia, ~ 8. =1 + Z)o, +dla . +0(8), (5.8

8oy = —L)fu,dxdyﬁ I[EIJ L A=)~ Inz—dn’l —n+7]

o = 2mlplly — ' |/d - 2miplly +7'|/d
o e o0
+ erims —€va € u, (x',y)dx' dy' + O(B)=— L2 —g,. +0(B).

p#0

(5.9)
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Further on, for the sake of simplicity, we shall consider the
case when u, = const, and, therefore, o, = §°, due to orth-
onormality of the system {u,, }. Introduce the matrix
A=(a,,)), —N<pg<N + M, where:a,, = f,, when
lpl.lgI<N; QN +j+1 =f,‘:,j when |p| <N, 0<j<M; AN+ m+1q
=§,, when 0Km<M, |q|<N;ay i insji1 =8m),
when 0<j, m<M. Having expressed the solution of the sys-
tem (I.5.1) by Kramer formulas and using the relation

"

+_ 2 B+a
fp “B__aag""ﬁ_aﬁlp

that follows from Egs. (2.5), (2.5’), we find after obvious
transformations

] 4

¢, =204 2Ly, (5.10)
a—p P

(:'0=,4(__2Lﬂ ‘_'+_ﬁ), (5.11)
a—B 9 a—p

) 4

B, =204 Qwemei (5.12)
a—f 9

where & = |d,,| = detd ", A 7 is the transposition of the
matrix 4, 4, is a cofactor of the element dy, in & . Equations
(5.10)—(5.12) permit in the general case to decrease the
amount of computations when solving the system (I.5.1). Us-
ing Egs. (5.6)—(5.9), take the limit with f—0 in Egs. (5.10)-
{5.12). After easy but cumbersome transformations, which
have been omitted, we obtain

lim C,=C,(0)=244,,/%,, (I #0, |l|<N), (5.13)
B0

lim B,,=8,,(0) = 24y , o, 10/ D, (5.14)
B -0

where 2, = |d |, | =detd |,
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Ay=(la,, + )+ 'ay,/ikd — 8) " a,,
- 5117V+ 152\'4- lapq/ikd ))p;eo, q#0?
4,, is a cofactor of the element d,, | |, in 7,
a,, =a,, —8°80d/B, |p|,|q|<N,
a;;,N+j+ 1 =ap.N+j+ 1 + (lk/ﬂ)(sgé_?’
[PI<N, 0<j<M,
al’V+m+ g = AN+m+1g — (l/ﬂd)‘s?nég’
lg| <N, 0<m<M,
allv+m+1,N+j+ 1 =N ym 4 NS j+1 (1/3(1’)69"5]0,
0<j, m<M.
Knowing BO(O), the coefficient C,(0) is determined from Eq.
(5.5'), which, as can be easily seen, is valid if C; and B, in it
are substituted by C,, B,. The exact coefficients C,,, B,,
when f—0 are obgained, in the same way as in the general
case, from C, (0), B,, (0) when N,M— oo . A rigorous proof of

this obvious physical fact would be a rather cumbersome
one, and it will be skipped.

CONCLUSION

The relations obtained in this paper allow one to sub-
stantially simplify the form of the matrix elements in the
system (I.6.2) and thus decrease the amount of computer
time needed for its numerical solution. Applications of the
described method for calculating diffraction on specific
structures will be presented in subsequent papers.

'I. L. Verbitskii, J. Math. Phys. 22, 32 (1981).
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The generalized nonlinear Schrédinger equation z,, + iz, = f(z, z*)is analyzed from the point
of view of the existence of pseudopotentials, Bicklund transformations, Lie symmetries, and
conservation laws. Applying the Wahlquist-Estabrook method of closed differential ideals we
show that eight classes of nontrivial interaction terms f'(z,z*) exist for which the equation allows
the existence of pseudopotentials. Five of them simply lead to conservation laws, the remaining
three to Backlund transformations. The usual “cubic” nonlinear Schrodinger equation with
f(z,2*) = €z|z|* is obtained as a special case. It is also the only case for which the Backlund
transformation contains a free parameter. We show that the real and complex parts of this
parameter are generated by the dilation and Galilei invariance of the equation.

PACS numbers: 02.30.Jr, 03.65.Fd

I. INTRODUCTION

The method of “pseudopotentials,” as developed by
Wahlquist and Estabrook'™ and others,*'? provides a cer-
tain unity to a variety of different solution techniques for
certain classes of nonlinear differential equations. This ap-
proach includes, as special cases, the derivation of conserva-
tion laws, Bicklund transformations, and the linear equa-
tions of the inverse scattering method. The Wahlquist—
Estabrook (WE) approach, based upon the study of closed
differential ideals, does not provide the most general integra-
ble transformation equations, but it has the virtue of compu-
tational simplicity and a natural geometrical interpretation
in terms of covariant derivatives with respect to integrable
connections. Among the equations to which it has been ap-
plied are the KdV, modified KdV, sine (sinh)-Gordon, Liou-
ville, and nonlinear Schrédinger equations, as well as certain
other equations in more than one spatial dimension.

Another useful approach in the study of partial differ-
ential equations involves the determination of symmetries in
the sense of Lie. This leads, in the case of linear equations, to
solutions in separated variables and, in the nonlinear case, to
classes of self-similar or invariant solutions under the action
of the various symmetry groups. The method has been ap-
plied, in particular, to the classification of symmetry-break-
ing nonlinear interactions in the Schrodinger equation'* as
well as to the determination of invariant solutions to the
Yang-Mills equations. '>~'8

A link between the study of Lie symmetries and the
study of Biacklund transformations exists in the classical
case'®?! of the sine-Gordon equation, describing pseudos-
pherical surfaces, where it has been shown how the composi-
tion of the two gives rise to a parametric family of Backlund
transformations. This interpretation of the parameters oc-
curring in Backlund transformations was generalized by Sa-
saki®? to other equations admitting symmetries of the dila-
tion type. The existence of such parametric families is of
central importance in the applicability of Backlund transfor-

*Supported in part by the Natural Sciences and Engineering Research
Council of Canada and the Ministére de I'Education du Gouvernement de
Québec.
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mations to the generation of new solutions from old, since
they underlie the existence of a permutability theorem or
double Bicklund transformation.'?

In this work, we generalize some of the results of Esta-
brook and Wahlquist concerning the nonlinear Schrddinger
equation (NLSE) by studying the class of equations of the
type

iz, +z,, = flz,z%), (1.1)
where f(z,2*)is, a priori, any complex function. Using a given
generalized Pfaffian (exterior differential) system to which
this equation is equivalent, we seek by the standard meth-
ods'-® the possible forms of f{(z,z*) which allow for pseudopo-
tentials satisfying the appropriate integrability conditions.
Making the usual assumptions concerning which variables
the pseudopotential equation may involve, and requiring
that, in particular, pseudopotentials of one complex dimen-
sion exist, we find that the permissible f(z,z*) are very limit-
ed. In fact, up to changes in the dependent and independent
variables, the only f(z,z*) for which genuine pseudopoten-
tials exist are the usual expression f = €|z|’z in the standard
nonlinear Schrodinger equation and two slightly different
ones of the form f= (€]z]* + b )(z + cz*) and
f= 12| — €z + z*) + €az — a*z*, where the constant a is
complex, b and c¢ are real with ¢#0, €e = + 1. Besides this,
we find a list of equations for which the pseudopotential
becomes dependent on the original variables (z,z*,x,? ) only;
that is, where the resulting integrability equations ar actually
equivalent to conservation laws. As a matter of terminology
we shall refer to all transformations defining one-dimension-
al pseudopotentials which are not trivially equivalent to con-
servation laws as ““Backlund Transformations” (BT) wheth-
er the new variable satisfies the same equation or not. We
then show how Lie symmetries in the standard NLSE give
rise to the known complex parameter. For the other cases
above, no parameter arises.

In Sec. I we replace the NLSE (1.1} by a closed Pfaffian
system, introduce the pseudopotentials y*(x,t ) and reduce
the compatability conditions for the pseudopotentials to a
set of commutation relations for certain differential opera-
tors. In Sec. III we solve these commutation relations under
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the assumption that all operators involved lie in the algebra
sl (2,C). We show that eight different nontrivial cases occur,
i.e., eight different types of interaction terms f(z,z¥*) for
which pseudopotentials exist. For each of them we obtain
the pseudopotentials explicitly. In Sec. IV we discuss all the
cases obtained in Sec. III. For each interaction we find the
linear Lie symmetries of the corresponding NLSE, write
down the conservation laws corresponding to the first five
pseudopotentials, and the Backlund transformations and in-
verse scattering equations corresponding to the last three.
Section V is devoted to conclusions.

1. THE DIFFERENTIAL IDEAL

The nonlinear Schrédinger equation (1.1) is equivalent-
ly represented by the following closed Pfaffian system:

o' =dzAdt —z_dx Adt,

S=idzNdx —dz, Ndt + fdx N\dt, (2.1)
o' =dz* \Ndt — z*dx N\ dt,
—idz* Ndx — dz* ANdt + f*dx N\dt

(the asterisks denote complex conjugation).

The space on which the 2-forms are defined is (at least
locally) the first jet space J '(R?,C) with coordinates
(x,t.z,2,.,2,). We now introduce a mapping

¥ (RAL,C) X C"—J '(RE,CY),

preserving the natural projections onto R? X C*, expressed in
local coordinates by

W =

=iaz* 2z 2r.2,.25p"),
= (z,2%2,,2% 2,2} V"), (2.2)
my =12,.,n,
where (x,£,)#,1 3*!) are the local coordinates in J '(R*,C").
Note that for simplicity we have assumed that there is
no explicit dependence on x, 7, and ™" in (2.2)

The contact module in J '(R?,C") is generated by the
forms

8% =dy* — yidx — yidt. (2.3)

According to the Wahliquist-Estabrook method'* we
now require that the pull-back ¥*8* of (2.3), together with
the pull-back of the system (2.1) under the trivial projection
J '(R?,C) X C"—J '(R?,C) generate a differential ideal. That is,
writing

Yot = dy* — Ydx — Yds,
we require that
d{*6*) = —d Ndx — dyf* Adt,

should be linear in (', 0% 0" 0*" Y 8.
This condition is equivalent to the following set of par-
tial differential equations for ¢ and ¢*.

A A .

= = = =0, (2.4a)
dz, az* dz, az} Jz, az¥*

a a d M

W;—H v =0, W;—i W:O, (2.4b)
Jz dz, oz* az*
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Y, ay; Y W
7 - l//: - Zy — Zr
ayrx ayn Bz 82*
= 9 o
7 [+ ——622‘ f* (2.4¢)

Equations (2.4a) and (2.4b) can be solved directly and
the result can be substituted into (2.4c). We equate the coeffi-
cients of equal powers of z, and z¥ in (2.4c) and find that ¥%
and ¢’ of (2.2) can be written in the general form

¥ = i[12PQHW) + zP"y) — 2R ") + UMy)),  (2.5a)
= (2% — 2*2,)Q"(y) — 2, P*(y) — ZXR “()
+ izl V) — 2X *{y) — 22V ) + S“W). (2.5b)

In order that Egs. (2.4) are satisfied, the functions
Q#W),PHy),....S*(y) must satisfy certain conditions. These
are best expressed by introducing vector fields

3 3
“y) 2, P = pr -y §=Sn
0= Q(y)ay“ May‘ (Viay“6
(2.6)

and

b=y == %, =Y ‘ (2.7)
8y“ ' ay

Equations (2.2}, combined with (2.5) are now equivalent to
the following operator relations on the image under the map-

ping ¢«

z// = z[z]'Q+zP—z*R + U} {2.8a)
1// (zz} — z*z }Q—z P—z*R
+i[|z|2V——zX—z*Y+S]. (2.8b)

For the relations (2.4) to be satisfied (identically in z, z*,
z.z¥ z,, and z}¥) the vector fields in (2.6} must satisfy the fol-
lowing commutation relations:

=[PR], X=[PU], ¥=[R,U], (2.9a)
[0.P] =0,A[é,1? 1=0, [é,§]= o %)

[z V—2X —z*Y + S, |2]’)Q+2P—2*R + U]
= (2*Q+ P)f+(—20 + R\ f*, (2.9¢)

where f= f(z,z*)is the function figuring in the nonlinear
Schrodinger equation (1.1) (NLSE).

A pseudopotential y*(x,¢ ) for the NLSE is obtained in
the form (2.2) from (2.8), whenever a solution of the commu-
tation relations (2.9) exists.

We would at this stage like to point out a connection
between equations {2.8) and certain classical results on sys-
tems of ordinary differential equations. Lie*** proved that
the necesarry and sufficient condition for the system

dx’ ;
- = (x
dt
to have a “fundamental set of solutions” {such that the gen-
eral solution can be written as a function of the fundamental
solutions) is that (2.10) be expressible in the form

ZZ () (x oty X = (x',.x"),
= (2.11)

LX), i= L, (2.10)
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where the functions £/, (x) are such that the operators

A LI a
= fix) —, I<axr 2.12
X, = péi— 1<a<n 2.12)
generate a finite-dimensional Lie algebra. A

Thus, if we require that the set of operators Q,P,R, and
U be contained in a finite-dimensional Lie algebra of vector
fields, (2.8a) satisfies Lie’s criterion. For the cases# = 1 or 2
this essentially forces (2.8a) to acquire the form of a Riccati
equation or a coupled set of Riccati equations.?*** This may
be the reason why Riccati equations play an important role
in all of soliton physics.

1. SOLUTIONS OF THE COMMUTATION RELATIONS
A. General comments

In order to obtain explicit pseudopotentials we may
look for solutions to the commutation relations (2.9), within
a ﬁnite-dimensigg\al L/i\e algebra, and then choose represen-
tations giving Q,P,...,S as differential operators in the form
(2.6).

In general the “pseudopotentials’ y are multicompon-
ent objects y = {p*} = (',....y"), with *eC (u = 1,...,n). Re-
lations (2.2) for these pseudopotentials reduce to conserva-
tion laws if the variable y does not figure on the right hand (or
can be eliminated by a transformation of variables). If the
right-hand sides are linear in y, then we obtain equations of
the type used in the inverse scattering method. The variables
Y(x,t j will in general themselves satisfy partial differential
equations. For n = 1 the equation satisfied by y(x,¢ ) may be
the same as satisfied by z(x,#) and (2.2) amounts to an inner
Backlund transformation. If the equations for y differ from
those for x we may have an outer Biacklund transformation
{further conditions must be imposed to make this statement
exact).

It is well-known that the only Lie algebras that can be
realized by operators of the form

d
X =fp)=,
; f,(v)dy

(i.e., holomorphic vector fields in one complex variable) are
sl (2,C) and its subalgebras.”® While we do not restrict our-
selves to the case #n = 1 we shall limit ourselves to the case
when all operators (2.6) do lie in the algebra s1(2,C) and pro-
vide the most general solution of (2.9) under this assumption.

From here on we assume that all the operators in (2.6)
lie in some vector field representation of sl{2,C).

Choosing a basis of s1(2,C) satisfying

(a7, = Fir,, [T, 1= —2ir, (3.1)
we shall make use of the following representations.

For n =1, we put

T, =iy i, T, = i, =y i, (3.2)
dy ay dy

and

- d - d

x =Vx 7o =V = 33

U=y . Y=y 2 (3.3)
For n = 2, we put
519 J. Math. Phys., Vol. 23, No. 4, April 1982

Ty = %( —ud, +14,), T,= —iud, 7T_= —id,,
(3.4)
and
¢, =ud, +v.3, 9, =ud,+v3d, (3.5)

We now proceed to solve equations (2.9) in sl(2,C). We
are interested in solutions up to coordinate transformations
and hence up to equivalence under Lie algebra automor-
phisms. This equivalence allows us to simplify the expres-
sions for one or more of the operators involved. We recall
that an arbitrary nonzero element of sl(2,C) is conjugate un-
der SL{2,C) either to 7, or to ar, (@€C). The results below
will always be expressed by quoting just one representative
of each equivalence class under automorphisms of the un-
derlying algebra.

The commutation relations (2.9} are in general incom-
patible. Indeed, nontrivial solutions exist only if the interac-
tion term f'(z,z*) satisfies certain conditions to be obtained
below. Whenever such an interaction f(z,z*) is found, we
shall simplify it as much as possible by an affine transforma-
tion in the unknown variable

' =az+p, (3.6)

where a and /3 are suitably chosen complex constants.

B. Solutions in sl(2,C) for 30

Since R\,i’\ and U commute with é and all four lie in
sl(2,C) we have

P=pQ, R=r0, U=u0,

V=X=Y=0, (pruec C) (3.7)
and {2.9¢) implies

(zz* +zp — 2%r + u)[.f',é]

=[e* +p)f — 2 — 1S40, (3.8)

and hence

[5.01=i#Q, keC, Q=r.,

Two possibilities occur.,

Ar= —p* k=kFk*

Taking z—z — p* and redefining the constant u, we
have

Ly
I

— k7, (3.9

Flzz*) = (gled®) + ik /21 +u/lzP))z, (3.10a)
8lz,z*) = g*(z.2%),
1/‘;)( = i(‘z‘z +ujr .,
U, =(—2,2% + z2* + is)r, — ikr. (3.10b)
If k =0, then u, s €C; if k %0, then ucR, s = 0.
B.r# —p*
We take z—1(r + p*)z + }(r — p*) and find
Slz,z*) = [i72(z + z¥)]
X{k(zP +z—z* +u)z+ 1)
—k*zP—z4+z2*+uNz—- 1)}, (3.11a)
U, =iz’ + 2z —2* + u)r
bo=[-z*+1 —2¥z— D)7, —ikr,.  (3.11b)
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Notice that f; involves an arbitrary real function g(z,z*), f,
involves only free constants. The function g{z,z*) does not
figure in (3.10b). We shall show in Sec. IV that the obtained
pseudopotentials simply provide conservation laws.

C. Solutions in si(2,C) for G = 0
Relations (2.9b) are satisfied trivially. We separately
consider the cases when R = aP and R #aP.

A.R =aP, aeC, a #0 R
We now consider individual SL(2,C) orbits of 2.
A11P=p7'3, R = FTy, pr#o

The algebra (2.9) can only be solved if

flz,2%) = | f(z,2*)|e” where @ is a constant phase. Taking
z—ze ~ ' we obtain
filz,2*) =fHz,z2*), (3.12a)
U, = ilplz + 2% + ul7y, (3.12b)

o= lp(—z, +2F —sln,
[i.e., filz,z*)is an arbitrary real function}.
A2:ﬁ=p7'+, 1?'—"‘7-4—: Pr?éo, \p|=lr|
We can transform z and conjugate in sl(2,C) to set
p= —r=1.This gives

fiz,z*) =glz,z*) + az, (3.13a)

glz,2*) = g*(z,2%),

¢y, =iz +z%)r, +iur;, u’>=Reg,

b, =[—z, +z* +ulz—2z%]7r, +ists, s= —Ima.
P= R = 0, 7.

A3P pT+1 R rT+’ Pr:;’é lp‘¢| } (313b)

By SL(2,C) conjugation we can choose rp = 1 and
obtain

filz,2*) = Az + Bz* + C. (3.14a)
For |4 |? — |B |*#0 we can transform z so that C =0,
B = B* For |4 |*— |B|* =0 we can transform so that
A=B C=€eC*(e=1ifIm4d #0,e= — 1ifIm4 =0,
Red #0).

For C =0 and B = B * we define

s=(i/2p°)lp4 —A*) — (p* — 1)B],

w? = (1/299[pd + 4 *) + (o' — 1B], u, =0.
For A = B #0, C = €C * we define
1 _
s= =Py i 49,
2p
1+p% wp*+e) C
= ———p'4A+4*, u,= .
2p? b 1—p* pPA+A*
In both cases, the pseudopotentials satisfy
U = ilpz — (1/ple* +u )7, + iurs,
¥, = pluz — z,) + (1/p)(uz* — z¥) + is. (3.14b)

Notice that p is a free parameter, s, , and u, are given in
terms of 4, B, C, and p.

A4 P=R=o0.
The function f(z,z*)is arbitrary, the Bicklund transfor-
mation (BT) trivial.
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B.Rand P linearly independent
In this case (2.9¢} implies that f{z,z*) can be written as
flzz*) = g\2%2* + g,22%* + g.2°

+ 8% + 8522 + 82 + 872* + gy,

g,€C, (3.15)
satisfying
(VP =g P+g*R, 2(P,U]=gP+g*R,
[V)R ] = “—gzﬁ_g,lkﬁy
(X,0] = [§;P] = —g.P—g*R, (3.16)

[X,P]= —g.P—gIR,
(VU] + (SR = —g.P-giR,
[Y.R)=gP+gtR [50)=gP+gtR
We proceed further by transforming Pinto pr3, 7010
and then using the stabilizer of Pin SL(2,C) to simplify R. We
then solve the commutation relations (2.9a) and (3.16), find

the g; in (3.15), and simplify using (3.6).
Let us discuss the individual cases.

Bl:ﬁzpn, §=r++rr3, p#0
folz,2*) = |z} — €z + z*) + €az — a*z*, €= + 1,
b, =iz — e*)r, — iz*7,, (3.17a)
b= — [z, + ez¥ + ela —a¥)]rs
+{—z*+z)—a)r,. {3.17b)
B2 P=pr, R=rr, +7_)+r7, m#0
flzz*) = (€lz> + B)z + Cz*), €= £
r=[p*— 1)""*/2p, ry= —¢€/p,
C=¢€p’, B=B* p=p* (3.18a)
b, = ilpz + (€/pl*17,
— (iz*/2p)p* — 1) + 7o),
g, = [ —pz, +e/pi2*]rs — [p* — 1)"*/2p)2¥(r . +7-)
+illz? + B1p* — V7, — 7).

(3.18b)

Notice that contrary to all previous cases, the entire sl(2,C) is
involved in (3.18b) (7,,7_, and 75 all figure).

B3:P=pr,, R=0, p#0.

The only solution is flz,z*) =

B4: P=0, R #0.

This leads only to f{z,2*) = az + b, {a,b,€C). The equa-
tion is linear and we shall not give the pseudopotential which
is of little interest.

Bs:P=r,, R=0.
Again f(z,z*) =az +b.
B6: P=r,, R #0.

Performing an explat ) transformation, we can trans-
form R to the form R=r_1_+ - 373. Therelations for [VP]
and [VR ]imply 7, = 0. Thus R = rr_. We obtain, after
simplification,

Solz:2*) =

and

(€/2)z)> + bz, b=b"*, (3.19a)
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1Z:x =i[zr, + z¥(e/¥7_ + ut,],
b, = (—z, + uz)r, + (e/4)(z% + uz*)r_
+ [ —(€/2)]2* + u* — b ], (3.19b)

For b = 0 this case reduces to the usual “nonlinear Schro-
dinger equation” (cubic Schrodinger equation).

IV. SYMMETRIES, CONSERVATION LAWS, AND
BACKLUND TRANSFORMATIONS

In Sec. ITI we have found eight different forms of the
interaction terms f{z,z*} in the nonlinear Schrodinger equa-
tion (1.1), for which pseudopotentials exist.

In this section we shall discuss the individual cases, and
obtain the Lie symmetries of the equations, the conservation
laws and inverse scattering equations.

A. Lie symmetries for the NLSE

To study the symmetries of the equations considered
above, we may proceed by a number of different methods.
The most familiar approach®'* consists of applying finite or
infinitesimal transformations in the space of dependent and
independent variables, and requiring that these map solu-
tions of the equation into solutions. An alternative ap-
proach, which is closer in spirit to the computation of the
previous sections, consists of determining the symmetries of
the differential ideal. Again, a finite or infinitesimal ap-
proach may be taken. The latter®®?” is what will be described
here although the same results are obtained by the direct
study of the infinitesimal invariances of the equations them-
selves. The finite transformations may subsequently be de-
termined by integration.

The infinitesimal symmetries are vector fields X on the
jet spaceJ '(R %,C} with coordinates (x,#,z,2, ,z,) for which the
Lie derivatives of the generators (2.1) of the differential ideal
remain in the ideal:

L' =adlo' +ay0’ + b0 + b0, (4.1a)
(4.1b)

(plus the complex conjugate relations). The general form of X
is

2 2.1 2. 2 PASN 2.2
Lo =ai0' +0° +bie' +biw

~ a a a a
X =ajx,t) > + b (x,t) r + clx,t,z,z*) % + c*(x,t,z,2*) o

3
+ e*(x,t,2,2,,2¥,2,,2F)
Z, oz*

(4.2)

There are no 8 /dz, or 3/3z* terms since it is sufficient to
work on the partial jet space {x,t,2,z*,z,,2*] in view of the
expressions (2.1) defining {o',0%0'",0?"}. In fact, the de-
tailed form of e(x,,z,--} is determined from the coefficients a,
b, ¢ [see Eq. (4.5)], since we are dealing here with a prolonga-
tion of a vector field on the space J°(R %,C) that is, with an
infinitesimal Lie transformation.

The corresponding transformation acting upon sec-
tions of J °(R %,C), that is, functions z(x,t ), is given by the
operator

+ elx,t,2,2,,2% 2,,2})
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X = a(x,t) i + b(x,t) —é— — ¢(x,t,2,2%), {4.3)
ot ox

and hence e**z(x,t )is asolution of Eq. (1.1) whenever z(x,¢ ) is.
The fact that X is the prolongation of a Lie transformation
need not be assumed g priori, but is assured by the presence
of the forms {@',0'"} in the ideal. We simplify matters how-
ever by allowing a and b to depend only upon the indepen-
dent variables (x,? ) and c only on (x,t,z,z*) at the beginning. Tt
follows from (4.1) that ¢(x,2,2,2*) is at most linear inhomoge-
neous in z and z*. We shall simplify further by taking it to be
of the form

clx,t,2,2%) = c(x,t )z, (4.4)

that is, purely linear in z.
Equation (4.1a) implies that

a, =0, {4.5a)
and

e=c¢cz+cz, —b.z,. (4.5b)
Equation (4.1b) implies

a,=2b,, and ib, =2c,, (4.6)
as well as

lc—=2b)f—czf, —c*z*f.. +(ic, + ¢, )z=0. (4.7)
Integrating (4.5a) and (4.6) shows a, b, and ¢ to be of the form

alx,t)=«alt),
birt)= Ly 4 i),

2
B(t)
2

clet) =i “”2(’ N x + it )J. (4.8)

Substituting in (4.7) and equating like powers of x gives

ia"[f—zf, +2*f.]=a"z,

B'f—z2f, +z%f. |=8"z

iy —ia\f—yzf, +V'z* [ ] = (¥ — (i/4)a")z. (4.9)
Itiseasytoseethaty(t) = 0,a’(t) = 0,8'(t) = Ois asolution
for any f/(z,z*). Thus, translational invariance is always pre-

sent: X = P and X = H satisfy (4.5) for any interaction
flz,2*), where

(4.10)

This s, of course, a trivial expression of the fact that the
coefficients in the NLSE do not depend explicitly on x and ¢.

We stress that the use of the infinitesimal operator X
satisfying (4.3), (4.4) is a definite restriction. For the free-
particle Schrodinger equation (1.1) with f(z,2*) = O this ap-
proach would lead to the Schriodinger group Sch(l) and its
Lie algebra'*?*

H=4d, D=2d, +xd, +4,
C=1%, +tx3, +t/2 — ix*/4,
P=4, B= —1d, +ix/2,
E =i, E,=1 (ieC).

(4.11)

A consideration of more general transformations than
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linear ones would clearly be desirable in the context of non-
linear partial differential equations.2!:29-32

Here D, C, and B correspond to dilations, conformal
transformations, and Galilei “boosts, ” respectively, H and P
to translations, and E, and E, to multiplication, of z by an
arbitrary constant.

Now let us consider individual cases obtained in Sec.
I1I.

B. Discussion of pseudopotentials leading to
conservation laws

Sfilzz*): 2, + iz, = [8lz,2%) + (tk /2)(1 + u/|z]?)]z,
{4.12a)
glz,z*) = g*(z,2%).
The only solution of (4.9) valid for all g(z,z*) is
a' =B’ = y = 0so that the only Lie symmetries are transla-

tions. The pseudopotential defined by (3.10b) however pro-
vides a conservation law. Using (3.2) and (3.3), we have

Yx = i(lzlz + u),
y, ={—2z,2* + zz¥) + ky. {4.12b)

Putting j(x, ) = e ~ *p(x,t ), substituting into (4.12b), and set-
ting (¥, ), = (#,),, we obtain the “‘time-dependent” conserva-
tion law

ii;—[(|z|2 +ule X+ —a-—[(zxz* —zz¥e M) =0.
dat Ix
(4.12¢)

If appropriate asymptotic conditions are satisfied and u<0
there will be a conserved quantity

wik) == _ [(|z]* + u)e *1dx. (4.12d)
(For k = 0 this quantity can be interpreted as the total
probability.)
filz.z*):
z,, +iz, = [i/2z + 2] {k(zz* + z — z* v u)z + 1)
—k*zz* —z+z* +u¥)z - 1)]. (4.13a)

Equation (4.9) allows for a nontranslational symmetry in this
caseonlyifu =0,k =k *. Then

2, +iz, = ikZ*/(z + z¥), (4.13b)
and the symmetries are
P= _6_ = i, E=1, {4.13¢)
dx ot

where E indicates that z in (4.13b) can be multiplied by a real
constant.

Equations {3.11b) always provide a conservation law.
Proceeding as in case (4.12) we have

i%[(|z|2 +z—z¥ fue ]
+ Dl 4+ )=z — 4] =0.  (413d)
ox
flzz*): 2, +iz, = flzz*), flz,2*)= f*zz%).  (4.14a)

There are no nontranslational symmetries but (3.12b) pro-
vides a conservation law
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i%{z +z%) + %(zx —z¥=0. {4.14b)
Silz.z*)z,, + iz, = glz,2*) + az*. (4.15a)

Again, in general there are no nontranslational symmetries.
Equation (3.13b) can be rewritten by putting w = e** +*'
and using (3.2) and (3.3). The obtained conservation law
(w, ) = (w, Jx 18

. d
i — Z+Z* eux+st
at[( ) ]

+ ’ai{[zx_Z:‘—u(z—Z*)]eux+S’}=O, (4.15b)
X

Sfs(2.2%): 2, + iz, = Az + Bz* 4+ C. (4.16a)

Nontranslational symmetries only exist in special cases,
namely the following

(ij4 =B =0, C 0. Dilation symmetry:
P,H,and D =213, + xd, — 2, Z'(x,t)=a *z{ax,a’t).

(4.16b)
(i) C =0, B 0. Multiplication by a real constant:
P,HandE=1, Z'xt)=uaz{xt), a=a* (4.16¢)

(li) B=C=0, A4 #0.Symmetry under the Schro-
dinger group Sch(l). In addition to

po O g O

dx at

ie., Z'(x,t) = azlx + x4t + ty), we have Galilei invariance

B= —13, + (i/2)x,

E, =i, and E,=1, (4.16d)

Z'(x,t) = expl(ib /2)lx — bt /2)]z(x — bt,), (4.16¢)
a modified dilation invariance

D =219, + xd, + 2iA1,

2'(x,t) = exp| —id (1 — @)t )zlax,a’t), (4.160)
and a modified conformal invariance

C =179, +1xd, + (3t — Lix* + iAt?),

, —1/2 ic 2 2
Z(xt)=(1+ct)"" exp[ m(x — 441 )]
Xz( x ! ) (4.16g)
T4ct l4ct

These symmetries for the linear Schrédinger equation
2., + iz, = Az have been studied elsewhere.** Putting

wix,t) = e plxt ),

we obtain a conservation law from Eq. {3.14b) valid for arbi-
trary A, B, and C and hence independent of the above linear
Lie symmetries
l' _a_[eux +,y1(pz _ iz* + u+)
ot p
d y 1, . .
+ —e T plz, —uz) + —{z¥ —uz*)} | =0.
Ix p
(4.16h)

Let us summarize the results of this section.
(1) The interactions f,(z,z*),..., f5(z,2*} all allow for po-
tentials y that provide conservation laws for the correspond-
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ing Schrodinger equation.

(2) The interactions f,, f;, and f, each involve an arbi-
trary real function which does not figure in the pseudopoten-
tial equations.

(3) The algebras leading to these cases were one or two
dimensional subalgebras of sl(2,C).

(4) In general the conservation laws are not related to
the linear Lie symmetries of the considered equation.

The remaining three interactions f;, f;, and f; are
somewhat different.

C. Discussion of pseudopotentials leading to B4cklund
transformations and to inverse scattering equations

folzz*): z, + iz, = |z|} — €z + z*) 4 €az — a*z*.
(4.17a)

Using the one-variable realization (3.2) and (3.3) we rewrite
the transformation (3.17b) as

Vo= —lz—ez*ly —iz¥,

yo=—ilz. + et +ela—a*)ly+(—zt + 2" —a).
(4.17b)

The equations (3.17b) involve a two-dimensional subalgebra
of s1(2,C) with basis (75,7 ). Contrary to previous cases, the
terms in (4.17bj involving y also depend on z. Hence (4.17b)
cannot be reduced to a conservation law by a simple trans-
formation of the y variable alone.

In general (4.17a) has only translational symmetries.
For a = 0 we also have dilation invariance

D =219, +xd, + 1,
Z'(x,t) = [e"Pz])(x,t) = bz(bx,b%t), b=0b*.

Notice that {4.17b) does not involve a free parameter [both a
and € figure in fi(z,z*)]. If we write (4.17b) for a = 0 and
perform the dilation (4.17¢), no parameter is introduced.

Equations (4.17b) represent an outer Backlund trans-
formation. The new variable y satisfies an evolution equation
that can be obtained by solving for z and z* from the first of
equations (4.17b) and its complex conjugate and substituting
the result into the second equation. The resulting equation
for y is nonlinear and complicated and we shall not repro-
duce it here.

Outer Backlund transformations can in some cases be
transformed into inner ones by making use of the symmetries
of the equations involved. For Eq. (4.17a) however, this is not
possible. Indeed, assume that a function u(x,t) exists, that
satisfies Eq. (4.17a) whenever z(x,¢ ) satisfies this equation and
ysatisfies (4.17b). We put u(x,t ) = F(z,z*,y,y*) and then sub-
stitute # and #* into {4.17a) and its complex conjugate. Re-
quiring that the obtained pde for Fbe an identity in z,z*, and
their derivatives whenever (4.17a) is satisfied, we find that no
such function F exists, other than z itself.

The BT (4.17b) has a form reminiscent of the inverse
scattering equations,’’ that have been most successfully
applied to solve certain nonlinear pde. Equations (4.17b) are
linear in y, involving z as a “potential.” The second equation
gives the time development of y, the first one describes the
“scattering.” These equations, however, contain no free pa-

(4.17¢)
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rameter that could serve as an eigenvalue for the problem.

A conservation law for the NLSE (4.17a) can be derived
directly from the equation [by adding € times the complex
conjugate equation to (4.17a)). We obtain

] J z —€z%) + —-a—(zx +€2*) =0, (4.174)
at dx

A conserved quantity can also be derived from the BT
(4.17b). Indeed put

Jx,t)=yexp[filz — ez¥)dx’].
Then

V. = —iz* exp|[f5(z — ez¥)dx’],

sothaty_is expressed in terms of zand z* alone. Since (4.17b)
are compatible when z satisfies (4.17a) we must have

. ). =,).. Hence
I =f>_z*x.t)

X (exp{sa [2(x',t) — ez*(x',¢))dx'})dx, (4.17¢)
must, if it exists, 1.e., if the integral converges, be a conserved
quantity.

folz,2*): z, + iz, = (€|z|* + B)(z + Cz¥),

€= +1, B=B* C=C*=¢e?#0.

The algebra underlying (3.18b) is all of sl(2,Cj and the

BT involves no free parameters. Using the one-variable real-
ization (3.2} of sl(2,C), we rewrite the BT (3.18b) as

(4.18a)

4 1172
yo= —lpz+ Sy 8= L
p 2p
4 _ 11172
Vo= —izp -2y BV Ty
2p

+ 4|z + B 1p* — 1)"/2(1 — p?). (4.18b)

Let us first discuss the Lie symmetries of Egs. (4.18a). If
B #0 Eq. (4.9) implies that Eq. (4.18a) allows for transla-
tional invariance only. For B = 0 we also have dilation
invariance

D =23, +x3, +1, Z'(xt)=az(ax,a’t) (4.18¢)

If we define that under dilations y transforms as

¥y’ = ylax,a’t ) then we can easily check that y’ and z’ are relat-
ed by the same BT as y and z. Thus, the dilations do not
introduce a parameter into the Biacklund transformations
(4.18b).

The BT (4.18b) is an outer one. The new variable y{x, )
satisfies a complicated nonlinear evolution equation. We ob-
tain it by first solving the first of Egs. (4.18b), together with
its complex conjugate, for z and z*, then calculating z, and
z¥ and substituting into the second of Eqgs. (4.18b). We have
attempted to obtain an inner Backlund transformation for
Eq. (4.18a) from (4.18b) by setting u = F(z,2*,p,y*) and re-
quiring that u satisfy (4.18a) when z satisfies this equation
and y satisfies (4.18b). However no such function F(z,z*y,y*)
exists, other than z itself.

Finally, let us obtain linear equations of the type used in
the inverse scattering method for the NLSE (4.18a). Substi-
tuting the two-variable representation (3.4) and (3.5} for 7,
into (3.18b) we obtain
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— rz*

() =(72 ) e

(u,)k( lilz.p + 287.) fz:r+f(1z12pr—s>)(u)
v,/ \ibr —illz|’pr—s) = liz.p +2%r) Mo/
{4.18¢)

As required, these equations are linear in « and v and should
be compared to those of the Zakharov—Shabat and
Ablowitz-Kaup-Newell-Segur approaches. However, the
lack of a free parameter in the BT implies that there is no

eigenvalue in (4.18d), so the standard techniques cannot be
directly applied.

Az, + iz, = (€/2)|z)’z + bz,
b=>b* €= +1. {4.19a)
As mentioned above, for b = 0 this is the much studied stan-
dard *nonlinear Schrodinger equation”.>3*3®3%47 The cage
b #0 can be transformed into the b = 0 case by the time-
dependent change of dependent variable z(x, }—e®z(x,t ).

We shall hence consider & = 0 in (4.19a} and discuss the
equation

z.. +iz, = (e/2)|2 2. (4.19b)

The BT for this case were obtained by Wahlquist and
Estabrook.” In order to obtain their formulas, we must use a
slightly modified realization of s(2,C), namely

i, d . d d
T, = V' —, 7_==2—, T3= —lp—,
27 dy dy’ dy
and put ¥ = k in (3.19b). We obtain
Vo= — Yoy’ —ez* + 2kyp),

— lik (zy* — ez* + 2ky)
+ 4~ 2.y — ezt + €lz)’y).

Yo =
{4.19¢)
The NLSE (4.19b) has a large invariance group, namely

a five-dimensional subgroup of the Schrodinger group
Sch(l). A basis for its Lie algebra is

H: -g-, P= i, E=l.
at Jx
d ix a a
Ox + 2 8t+x6x ( )

The operators B and D generate Galilei transformations
(boosts) and dilations respectively, and they are together re-
sponsible for the complex parameter k in {4.19¢c). To see this
we write Egs. (4.19¢) for, e.g., k = 1:

Ve = — U — e2* + 2),

Jo= — k(@ — e2* + 29) + Jil — 2.5 — ez% + €|2)%).
Putting
3x,t) = ae®™*~ ¥ 2 (a(x — bt),a’t ],
Ploct) = e~ Px—b22y(g(x — bt)a’t ], (4.19¢)
we find that y and z satisfy (4.19¢) with
=1/a—ib/2a (a=a*b=>b%. (4.191)

The BT (4.19c¢) are outer ones and y(x,t ) satisfies a com-
plicated nonlinear evolution equation that can be obtained
directly from (4.19¢). It is in this case possible to perform a
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transformation toanew variablew = F(z,2%,y, Jy*) which sat-
isfies Eq. (4.19b). The function w will then be related to z by
an inner Bicklund transformation. To obtain the function
Fz,2%y,y*) we evaluate w,, + iw,, use Eq. (4.19b) and its
conjugate to eliminate z,, and z%, terms, and (4.19¢) to elimi-
natey, .y, and y, terms We then require that
Wy, + iw, = (€/2)wlw|’ be satisfied identically in z,,z,,z and
their complex conjugates. The result is >°
wix,t) = z(x,t) + [2(k + k *)p*/(|y|® — €)}. (4.19g)

Thus, if we take a specific solution z(x,t ) of (4. 19b), substitute
itinto Egs. (4.19c), solve for y(x, ) and substitute into (4. 19g),
we obtain a new solution w(x, ). Lamb*® has directly ob-
tained an inner Backlund transformation for the cubic
Schrodinger equation, using a different method.

Again, we can obtain the inverse scattering equations
for (3.19b), using the two-variable realization {3.4) and (3.5).
Putting # = — k in {3.19b) we have

(ux) [ —Z—z* u),
U, n 1 v
(u,) _ (%i(%e}z]z — kY —ielz* — kz*)/4\[u

v.)  \ iz, +kz) — Li(le|z|? — kﬂ)(u)’
which correspond to the equations used by Zakharov and
Shabat. ™

(4.15h)

V. CONCLUSIONS

Having replaced the generalized nonlinear Schrodinger
equation z,, + iz, = f{z,z*) by a specific Pfaffian system
and having made certain assumptions about the forms of the
pseudopotentials we have found all functions f(z,z*) for
which such pseudopotentials exist. In addition to the trivial
case of a linear interaction f(z,2*) = az + b we have found
eight different classes of such functions f{z,z*). Five of them
lead to pseudopotentials that provide simple conservation
laws and conserved quantities that are not obtained from any
linear Lie symmetries of the NLSE. The existence of con-
served quantities for a pde is of great value in numerical
calculations and provides a criterion for the quality of a nu-
merical solution.*’” The three remaining functions f(z,2*)
lead to Backlund transformations and to linear equations of
the inverse scattering type. Only in the case of the ordinary
cubic NLSE does the Bicklund tranformation involve a free
parameter. This free parameter, as we have shown, is due to
the combined dilation and Galilei invariance of the equation
z,, + iz, = lez|z|* and to the fact that the corresponding BT
is not invariant under these two transformations. The free
parameter is necessary in order to obtain permutability theo-
rems and the corresponding “nonlinear superposition laws”
and also serves as an eigenvalue parameter in the inverse
scattering method.

It must be emphasized that the class of nonlinear Schro-
dinger equations which admit pseudopotentials may be larg-
er than those found here. The assumption in (2.2) on the lack
of dependence of ¢ on the variables x,, and y**, was made for
simplicity only and may be abandoned. The assumption
about all vector fields belonging to an sl(2,C) representation
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was also for convenience. Even in the 1-dimensional case,
the underlying algebra might be infinite-dimensional. Fur-
thermore, within the Wahlquist-Estabrook (W-E) ap-
proach, the choice of integrable exterior system is crucial. A
different choice, which nevertheless has the same maximal
integral manifolds, may lead to entirely different pseudopo-
tentials. As an example we might have used the following:

p'=dz —zdt —z dx, u" =dz*—z*dt — z*dx,

w? =dz, Ndt +dz, Ndx, p¥=dz*Adt + dz* Ndx,
(5.1)

W =dz Ndt —(f—iz,)dx \dt.

Although the ideal generated by (5.1) has the same
maximal integral manifolds as (2.1), it is not identical toit. In
fact, the resulting pseudopotentials may involve z,, unlike
those we have studied here. The reason for the difference is
that neither (2.1) nor (5.1) is algebraically “complete” (in the
sense of Cartan®®), That is, for both there exist forms which
annihilate the null spaces but do not belong to the ideal. An
interesting and important question which is suggested by the
WE method is thus to find a complete exterior system whose
maximal integral manifolds are the solution manifolds for
the original differential equations. If such a system exists,
application of the WE method may lead to results of greater
generality. There is a second related question: are the pseu-
dopotentials arising from two different differential ideals for
the same equation really distinct, or are they necessarily re-
lated by dependent variable transformations such as the “in-
nerising’’ transformation of the type (4.19b)? If they are al-
ways so related, there would be no greater generality
obtained by changing or extending the ideal. The most gen-
eral approach, of course, is to return to the method of
Clairin,?"**** which works directly with the differential
equation, rather than with exterior forms. A comparison of
the assumptions involved in these various approaches would
be of interest.
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Exact relationships are developed that describe the occupation statistics for
pseudobidimensional arrays of dumbbells. It is found that E (k,N ), the number of ways of
arranging k indistinguishable dumbbells on a 3 X N diagonal array of compartments is exactly
described by the recursion relation

EkN)=4Ek— I N—1)+EKkN—-1)—-2E(k—2,N-2)
The 3 X N diagonal lattice space provides to the central sites of the lattice their full coordination
number of nearest-neighboring compartments; therefore the solution of the present system

provides a 1 X N diagonal {central sites} “window” to watch the behavior of a true bidimensional
array of dumbbells. For large values of N, the dumbbell freedom per lattice site on any given site

Exact recursion relation for pseudobidimensional arrays of dumbbells

of the central diagonal is found to be 1.8477..., which is only 3% higher than the exact value
(1.7916---) found for a “locked”” dumbbell on a bidimensional array.

I. INTRODUCTION

Many physical and chemical systems can be represent-
ed by the distribution of particles on a lattice space. One
interesting problem is to determine statistically the number
of possible arrangements of dumbbells (particles that occupy
two contiguous lattice sites) on a regular lattice space. We
are going to consider a pseudobidimensional lattice space of
compartments, and we will allow the dumbbells to occupy
two adjacents compartments only. A bidimensional form of
this problem is found in the theory of adsorption of diatomic
molecules by a metal surface.'

Problems dealing with particles that occupy more than
one lattice site have always been troublesome; unlike simple
particles, there is no reciprocity between particles and va-
cancies. Therefore, as is generally true for problems of this
nature, exact solutions have been found for the one-dimen-
sional case*™ but for spaces of higher order dimensionality
exact solutions have been obtained only for very special
cases—a 2 X N rectangular array of compartments,® and a
bidimensional array completely covered with dumbbells.®’

The purpose of this paper is to study the occupation
statistics for dumbbells on a pseudobidimensional lattice
space [see Fig. 1(a)]. Unlike the 2 X N rectangular lattice
space” [see Fig. 1(b)] our pseudobidimensional space pro-
vides to the central sites of the lattice their full coordination
number of nearest neighboring compartments. We are going
to determine the occupational degeneracy E (k,N ) for dumb-
bells particles, that is, the number of ways k indistinguish-
able dumbbells can be arranged on a 3 X NV diagonal lattice
space [see Fig. 1(b}].

. EXACT RECURSION RELATION

We wish to determine a recursion relation for E (k,N ),
the number of possible arrangements of k indistinguishable
dumbbells on a 3 X N diagonal array of compartments. Let
us first define the following arrays: (1) An €(V ) array [see
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Fig. 3(a)] is defined to be an array of compartments arranged
in three adjacent diagonals of N compartments each; (2) a
A {N) array [see Fig. 3(b}] is one in which the compartments
are arranged in three adjacent diagonals of (VN + 1) compart-
ments for the upper one and N compartments for the other
two; (3) a ¥{V) array [see Fig. 3(c)], as before, an array of
compartments arranged in three adjacent diagonals of

{N 4+ 2}, (N + 1), and N compartments for the upper, central,
and lower diagonals, respectively; (4) a & (V) array [see Fig.
3(d)] is an array of three adjacent diagonals of (N 4- 1),

{N -+ 1), and N compartments for the upper, central, and
lower diagonals, respectively.

Let E (k,N ) be the number of ways of arranging k indis-
tinguishabledumbbellsonane(N )array,andL (k,N),G (k,N ),
D (k,N) are the number of ways k indistinguishable dumb-
bells can be arranged on a A (NV ), #{V ), and & (V) arrays,
respectively.

Theorem I:

Gk,N)=D(kN)+L(k—1N) (1)

Proof: Let g(k,N ) be the set of all possible arrange-
ments of & indistinguishable dumbbells on a ¥(N ) array;

M (a) - Ny
{
hr-—-
! (b)
E ]

0022-2488/82/040526-05$02.50

B |

FIG. 1. (a) A 3X N diagonal array; (b) a 2X N rectangular array.
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FIG. 2. Six of the 29 possible arrangements of two dumbbells on a 3X 3
diagonal array.

d (k,N }isthe subset of g(k,/N ) where the only compartment of
the (V + 2)th column is vacant and ! (k,N ) is the subset of
glk,N ) in which that compartment is occupied. Then, every
arrangement in d (k, ) differs from every arrangement in

! (k,N }by the condition of occupation of the above mentioned
compartment, i.e., d (k,V )0/ (k,N) is a null set. In addition,
every member of g(k,/N) can be found either in d (k,N) or
I(k,N)ie.,dkNWkN)=gk~N).

Therefore *g(k,N ), the number of members of the set
glk,N ), is given by

*ek,N)=*d (k,N)+ *](k,N)=G(k,N).

The compartment of the (N + 2)th column is unoccu-
piedinthesetd (k,N )sothatby definition *d (k,N )is D (k,N ).
It that compartment is occupied then the adjacent one is also
occupied. Hence, all other possible arrangements must in-
volve the remaining (k — 1) dumbbells on the remainder of
the array, which is a A (¥ ) array. The number of elements in
I(k,N)is therefore L (k — 1,N), i.e., */ (k,N)=L (k — 1LN).

Therefore, we conclude that

ﬁ
(a) b
R

L]

o N ey peo—— N i

. Hp

(c)

- —

FIG. 3. (a) An (N ) array, (b) a A (V) array, (c) a ¥{NV) array, and (d) a § (V)
array.
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GkN)=D(kN)+L(k—LN)

Theorem II:

EkN)=DkN-1)+Lk—-1N-1) (2)

Proof. Let e(k,N ) be the set of all possible arrange-
ments of k indistinguishable dumbbells on an ¢(N ) array;
d (k,N ) is the subset of e(k,N } where the lower compartment
of the N th column s vacant and / (k,V ) is the subset of e{k, V)
in which that compartment is occupied. Then, every arran-
gement in d (k,NV) differsfromeveryarrangementin/{k,N)
by the condition of occupation of the lower compartment of
the N th column, i.e., d (k,N )n! (k,N )is a null set. In addition,
every member of e(k,N } can be found either in d (k,/V) or

I{k,N),ie.,d(k,N)I(k,N)=elk,N). Weconclude that *e(k,N ),

the number of members of the set e(k,V), is given by

*elk,N)=*1(k,N)+ *d (k,N).

The lower compartment of the ¥ th column is unoccu-
pied in the set d (k,IV), so that by definition *d (k,NV ) is
D (k,N — 1). If that compartment is occupied then the adja-
cent one is also occupied. Hence, all other possible arrange-
ments must involve the remaining (k — 1) dumbbells on the
remainder of the array, whichisa A (N — 1) array. The num-
ber of elements in / (k,N ) is therefore L (k — 1,N — 1), i.e,,
*(k,N)=L(k—-1,N-—1).

Therefore, we conclude that

EkN)=DkN—1)+L(k—~1N-—1).

Corollary I

G(k,N—1)=E(kN) 3)

Proof: From Theorem I, substituting Nby N — 1 in
Eq. (1), we obtain

GkN—-1)=DkN—-1)+Lk—-1N-1), (4)
and the right-hand side of Eq. (4) is E (k,V ) because of Theo-

rem II.
Theorem I11:

LkN)=E(kN)+Lk—1N—1). (5)

Proof: Let!(k,N) be the set of all possible arrange-
ments of & indistinguishable dumbbells on a 4 (N} array;
elk,N )is the subset of / (k,N ) in which the only compartment
of the (¥ + 1)th column is vacant and c(k,N ) is the subset of
1 {k,N) in which that compartment is occupied. Then, every
arrangement in e(k,N ) differs from every arrangement in
c(k,N') by the condition of occupation of the only compart-
ment of the (N + 1)thcolumn, i.e., e(k,N )nc(k,N }is anull set.
In addition, every member of / (k,N ) can be found either in
elk,N)orc(k,N), ie., ekN)uck,N)=1(k,N). We conclude
that*/ (k,N ), thenumberof membersoftheset! (k,N ),isgiven
by

*[(k,N) = *elk,N) + *c(k,N).

Only one compartment of the (N + 1)th column is va-
cantinthesete(k,V ), sothatbydefinition *e(k,N )isE (k,N ). If
that compartment is occupied, then the adjacent one is also
occupied. Hence, all other possible arrangements must in-
volve the remaining (kK — 1) dumbbells on the remainder of
the array, whichisa (N — 1)array. The number of elements
in c(k,N } is therefore L (k — 1,LN — 1), i.e,,
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*k,N)=Lk—1N-—1).
Therefore,
LkN)=EkN)+Lk—-1LN-1).

Corollary 2:
— LN —). (6)

k
z Ek
=0
Proof: We can evaluate L (k — 1,N — 1) by using
Theorem III:
Lik—1LN-1)
=Ek—-1IN-1)+L{k—2,N-2) (7)
Substitution of this into the Theorem III yields
LkN)=EKN)+E(k—-1N-—1)
+L{k—2,N-2)
Repeated use of Eq. (7) gives
LkN)=EKkN)+Ek—-—1N-1)
+..+E(LN—k+1)+LON-—k)
However, L (O,N — k) = E{O,N — k). Therefore

LkN)=

k
LkN)= z Ek—i,N—).

i=0
Theorem 1V:
EkN)=LkN—-1)+Lk—-1N=-1)

+Gk—1LN=2+Ek—1N—-1). (8

Proof: Let e(k,N ) be the set of all possible arrange-
ments of £ dumbbells on an €(N ) array and let a,(k,N ),
a,(k,N ), a;(k,N)and a,{k,N ) besubsets of e(k,N ) in which the
lower two compartments of the N th column of the €(V ) array
are occupied in a manner shown in Fig. 4. In other words, the
a,(k,N ) are defined on the basis of the manner in which those
two compartments are occupied. Since every member of
a,(k,N) differs from any and every member of a; (k,N ) (i #})
we conclude thata, (k,N Jna, (k,N ) = @, i#j. Also, these four
configurations are clearly the only possible we can form with
the above mentioned compartments; therefore

4
v a;(k,N)=elkN).

i=1

We conclude that

ek N)= 3 *a(kN)=E(kN) o)

i=1

The set a,(k,N ) contains only those arrangements in
which those two compartments are vacant. All kK dumbbells
are then arranged on the remaining A (N — 1) array; hence

a,(k.N)=L (k,N —1).

The set a,(k,N ) contains a dumbbell occupying both
compartments, and the remaining (k — 1) dumbbells are ar-
ranged on an array composed of the original array minus the
two precluded compartments, i.e., on a4 (N — 1) array. We
may then write *a,(k,N )=L (k — 1,N — 1).

The set a,(k,N ) has the upper compartment of the above
two mentioned occupied and the lower one empty. The re-
maining end of the dumbbell occupies a compartment of the
{N¥ — 1)th column, the remaining (k — 1) dumbbells are ar-
ranged on an array composed of the original array minus the
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FIG. 4. The four possible states of occupation of the lower compartments of
the N th column.

three precluded compartments, i.e., on a ¥(N — 2) array. We
may then write *a,(k,N )=G (k — |,N — 2).

The set a,(k,N ) has the upper compartment occupied
and the lower one empty, the remaining end of the dumbbell
occupies another compartment of the N th column, and the
remaining (k — 1) dumbbells are arranged on a €{N — 1) ar-
ray, i.e., *a,k,N )=E (k — 1,N — 1). Therefore, by Eq. (9) we
prove Theorem IV.

Corollary 3:

E(k,N)=4E(k — 1N — 1)
+EkN—1)—2E(k—2N—2). (10)

Proof. By Corollary 1 [Eq. (3)] we evaluate
Gk — LN —2)

Gk—-—1LN-2)=Ek—-1N-1).
We may then write Theorem IV as
E(k,N)

=2Ek—IN—1)+LkN—1}+Lk—1N-—1)
We then use Corollary 2 [Eq. (6] to evaluate L (k,N — 1) and
Lk —1,N—1)in Theorem IV, i.e,,

k
=2Ek—LN—1)+ 3 E(k—iN—1—i

i=0

E(kN)

+ kilE(k—l—i,N—l—i). (11)

i=0
IfEq. (11)is used to evaluate E (k — 1,N — 1), we obtain
Ek—-1IN—-1)=2E(k—-2N-2)

k—1
+ S Ek—1—iN—2—1

+ S Ek—2-iN—2—1i.
=0
If we form the difference E (k,N ) —
ing that

E(k — 1,N — 1)and not-

EE(k—zN——l—t 2 k—1—iN—2—i

i=0 =

=E(k,N— 1)
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N o | 1l2 | 31| 4 5 61 7 8 9T 10
k
o 12| 11 |1 1 1 1| 1 2 1 1
1 6 |10 | 14 | 18 | 22| 26| 30 3 38
2 7 V2o | 67 | 221 | 291 | 217 | 379 | 497! 631 |
3 24 | 128 | 376 | 832 [1560 | 2624 | 4088 | 6016
4 82 | 536 | 1906 {4992 |10850 | 20792 | 36386
5 280 | 2168 | 9040 |27344 | 67624 | 145544
6 B 956 18556 (40904 |140296 | 389092
1 [3264 |33152 | 178688 | 685164
8 11144 |126640 | 759564
9 38048 | 478304 |
10 129304

FIG. 5. The number of possible arrangements when indistinguishable
dumbbells are placed on a 3 X N array for N and k in the range 0-10.

and
k—1 k-2
2 Ek—1—iN—1—1i)— 2 Ek—-2—iN—2~—))
i=0 i=0
=E(k—1,N 1),

we obtain Corollary 3, which is ‘the recursion relation
desired.
Corollary 4.

E(kk)=4E(k—1,k—1)—2E(k—2k—2). (12)

Proof: Since if k> N, no arrangements are possible,
i.e., E (k,N) = 0, the special case in which the array is 4 filled,
or the central diagonal completely filled, has the recursion
given by Eq. (12). With the initial conditions 4 (0,0) = } and
A(1,1)=2.

Figure 5 shows the number of arrangements of k indis-
tinguishable dumbbells on a 3 X N diagonal array for k and N
in the range 0-10, according to Eq. (10) with the boundary
conditions 4 (k,N} =0 (if k <0 and/or N<O; or k> N);
A400)=44(1,1)=2and4(0,1)=1.

Iil. DUMBBELL FREEDOM PER LATTICE SITE

We are going now to compare our results with those
obtained on a 2 X N rectangular array’ and on a bidimen-
sional array.5’

Either the 2 X N rectangular array or the 3 X NV diagonal
array are very special examples of the physically interesting
case of a regular lattice. Nevertheless there is a very impor-
tant difference between both of them—whereas the sites be-
longing to the central diagonal in the 3 X N diagonal array
have their full coordination number, there is no site with this
property on a 2 X N rectangular array. This fact justify the
use of the central diagonal of a 3 X N diagonal array as a
“window” to watch the behavior of a true bidimensional
array of dumbbells.

Let us see how good is this “window” by comparing the
dumbbell freedom per lattice site, that is, the number of ways
(per lattice site) in which a dumbbell can be placed on the
lattice.

The dumbbell freedom per lattice site of a bidimen-
sional array completely covered with dumbbells (which was
the only case solved) it was found to be L, = 1.7916... .57

In order to perform the comparison we are going to
evaluate the dumbbell freedom per lattice site on (i) a com-
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pletely covered “window” (central diagonal of a 3 X NV diag-
onal array) and (ii) on a completely covered 2 X N rectangu-
lar array.

The special case in which the 3 X N diagonal array has
its central diagonal completely covered has the recursion
relation given by Eq. (12):

Ekk)=4E(k— 1,k —1)—2E(k — 2,k —2).

Using the results of Zeitlin,® we find the generating
function of E (k,k ) to be

1 o
= E(kk)X* 13
2—8X+4x? kgo el 13
The generating functions may also be written as
1 4 t,
= + , 14
2 —8X +4X? 1-TX 1-T,X (14)

where the s are constants and the T are the zeros of
2X2—8X +4,ie, T, =2+vV2, T, =2—v2.
Therefore, the generating function may be rewritten as
t L < k kyy k
= 6, T, +t,T. .
1—TX 1—TX k;o(ll 2T )X

Since the absolute value of T, is less than unity, 7%
approach zero as k— «o, therefore

(15)

lim E(kk)=1T}. (16)

As X—T [, only the first term on the right-hand side
of Eq. (14) is important; therefore

lim ( L & )=o. (17
x->r7'\ 2—8X +4X 1-TX
By using L’Hospital’s rule, we find #,:
T? 2
f= ot = RV 4603 (18)
8(T,—1) 8+8y2
Therefore we may write
HmE (k,k) =t,T*
k- o0
~0.603(2 + v2)K. (19)

The number of occupied sites is 2k; therefore the 2k th
root of Eq. (19) is the number of ways (L,) per lattice site in
which a dumbbell can be placed on any given site of the
central diagonal.

L,= lim [0.603(2 + v/2)*]V*,
k— o
L,=v2FV2=~18471....

A completely covered 2 X N rectangular array has the
following recursion relation (see Ref. 5);

A (kk)=fi

where f, is the k th Fibonacci number, proceeding in the
same manner as before we find that the dumbbell freedom
per lattice site (L) of a “locked” dumbbell on a 2 X N rectan-
gular array is 1.2720... .

IV. CONCLUSIONS

The dumbbell freedom per lattice site of a bidimen-
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sional array completely covered with dumbbells
(L, = 1.7916...)% is about 10% lower than 2, which is the
number of ways (per lattice site) in which a free dumbbell can
be placed on a regular lattice. The corresponding value of
any given site of the central diagonal on a 3 X N diagonal
lattice (L, = 1.8477...) is only a 3% higher than the exact
value. On the other hand, the dumbbell freedom per lattice
site on a 2 X N rectangular array (L, = 1.2720...) can never
be higher than 1.5, which is the number of ways (per lattice
site) in which a free dumbbell can be placed on such an array.
Therefore, we immediately see that the 3 X NV diagonal
lattice can provide a substantial improvement to the under-
standing of some properties of the physically interesting case
of a regular lattice covered with an arbitrary number of
dumbdbells. I hope to comment upon these possibilities in
more detail at a later date.
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Analytic structure of the Henon-Heiles Hamiltonian in integrable and

nonintegrable regimes ®
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The solutions of the Henon—Heiles Hamiltonian are investigated in the complex time plane. The
use of the “Painlevé property,” i.e., the property that the only movable singularities exhibited by
the solution are poles, enables successful prediction of the values of the nonlinear coupling
parameter for which the system is integrable. Special attention is paid to the structure of the
natural boundaries that are found in some of the nonintegrable regimes. These boundaries have a
remarkable self-similar structure whose form changes as a function of the nonlinear coupling.

PACS numbers: 03.20. +i,02.30. — f

1. INTRODUCTION

Given a Hamiltonian system there is, as yet, no system-
atic method for determining whether or not that system is
integrable.' The usual approach is a combination of numeri-
cally investigation and inspired guesswork. However, recent
work suggests that there is an intimate connection between
the analytic structure of a system and its integrability. This
connection was pointed out by Ablowitz ef a/.? in the context
of partial differential equations (p.d.e.’s). These authors con-
jectured that if a p.d.e. could be reduced, by an exact similar-
ity transformation, to an ordinary differential equation
(0.d.e.) of the Painlevé type, then the associated p.d.e. would
be soluble by inverse scattering transform methods, the im-
portant characteristics of the Painlevé type o.d.e.’s being
that the only movable singularities their solutions can exhib-
it are simple poles. The importance of this property in the
solution of certain dynamical problems was appreciated
many years ago in the classical work of Kowalevskaya.>

The use of the Painlevé property may also be relevant in
determining the integrability of systems of o.d.e.’s. Segur*
applied this notion to the Lorenz system and was thereby
able to identify sets of adjustable parameter values for which
there existed one or more integrals of the motion. Recently,
two of us® made a detailed study of the analytic structure of
this system and found that the nonintegrable regimes were
characterized by a very rich multisheeted structure.

Here, we report the results of an analysis of the well
known Henon-Heiles Hamiltonian. The Painlevé property
can also be used in this case to successfully identify those
parameter values for which the system is integrable. Howev-
er, in this paper we are mainly concerned with studying the
structure of the natural boundaries that appear in the nonin-
tegrable regimes. The existence of such a boundary was re-
cently discussed by Greene and Percival® in the context of
Hamiltonian maps. These authors have conjectured that
natural boundaries may be a generic property of nonintegra-
ble Hamiltonian systems in general. The natural boundaries
that we have found for the Henon—Heiles system are remark-

*This work was supported by Office of Naval Research, Contract No. N-
00014-79-C-537.

"'On leave from Department of Computer Science, University of Nebraska,
Lincoln, Nebraska 68588.
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able in that they exhibit a self-similar or “fractal”’ structure
that allows one to deduce the form of the singular set. Fur-
thermore, as the system parameters are varied the natural
boundary undergoes some remarkable changes with new
fractal structures appearing.

2. PAINLEVE ANALYSIS AND CANONICAL
RESONANCES

We write the Henon-Heiles Hamiltonian in the general
form

H=ip: +p2 + ¥+ )+ Dxy—C/3p*. (21

Inthecase D=C=1 (2.1) reduces to its standard form.?
The second order (Newtonian) equations of motion are

(2.2a)
(2.2b)

We determine the leading order behavior of the solution at a
singularity at time ¢ = 7, by making the substitution

x=at—1t,), y=b(t—1t,V

and equating most singular terms. This leads to the pair of
equations

X = —x—2Dxy,
)= —y —Dx*>+ Cy~.

ala—laft —t,)* = —2Dab(t —1t, ) *7, (2.3a)
B(B—1bt—t, P~ *=Cbt—1t,)* —Ddt — 1, )
(2.3b)

with the two sets of solutions
Casel: a= —2, a= + (3/D)2+ 1/4)"?,

B= -2, b= —3/D,

where for notational convenience we set L = D /C, and
Case2: a=)+}(1—481)"% a= arbitrary,

= -2, b=6/C.

Since the most singular behavior supported by the equations
of motionis ~? both branches of the Case 2 singularities can
only exist for 4 > — J. For the Painlevé property to hold all
leading order behavior must be integers {later we shall show
that this constraint may be relaxed), and this places restric-
tions on the values of A in Case 2. The first few values of 4
leading to integer « in this case are 4 = — L -4 -1,

— 3,..., etc. Typically, Case 2 introduces irrational values of
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A and for A > }; the order becomes complex. In the standard
case C =D =1(4 = 1) we have

a =1+ (i/2V47, (2.4a)
= -2, b=6. (2.4b)

In order to proceed with Painlevé analysis we have to
look for the so called resonances,’ i.e., the conditions under
which arbitrary parameters may enter into a general power
series expansion about ¢ = ¢, . Since we have two second or-
der equations the solution must be characterized by four
constants of integration. One of these is provided by the sin-
gularity (hopefully pole) position ¢ = ¢, . Starting with the
Cuase 1 leading orders and following the procedure of
Ablowitz et al., we now set

x=+(3/D)2+ 1/A)"2t "4 pt 2+, (2.5a)
y={(3/D)t 24 qt 2+, (2.5b)

where p and g are the arbitrary parameters {whose values are
fixed by the constants of integration) and for notational con-
venience we have set 7, = 0. These expansions are substitut-
ed into the equations of motion (2.2) with only the most sin-
gular (dominant) terms included, i.e.,

a = arbitrary,

X = —2Dxy, (2.6a)
= —Dx*+ G (2.6b)

Setting up the ensuing linear equations for p and g one finds,
after a little analysis, that these will be arbitrary if

B-r2—r—-6  +62+1/2)?
L6+ 1/4)" (B—r2—n+6ml 0 3D
Setting
6=03-rR-r (2.8)
one finds two possible solutions
=12 (2.9a)
and
6= —6(1+1/4). (2.9b)

These values of © determine the values of 7 {and hence the
powers of ¢ ) at which the resonances occur.
For 6 = 12 we find

r= —1lor6. (2.10)

The root r = — 1 is always present in such analyses and
represents the arbitrariness of 7, . This, together with the
root » = 6, provides us with two of the arbitrary parameters.
For 8= — 6(1 + 14 ) we find

r=34 41241+ LAY (2.11)

From this result we see that four-parameter solutions can
exist for 4 > 0 or A < — 1. Furthermore the resonances are
complex when 4 >0 or A < — 2§ and the imaginary part be-
comes infinite when A—07.

The resonance analysis may be repeated using the Case
2 leading orders. Now the dominant terms in the equations
of motion are

X = — 2Dxyp, (2.12a)
(2.12b)

The analysis proceeds exactly as before and yields the roots

J=0r
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r=—1land6 (2.13a)

and
r=0andr= (1 —481)"2 (2.13b)

The upper and lower signs of the last member of (2.13b) are
associated with those of the leading order behavior a. In
either case the two values of ¥ + « calculated from (2.13b)
are equal to the two values of a. The root r = 0 corresponds
to the arbitrariness of the associated leading order coeffi-
cient. Four-parameter solutions can only exist when

A> — 1. For A >  the leading orders and resonances are
complex (the imaginary parts become infinite when

A—> + o). When — § <A} the negative branch

a_ =} — (1 — 482)"/? can define a four-parameter solu-
tion; in this range@_ and 7, = + (1 — 484)"/? are real. Fi-
nally, when A = O the singularity in the x variable disappears
and the equations of motion are integrable.

In order to determine those A values for which the Pain-
levé property is satisfied, we require that all leading orders
and resonances, for both Case 1 and Case 2, are integers. The
only values of A for which this can occur are

A=—4 =4 — L

The value A = — 1 givestheroots r= — 1,2, 3, 6 for
the resonances of the Case 1 singularities. A detailed analysis
of the expansion about the singularity demonstrated that the
solution is Painlevé (single valued) and depends on four arbi-
trary parameters. This implies that the system is integrable
and in this case the integrals of motion have been known for
some time.’

The value A == — } is rather peculiar in that the coeffi-
cient in the first term of (2.5a) (Case 1) vanishes. The reson-
ances for Case 1 arer = — 1,0, 5, 6. The root r = 0 corre-
sponds to the vanishing of the coefficient. What happens is
that at A = — } the Case 1 singularity merges with the posi-
tive (@ = 3) branch of the Case 2 singularity. The negative
branch (@ = — 2)is undefined at this point. Thus the “lead-
ing orders” are x = at >, y = — 3t ~%, where a is arbitrary.
There is one resonance at » = 6 that introduces one further
parameter. Detailed analysis of the expansion about a singu-
larity shows that this is a three-parameter, Painlevé solution
and, hence, not the general four-parameter form of the
solution.

Finally, we consider the value A = — {. The resonances
of the Case 1 singularity arer = — 3, — 1, 6, 8. This implies,
and detailed calculation confirms, that the Casel singulari-
ties are associated with a three-parameter, Painlevé form of
the solution. On the other hand, for the Case 2 singularities
{@ = — 1, 2), we find a four-parameter, Painlevé form of
solution associated with negative (@ = — 1) branch. By nu-
merical investigation of this case we have found only this
four-parameter form of the solution to be present. Motivated
by this numerical coincidence, John Greene was able to iden-
tify the additional integral of motion for this case, thereby
confirming its integrability.'® The two integrals of motion
are the energy

E=H=\p +p} +Ax> + By*) +xp + 2> (2.14)
(where for generality we include the variable linear frequen-
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cies A and B ) and the quantity

G = x* + 4x%? — 4x(Xy — yx) + 44Ax%y

+ (44 — B)(%* 4 Ax?). (2.15)
The Painlevé properties of this case, i.e.,, A = — ], and the
case A = — 1 have been derived in Ref. 11.
The integrability of the system for A = — } raises the

interesting question of the significance of the three-param-
eter solutions. For this particular case this branch of the
solution also satisfies the Painlevé property. Numerical in-
vestigations, however, could not detect this (three-param-
eter) solution. It might be possible, then, only to concern
oneself with the four-parameter solutions. Thus we have
found for the Hamiltonian

H = i(pl + p% + Ax* + By?) + Dx*y — (C /37, (2.16)

with D /C = — L and B = 164, that the associated Case 2
singularities define, after a trivial change of variables, a four-
parameter Painlevé form of the solution. (The details of this
calculation are provided in the Appendix}. In this case the
Case 1 singularities also yield a three-parameter branch of
the solution which is Painlevé. Although we have not yet
found the second integral of motion, the numerical evidence
(surfaces-of-section and singularity structure) suggests that
this case is indeed integrable. Using this generalized form of
Painlevé property there appear to be many parameter values
for which the system (2.16) might be integrable.

We now introduce the concept of a canonical resonance.
In the normal search for resonances one starts with Egs. (2.5)
which utilize the most singular leading order behaviors; in
this case @ = 8 = — 2 (Case 1}. One then proceeds to find
the powers of ¢ (that is, » — 2) at which the parameters p, g
enter the expansion. From (2.11) we see that this power is

41— 241 + 174 )2 (2.17)

By canonical resonance we mean those cases when the power
of ¢ at which the resonance occurs is identical to the second
possible leading order behavior (Case 2). Comparing the
square roots in (2.17) and Case 2 the only values of A for
which this can occur are

A=landl= —1

The case A = — ] results in a leading order/resonance at
a = 3 ({theroota = — 2isdiscarded). The case A = 1 corre-
sponds to the imaginary leading order given in (2.4a). The
significance of these canonical resonances would appear to
be, on the basis of our numerical results, that the associated
analytic structure has a particularly symmetric form. This
idea will be illustrated in the next section.

To conclude this section we remark that a study of the
detailed structure of a solution about a singularity requires
examination of the full series expansions. These are compli-
cated double series. For example, for Case 1 leading orders
they take the form
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K=0j=0 K=1j=0
we)y=1"? i i“bkjv"‘t"—f-t_2 ) i by Tt ,
k=0j=0 k=1j=0
{2.18)
where

T=1% a=}+§(1-241+1/4)"

F=17, @=4—41-241+1/4)"%,
and

A= +(3/D)2+ 1/4)"%, b= —3/D.

Similar looking series can be written down for the Case 2
leading orders. A discussion of the associated recursions re-
lations and the asymptotic (| [ €1} properties of the solution
near a singularity is beyond the scope of this paper and will
be presented elsewhere.'? However, it is somewhat remark-
able and deserves to be noted at this point that (2.18) repre-
sents a four-parameter form of the solution when A > 0 or
A < — # (o and @ complex) or when — % <A < —}and (a,
@) are not rational.

3. NUMERICAL RESULTS

Many numerical integration techniques proceed with
little knowledge of the precise positions and/or orders of the
singularities encountered in the complex solution plane.
Here we use a Taylor series method that yields detailed in-
formation concerning the singularity nearest to the point of
integration.'® The method is automatic in that one only
needs to enter a statement of the o.d.e.’s and such control
parameters as initial conditions and path of integration. All
of the results discussed below were obtained with this meth-
od, hereafter referred to as the ATSMCC method.'* Applied
to the Henon-Heiles system ATSMCC was able to locate the
positions of the singularities to a high degree of accuracy and
evaluate their orders in agreement with our leading order
analysis to four figure accuracy or better.

In our preceding note'* we described the analytic struc-
ture of the solutions associated with the canonical case
A = 1. Here we sample values of A in the range

+ o <A — . In all the results that follow we concentrate
on the analytic continuation of x(z ). This is the most interest-
ing since there is the possibility of two different leading order
behaviors being present. The positions of the singularities
are identical for y(t ); but here all have the same leading order.

To begin with we will describe the structure of the sin-
gularities that occurs when A = 1 {canonical resonance).
When the solution is expanded at various points along the
real-time axis there is found a nonuniform row of seemingly
isolated singularities {see Fig. 1). (We specify the initial data
so that the motion is bounded for real time and the singu-
larities are a finite distance from the real-time axis.}) Howev-
er, when the path of integration is deformed into the com-
plex-time plane and passes between two of the singularities
observed from the real-time axis, there is found a third singu-
larity located at the apex of an (aproximately) isosceles trian-
gle whose base is the line joining the two singularities that are
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on either side of the path of analytic continuation (see Fig. 1).
If this base consists of two order — 2 singularities, the singu-
larity at the apex is of order . On the other hand, if the base
consists of an order — 2 and an order } (order refers to the
real part of the leading order) singularity, there is found an
order — 2 singularity at the apex. The base angle is found to
be approximately 25°.

Furthermore, when one integrates between any pair of
singularities that are observed to be “neighboring” during
the process of analytic continuation, the above construction
is repeated. Several levels of structure are implied by this
“self-similar” process. One is that the set of singularities con-
sists of a closed, perfect set with no isolated points on the
multisheeted Riemann surface. Another is that about any
singularity there emanates a double spiral (one clockwise,
one anticlockwise) (see Fig. 1). Finally, since the base be-
tween the neighboring singularities is contracting geometri-
cally at the successive stages of the analytic continuation
process, it is impossible to continue the solution beyond
more than a given finite distance in any direction beyond a
pair of “base” singularities. That is, assuming one does not
retrace the original path, any path of analytic continuation
between a pair of singularities (on the same side of the real
axis) would appear to be trapped in a geometrically converg-
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FIG. 1. Analytic continuation of x{¢ ) for 4 = 1. (a) Sequence of singularities
found from the real axis and one singularity found at the first stage of
analytic continuation. - = singularity of (leading) order — 2 and x = singu-
larity of order § + (i/2)y/47. (b) Boxed region of (a) in more detail showing
double spiral of singularities about apex of “triangle.” (c} Boxed region of (b)
in more detail showing self-similar nature of the double spiral of singulari-
ties. Analytic continuation of p{¢) is identical but all singularities now have
order-2.
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ing web of singularities that creates a natural boundary of the
solution. Using the self-similar nature of the above construc-
tion, we have estimated the “fractal dimension” of the singu-
lar set to be 1.1419 (this calculation is described in Ref. 14).

What is particularly striking about the singular struc-
ture for A = 1 is its highly symmetric form when compared
to those found for other values of A. We believe that this is
related to the fact that A = 1 is one of the canonical reson-
ances defined in the previous section.'?

We will now describe the way the singular structure
changesat 4— 0. When A = 1 there were found two types of
triangles: “type 1,” whose base consists of two order — 2
singularities with an order | singularity at the apex, and
“type 2,” whose base consists of an order — 2 and an order §
singularity with an order — 2 apex. As A increases from 1
the base angles of the type 1 triangles increase (towards 90°
when A— o) while the base angles of the type 2 triangles
decrease (towards 0° as A— o }. At the same time both type 1
and type 2 triangles cease to be isosceles. The net result is
that asA— « the apex of the type 1 triangles recedes infinite-
ly far from the base, which maintains a finite width. The
spirals about this apex consist of type 2 triangles, and these
collapse onto the sides of the tunnel that is formed by this
process. (See Fig. 2.) Along any tunnel the distance between
order — 2 singularities on the side wall appears to be mono-
tonically decreasing but decreasing sufficiently slowly so
that they do not converge in the finite ¢ plane. The overall
singular structure when A— oo is conjectured to consist of an
infinite set of infinitely branched tunnels, constructed entire-
ly of order — 2 singularities. The order | singularities will be
completely inaccessible since they can only be found at the
ends of the infinitely deep tunnels. The structure that results
is reminiscent of Mandelbrot’s generalized Koch curve (Ref.
7, p. 64), which has a fractal dimension of 1.8797.

We have observed that, when A— + 0 and the imagi-
nary part of the Case 2 leading order/resonance becomes
infinite, the Case 2 singularities recede from the A = 1 struc-
ture thereby creating a tunneled structure. In a similar way,
when A decreases from 1 to 0 and the imaginary part of the
Case 1 resonance becomes infinite, the Case 1 singularities
recede from the original structure creating “tunneis” of Case
2 singularities [see Figs. 3 and 4]. The principal differences
between the A— o0 and A—0 behavior appear to be the inte-
grability of the A0 limit and the vanishing of complex Case
2 leading order/resonance at A = ;. The vanishing of the
complex leading order is associated with the collapse of the
type 2 “triangles” into a “sawtooth” structure. [See Fig.
3(e).] At the point of the sawtooth there should appear a Case
1 singularity that is a limit point of Case 2 singularities that
appear on the sides. This sawtooth structure has been found
to be repeated between every pair of neighboring Case 2 sin-
gularities that were studied {sawtooths on sawtooths), there-
by implying the existence of a natural boundary (see Fig.
3(f)]. When A—0 the sawtooth structures are stretched out
into a regular lattice by the recession of the Case 1 singulari-
ties to infinity. (See Fig. 4).

For — 1<A<0 there are three values of A for which the
system is integrable:

A:O) _(l‘, ”—ly
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FIG. 2. (a) At A = 4 “type 2 ” triangles collapsing onto sides of “type 1"
triangle as the complex singularity (x), now of order } + (//2)v/191, moves
deeper into complex plane. (b) At 4 = o the complex singularity has reced-
ed to infinity leaving an infinitely deep tunnel with sides made up of singu-
larities of order — 2. Tunnels emanate from every pair of adjacent singular-
ities. Here are shown a “*primary” (1st) tunnel with associated “secondary"
(2nd) and “tertiary” {3rd) tunnels. All lie on the same sheet. Arrows indicate
paths of integration.

FIG. 3.{a), (b}, and (c) positions of Case I and Case 2 singularities gradually
changing as 4 decreases from 1 to }. The complex singularities (x) move

downwards as the order — 2 singularities (-) move away from the real axis.
{d) At A = L a “principal” triangle with complex (x) base and — 2 {-} apex

with associated “'subsidiary” triangles closing in. (¢) At A = L the — 2 sin-

gularities are completely excluded, leaving a sawtooth whose sides are com-
posed entirely of singularities {zeros) of order }{x). {f) Here are shown a pair
of “‘primary” sawteeth with a “‘secondary” sawtooth emanating from the
side of one of the primaries. Arrow marks path of integration. Note how all
the sawteeth pinch off at about the same height, thereby creating a natural
boundary.
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and one canonical resonance:

A= -4

For — } <A<0 the numerical solutions were found to
contain solely the negative branch of the Case 2 (four-param-
eter) singularities. For — 1<A< — } the solution was found
to contain Case 1 singularities (four-paremeter) only. The
significance of this result is that the three-parameter solu-
tions of either case were never found in the numerical solu-
tion. It would be of interest to determine what restriction (if
any) on the initial data would give rise to these three-param-
eter forms of the solution. In some instances a three-param-
eter, Painlevé form of solution (say, for 4 = — 1) is known,
while the general form of the solution is multiple valued.
This suggests that by suitably restricting the initial data an
“integrable” form of solution might be obtained.

With reference to the above values of 4, the regular
lattice of poles found at A = 0 [Fig. 4(b)] and A = — L dis-
torts into regular clusters of three singularities when
A = —}(Fig. 5). In this range ( — { <4 <0) we do not find a
natural boundary, i.e., it is possible to integrate arbitrarily
far into the complex ¢ plane.

In the range — 1 <4 < — } the natural boundary ap-
pears to return in a form similar to that found for 0< + <4,
i.e., a sawtoothlike regularity that is shown in Fig. 6. As 4
approaches — 1 the sawtooth opens out (the “transition”

appears tobe around 4 = — 3)into a regular lattice of poles;
lattice points now being pairs of poles (Fig. 7). For this case,
as with the cases A = — [ and A = 0, we emphasize that the
10
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FIG. 4. (a) Elongated sawtooth at A = (4. - = singularity (zero) of order

0.2461---corresponding to the negative branching of the Case 2 singularities.
(b) Regular lattice of poles at A = 0. For x{¢ ) the order is identically zero, for
ye)—2.

soultions are single sheeted.

For A in the range — « <4 < — 1 some quite compli-
cated structures appear but we do not find any natural
boundaries. For example, at A = — 6 we find a “boxing
glove” like structure (see Fig. 8) and surprisingly, despite its
labyrinthine complexity, it is possible to work one’s way
through it arbitrarily deep into the complex plane. Finally,
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FIG.5.(a)Atd = —} rowsof singularities [order (1 — v/7)/2]. Dotted line

indicates positions of singularities as integrator approaches from right and

full line for approach from left. (b) At A = — } regular lattice of triads of
poles, all of order — 1.
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FIG. 6. (a) At A = — | sawteeth of singularities now of order — 2. The

pattern repeats with remarkable regularity. (b} Secondary and tertiary saw-
teeth emanating from side of the left-hand sawtooth in (a). The system of
these connecting tunnels lies on same sheet. Arrows mark paths of
integration.

at A = — o we find an infinitely deep tunnel-like structure
similar to that found at A = + .

Our results suggest that the overall changes in the ana-
lytic structure can be divided into four main ranges:

()0 <A< + o« natural boundary present,

(ii) —3<A<0 no natural boundary present,

(i) —3 <A< —} natural boundary present,

(iv) — 0 <4< —3 nonatural boundary present,
although ranges (iii) and (iv) have not been investigated in
any detail.

To conclude we note the results of a number of tests (by
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FIG. 7. At A = — | regular lattice of doublets of poles of order — 2.
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FIG. 8. A = — 6 showing complicated “‘boxing glove” structure of singu-

larities. Arrows indicate paths of integration.

no means complete) that were made of the effect of changes
in initial conditions and energy on the various structures
described above. Changes in the former (at a given energy)
tended to twist or tilt the structures slightly, and increases in
the latter tended, overall, to bring them slightly closer to the
real axis. In general, however, the basic geometry of the
structures is unchanged.
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APPENDIX: GENERALIZED PAINLEVE PROPERTY
We consider Henon-Heiles systems of the form
H=|p +p, +4x* + By*) + Dx’y — (C/3)?, (A1)
with the equations of motion
X = — Ax — 2Dxy,
(A2)
j= — By — Dx*+ Gy~
Inthe parameterrange — § <A <04 = D /C)the Case 2 sin-
gularities, with leading order behavior
x=ar® a=}—}1—481)"%
y=>bt7?
have resonances at
r=—1,0,(1 —481)"%6,

which defines a four-parameter form of the solution. On the
other hand, the Case 1 singularities can define, at most, a
three-parameter solution.

We find that for

A= -4
the Case 2 leading order
a= -}
and resonances
r=—-10,2,6.

By requiring that
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B =164

the expansions at the Case 2 singularities are found to be

x(t)=¢""2 > a;t’,

j=0
wiy=172 3 bt
i=0
where

J q; b;

0 7 -1

1 0 0

2 g —A/2
3 — /18 u/12
4 (/542 —14°
5 — 6 /18 16 /3
6 | Au/108 —2uy) | o

and u, 6, Y are arbitrary. In terms of the variable 7 = r ' /2 the
above expansion are Painlevé. For the Case 1 singularities we
find that

0 7
. [
1.8 T T — T T T

FIG. 9. Surface-of-section of Henon—Heiles system withD =1, C = — 16,
A=1,B=16at (a) E = 1 and (b) E = § (dissociation). Outermost circle
denotes phase space boundary. In the outermost regions we found smooth,
densely packed, banana shaped curves. There were no discernable regions of
chaotic motion.
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FIG. 10. Surface-of-section of Henon—Heiles system with D = 5,
C= — 16,4 =5, B= 16 at E = {(dissociation). By contrast with Fig. 9(b)

there are large regions of chaotic motion.

x=~ + 3i(14)"/% 2,
y~ —3t7?
with resonances

r=—1, 6 3+11/36l

Suprisingly, this branch is also of the Painlevé form (albeit
three-parameter). We have studied the surfaces-of-section
{see Fig. 9) and these show only smooth invariant curves,
right up to the dissociation threshold (E = 4). The singularity
structure of the solutions is always that of a regular lattice.
These results are strongly indicative of an integrable system.
(We add that surfaces-of-section for other A values around
A = — [ were also very smooth.)

These results for L = — [ clearly suggest that there
may be many other integrable cases (for A <0). Thus, in the
range — } <A <0, any 4 value for which

(1—484)"%=n/m, (A3)
where n and m are (relatively prime) integers, may yield a
four-parameter Painlevé solution in the variable 7 = ¢ '/>".
However, each case must be checked for logarithmic terms.
Thus, for example, A = &, which satisfies (A3), is found not
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to be Painlevé. A surface-of-section at the dissociation
threshold (also E = ¢ when 4 = 5, B = 16) shows wide-
spread chaos for this case (see Fig. 10).

In the range — #$ <A < — } for which only the Case 1
singularities yield (real) four-parameter solutions, there is
also the possibility of Painlevé solutions for those A values
satisfying

(1 —24(1 + 1/A)> = n/m. (Ad)

One possible candidate is A = — 3. However, direct calcula-
tion reveals that this is also not Painlevé. A systematic study
of all the cases satisfying (A3) and (A4) is currently in
progress.

Note added in proof: We have recently learned that L. S.
Hall (Lawrence Livermore Laboratory, Preprint UCID-
18980, 1982) has found, by another method, the second inte-
gral of motion for the case A = — L.
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In order to discuss the statistical mechanics and to prove an H-theorem for two-dimensional,
nonspherical bodies, which possess only a symmetry axis, the mechanics of collisions of such
bodies are investigated in detail, starting from the collision formulae of D. Bernoulli and Euler.

PACS numbers: 03.20. + i, 46.30.Cn

1. INTRODUCTION
A. Introductory remark

The present work is concerned with two-dimensional
rigid bodies. Rigid means that all inner (elastic) degrees of
freedom are neglected; thus its motion can still be formulat-
ed in terms of ordinary differential equations. In two dimen-
sions, the essential new feature of the collision problem for
asymmetric bodies, namely transfer of angular momentum,
is present, but without some of the technical complications
that occur in three dimensions (tensor instead of a scalar
moment of inertia, pseudovector instead of a pseudoscalar
angular velocity). Therefore, all theorems are formulated
here for two dimensions; a three-dimensional treatment will
follow.

B. Outline of the paper

In a previous publication,' one of the authors (D.S.) re-
called a classical equation describing binary collisions of
two-dimensional rigid bodies due to Daniel Bernoulli and
Euler (1737); here we present a modern derivation of these
equations. Apart from their interest and their use as classical
models for nonspherical molecules, these collision equations
can be used for the statistical mechanics of large systems of
such bodies.? In three dimensions, such problems were large-
ly discussed in the classical treatises of Boltzmann® and Tol-
man®; however, the derivation of the collision equations is
generally shunted.

For this reason, and because it has not been published
yet for two-dimensional bodies, we present in Secs. II-IV a
derivation of the collision equations. In Sec. II, the main
properties of two-dimensional rigid bodies are presented.
Section III complements it by expliciting the geometrical
notions needed to describe a binary collision: On the one
hand, the full description is given by the constellation of the
collision; on the other hand, the relevant dynamical param-
eters are the impact parameters. The dynamics of a binary
collision will not be discussed in the present paper, but the
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kinematics are presented in Sec. IV, in which the collision
equations are derived (from hypotheses which make the no-
tion “‘rigid” explicit); a compact description is given in terms
of the Eulerian collision matrix, whose properties will be
discussed.

One of the crucial problems of kinetic theory as well as
of collision dynamics is, of course, reversibility. In the pre-
sent framework, one must ask whether any given collision
(which causes a change of state of two bodies) may be com-
pensated by some other collision. Lorentz® noticed that com-
pensating collisions do not always exist for bodies of arbi-
trary shapes. Though Lorentz’s argument closely parallels
Euler’s methods, it seems that he did not carry it through.
However, Tolman shows that, under some symmetry as-
sumptions on the shapes, compensating collisions do exist in
three dimensions.

In the framework of quantum mechanics, a similar
problem was treated by Stiickelberg® and Heitler,” who re-
lated the problem of reversibility (and of compensating colli-
sions) to the unitarity of the scattering matrix.

In the present work, a general discussion of the problem
of compensating collisions is given in terms of the impact
parameters {instead of the constellations themselves} in Sec.
V. In Sec. VI, a sufficient condition for the existence of com-
pensating collisions is derived for bodies with a reflection
symmetry (i.e., an axis symmetry).

The paper ends with some remarks about questions
which remain open.

C. Remarks on the notation: scalars, vectors, and
pseudoscalars

A scalar is denoted by an italic letter: v

A vector is denoted by a boldface roman letter: v
The modulus of vector v is v=|v| = (v+v)'/?

The scalar product of two vectors v and b is: v-b
A pseudoscalar is denoted by a script letter:

é,,€, are two orthogonal unit vectors (in clockwise
order)

€ is the pseudoscalar unity
X denotes the external product:

E€=28,Xé = —éX¢é,
é|=é2><é= —éXéz,
b, =€XE, = —é,X¢E
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This external product defines a clockwise orientation of the
plane.

Il. THE ISOLATED TWO-DIMENSIONAL RIGID BODY
A. Geometry

A two-dimensional rigid body is, with respect to colli-
sions, completely specified by:

—its shape, i.e., its boundary, which may be given as a
closed curve in the plane,

—the location of its center of mass (c.m.), which is arbi-
trary within the boundary,

—its mass m,

—its moment of inertia around the c.m., 8, or alternati-
vely its radius of gyration g=(8 /m)'/2.

Whereas the shape is a purely geometric quantity, the
location of the ¢.m. depends on the mass distribution inside
the body. This mass distribution, however, enters into the
formula that describes the collision process only through m
and @. It is convenient to describe the boundary of the body
with the help of polar, body-fixed coordinates (r,¥), the ori-
gin of which is located at the c.m. The reference direction
{¥ = 0) will be fixed later. In this section it remains arbitrary.

Let the boundary be given by a relation r = (). In
what follows we assume that

(1) the body is convex;

{2) the boundary is sufficiently smooth, i.e., twice con-
tinuously differentiable.

The first condition implies that the function 7 = r(¢)is a
univalued, positive function. Because of the second condi-
tion, the curvature exists and is a continuous function of y:

k= K(i) = —rr" +2r'2+r2’

(rr + AP
where the prime denotes derivation with respect to 1. The
body is convex if

k>0 (2.2a)

(2.1)

ie.,

rr’ —r2<rt + (2.2b)

If the inequality holds strictly, we shall call the body strictly
convex; we shall restrict ourselves to this special case.

A boundary point Q then is parametrized by the angle ¢
or, what amounts to the same, by the length of the segment of
the boundary, such that

1Q(0)] =0, (2.3a)

Q)] = ff'(zm d, 2.3b)
with

U= + )" (2.4)
The total length is

L =1[Q2m)]. (2.5)

In the following, we shall simply write / () instead of
1[Q ()] and all equalities referring to / will be understood
“modulo L ”* (just like all equalities referring to ¢ are under-
stood modulo 27).
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B. Impact parameters
If the body is hit at a point Q (¢}, the impact vector b is
given by

b =p4, (2.6)
and the lever scalar 3 by
Bl)=rr/l", (2.7)

where 4 is the unit vector directed along the tangent to the
boundary at Q (¢) (followed anticlockwise). If one defines an
inward normal unit vector # at point Q, one finds

U =AXE,
é= XA, (2.8)
A=éXd.

Obviously, for a convex body, @ and # are uniquely deter-
mined by Q (or Y or /), and conversely (see Fig. 1). Similarly, b
and f3 are uniquely determined by @ (or ¢ or !}, but the con-
verse does not hold.

Definition 1: Let Q, be a boundary point; consider the
set B, of all boundary points Q, such that

b, =b,.
Hence

B, =0, B (2.9)
with

o =41

and we define two subsets of B,
if o, = + 1: Q, is said to be equivalent to Q,,
ifo, = — 1: Q, is said to be antiequivalent to Q,.
Obviously, in both cases,
b, X7, = o,b, X#,. (2.10)
Definition 2: A point Q is called indifferent if 6 (Q ) = 0.

Obviously, if Q, and Q, are equivalent and antiequivalent,
they are indifferent.

C. State of a body
The kinematical state of a rigid body is determined by
four parameters:

(F)

(A)

(G)

FIG. 1. Description of a rigid body: (G} reference axis in the plane (¢ = 0},
(A) body-fixed axis (¢ = 0), (F) boundary of the body.
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—the location of the c.m., given by a vector x in the
plane;

—the direction of the bodyfixed reference axis (¥ = 0);
it will be given by the angle ¢ between the body-fixed axis
and the space-fixed x axis;

—the velocity of its c.m.: v=x

—its angular velocity around the c.m.: =¢

The position x and the velocity v are vectors. The direc-
tion ¢ (the difference of two direction parameters) and the
angular velocity w are pseudoscalars. Any point on the
boundary has a location in the plane given by

Q#) = x + r(y),

where

(2.11)

Ir|=r¥), argr=y¢+¢.
We shall denote the state of a body by S:

S=(x,¢,v,w).
Obviously, the state is a function of time: S = §(¢ ).
The canonical momenta are
(2.12a)
(2.12b)
(2.12¢)

the linear momentum p=myv,
the intrinsic momentum s=6w,
the angular momentum =4 + xXp.
For a body in a force field F and a torque field .#:
dp=F,
ds=4.
The following notations will be used:
X =(x¢)
vV = (v,0)
P=(p3)
y =4 v.0)
Finally, we introduce the kinetic energy
1 1

E=—p"4+ — 3 =im* + 160>
amt 1 g T e

(2.13a)
(2.13b)

“complete location,”
“complete velocity,”
“complete momentum,”

““abstract location.”

(2.14)

lil. GEOMETRY FOR A BINARY COLLISION
A. Description of a collision

Consider two rigid bodies 1 and 2 in states $;” and S~
attime ¢ < ¢,; the two bodies need not be identical. Moreover,
we neglect the influence of any “external fields” of force and
moment in some interval including the time of the collision
to: In this interval, the bodies are free, except for collisions;
we always refer to times in this interval. We shall write down
a collision in the obvious notation

S +S8;7 — S} +S;.

t=1,

(3.1a)

If a collision occurs, x and ¢ vary continuously, while v
and o jump. These jumps can be described by vector-valued
step functions. The complete locations of both bodies are
therefore well defined at the time of the collision. If we call
them X} (/ = 1,2), their evolution X, before and after the
collision may be written as:

541 J. Math. Phys., Vol. 23, No. 4, April 1982

before the collision (¢ < 2,),

X7 =X+ V,(t— 1) (3.1b)
after the collision (¢ > #,),
X =X0+ V=1 (3.1¢)

Equations (3.1) express the hypothesis of instantaneous colli-
sions. Therefore, a proper description of the bodies at instant
t,, the only one at which they interact, is crucial.

B. Constellations

The relative position of two colliding rigid bodies (1 and
2)is given by standard variables (x,,¢,) and (x,,é,). At time ¢,
the bodies have one single common boundary point Q, where
the impact occurs; we distinguish between Q, (the boundary
point on body 1), Q, {on body 2}, and @ {the point of the plane
which coincide with Q, and Q, at time #,). Knowing @, is
equivalent to knowing the angle ¢, (see Sec. II B) provided
also ¢, is known; if one knows the shape of the bodies, it is
easy to derive from Q, ¥,, and ¢, the location x, of the c.m.

Moreover, since the boundaries are continuously differ-
entiable, they have a common tangent at the impact point:

A/,

As the bodies are on opposite sides of the tangent,

A +A,=0 (3.2a)
hence

4, +4,=0. (3.2b)

Since the normal vector A; and the direction parameter
¥, fix the boundary point Q; completely, the geometry of the
collision can be completely reconstructed from the following
data:

—the location of the impact in the plane: Q

—the relative positions of the bodies, i.e., the constella-
tion (¢,,62,Q,).

Since the constellation is defined at the time of the im-
pact, it is called (after Boltzmann,? Sec. 79) the critical con-
stellation. Because of its role for the description of collision
(3.1), we shall indicate it in the collision formula through the
symbol Q, (or /,):

Q)
S” +S, — S} +8S;. (3.3)

1=t
C. Impact parameters

From the critical constellation (¢,,¢,, [}, it is easy to
derive the impact parameters for each body; they are the
vectors b, and b,. However, since the bodies are tangent to
each other, there are only three independent impact
parameters:

—two scalars 8, and §,,

—one unit vector 7, (or A,, e.g.).

Four possible relations between constellations are use-
ful for what follows.

Definition 3: Two constellations (¢ ¥,6 %, ) (k = 4,B)
are called:

—congruent if B#=8% (i=1,22),

—anticongruentif A= —B? (i=1,2),

—equivalentif B¢ =87 and A'=A? (i=1,2),
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—antiequivalentif S7= —B7? and
A= — P (i=12)

This classification parallels Tolman’s classification of
constellations; however, Boltzmann and Tolman take as
fundamental parameters the relative positions of the bodies,
whereas we relate the classification to the more relevant im-
pact parameters. Therefore, we shall not retain their
vocabulary.

As for boundary points, we notice that the existence of
constellations anticongruent to a given one is not granted in
general (that is, for bodies of arbitrary shape). In fact, it does
not exist in general. In Sec. VI we shall derive a sufficient
condition with respect to the shapes of two bodies which
guarantees the existence of an anticongruent constellation
whatever the direct constellation.

Proposition 1: Given a constellation (¢,,¢,, /,) and an
arbitrary angle ¢, the constellation (¢, + @,8, + @, /1) is
congruent to (¢ ,é,, /).

Proof: Obvious; this is nothing but rotational
invariance!

Corollary: One may associate an infinite one-parameter
family of mutually congruent constellations (¢ ¢, , /)
with any given constellation (¢,,4,, /,); this family will be
indexed by one angle parameter.

Furthermore

di; =dl,

d¢ L =d¢|’ d¢ 7 :d¢2- (3-4)

IV. THE COLLISION EQUATIONS

The collision equations, relating the incoming and out-
going states of two bodies can be derived in various ways.
The problem of their derivation may be stated as follows:

(1) The incoming (as well as the outgoing) state is given
by six dynamical variables: the two vectors (p,,p,) and the
two pseudoscalars ( ., 42}

{2) There are four conservation laws, valid for free
system:

—one vector (p, + p,)s

—one pseudoscalar (/| + /),

—one scalar (E, + E,).

Therefore, one must find two more relations for connecting
incoming and outgoing states in order to have a complete
description of the collision. But it is known that the outgoing
momenta (p,,p,) depend also on the constellation, which is
characterized by the impact parameters; thus collision for-
mulae must provide relations between incoming and outgo-
ing momenta, in which the impact parameters enter
explicitly.

Such relations always rest on the hypotheses through
which the physical {(mechanical) notion of “rigid body” is
formulated. Several derivations have been proposed (see Ref.
1b for a discussion); the following one seems the shortest
since all (including the constitutive) hypotheses are formu-
lated with the help of the momenta.

A. The collision equations for momenta
Consider a collision
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Ql
S +S; —» S +S,". (4.1

=ty

Since we exclude the action of external forces, external
moments, and nonkinetic degrees of freedom, the conserva-
tion laws read

Pt =p +p,, 4.2)
21 X XPy +s; +X,Xpy

=47 +x,Xp;" + 4" + X, Xp;, (4.3)
E. +E, =E{" +E;. (4.4)

Of course, the mass m and the moment of inertia 8, as well as
the shape of each body is the same before and after the colli-
sion; we say that the collision does not alter the bodies.

Our additional collision equations include the impact
parameters. We suppose that:

(1) The component of the linear momentum of body 1
parallel to the tangent vector 4, is not changed by the
collision:

Py d, =p 4, (4.5)

(2) The angular momentum of body 1 around the im-
pact point is not changed by the collision:

s =0 Xp; =3 —r, Xp,. (4.6)
Using (4.5), we may write (4.6) as
41 —bXp; =5 —b,Xp/", (4.7)

or .
s =Bip A= —BipA

Notice that (4.5)—(4.7) too have the form of conservation

equations

f(sik) =f(si+ )-

Relations (4.2)—(4.6) form a system of six equations for
six unknown quantities (p,*, s,* ). Equation (4.4) is quadrat-
ic, while all other equations are linear; one easily verifies that
the linear system is not degenerate, and especially that (4.4)is
not redundant. Therefore, at most two sets of states $?*' can
be solutions:

(a) the set 8" = 8,7, in which case there occurs no
collision at all;

(b) the set 8 = 8§+ #8,7, in which case there is a
collision.

The explicit calculation of S;* is easy:

(1) From (4.2) and (4.5) follows

P, i, =p; i, (4.8)

(2) Taking in (4.3) Q as the origin and using (4.6), we find
also

S35 —EXPys =55 —1L,Xp;. {4.9)

(3) With the help of (4.5)—(4.9) and (4.2), the energy
equation (4.4) becomes

1 -2 1 +32
—_ = — , 4.10
D (Pe) 5D (PE) (4.10)
where D is the “impact mass”
11 1 by b3
LU NN T AR BN (4.11)
D m, m, 6, 0,
and the Euler momentum
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pe=Dug, (4.12)
vp=(v, + b X @), + (v, + by X @), {4.13)

The scalar vy, the “Euler velocity,” is the normal rela-
tive velocity of the impact points Q, and @,. We notice that

before the impact (£ < #,),

vg <0, (4.14a)
after the impact (£ > ¢,),

vg >0 (4.14b)
because the bodies repell each other.

Using (4.14) and Egs. (4.10)-(4.13), we find

pe = —pe- (4.15)

This equation (Euler, 1737) is the only one in the section
expressing that the collision changed the states of the bodies;
for case (a) we would find simply

out ___

Pe = —pg -
Simple algebra then leads from (4.15) to the following
equations:

P =P — 25 A, (4.16a)

s =47 —2pg Bié. (4.16b)
One sees that pg is half the impulse transmitted by the im-
pact, and that the lever directly influences the changes in
linear and angular momentum,

8 4. =b; X5p;, (4.17)
with the notation
A=A —A[. (4.18)

Thus, the final states (8;7,S," ) are entirely determined by
the initial states (S, ,8, ) and the impact parameters (b,,b,).

B. The collision equations for velocities

Although the momenta are the canonical variables for
describing a binary collision, we shall often use the velocities
of the bodies. Therefore we express Egs. {4.16} in terms of
velocities:

v =v. —2(D/m)c A,

o = —2AD/6,s B

(4.19a)
(4.19b)

C. The collision matrix

With the help of the (formal) Euler collision matrix Cg,
which operates on the “complete velocities,” Egs. (4.19) may
be written as

n _
1 1
= ) 4.20
Cz*) C Cz) 1420
Here
Ce=I+ €, [= unit matrix, (4.21a)
(4 -
& E( " ’2), (4.21b)
£ - %21 %22
—2{D/m;)N —2D/m;}b, X
L= , (4.21c)
7 \2(D/6)b; X —2(D/6:)B; B;

where N is the projector onto the collision axis
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Nv=7A,A,v). {4.22)
This matrix is involutive,
Ci=1I (4.23)

Therefore, it has an inverse. Furthermore, it has negative
determinant:

detC = — 1. (4.24)

It follows that the equations expressing S~ in terms of §*
are of the same form.

Finally, diagonalization shows that Cg (resp. ¥ ) has
eigenvalues + 1 (resp.0)fivefoldand — 1 (resp. — 2)singly;
vg is the “eigenvector” associated with the latter. This corre-
sponds exactly to the series of hypotheses (4.2)-(4.6) together
with (4.15).

D. Collision matrix and impact parameters

Since the impact parameters enter the collision equa-
tions (4.20) only through the collision matrix, one may ask
whether this matrix fixes the impact parameters completely.
The answer is provided by the solution of the equation:

Ci=c? (4.25)

with respect to 8 ? and A%, if ¢ and #/ are known. From
(4.21) follows

DAN*=DEN®
or
N®=(D*/D®N*.

Since N and N ? are projectors, this implies

D*=D?2 (4.26a)

N4=N?E {4.26Db)
and, since 7, is a unit vector, (4.26b) becomes

At=0oR?, o= +1. (4.27a)
From (4.21c) and (4.26a) follows

b/ = b7, (4.27b)
whence

Bi=oB?. (4.27¢)
This establishes

Proposition 2: Two collision matrices C# and C£ are
equal if and only if they refer to constellations either equiv-
alent or antiequivalent.

This property will be essential in the next section.

V. COMPENSATING COLLISIONS
A. Requirements and definitions

Consider a collision (called in the following the direct
collision)

‘In)'
S +S, —-S' +8S,". {5.1)

We may view this collision as a process responsible for a
displacement of two bodies in the space of states from states
S, tostates S;* . One may then look for collisions which
compensate this “flow,” either directly or by a cycle. We
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shall restrict ourselves to the first case and call the possible
candidates “‘compensating collisions.”
Let us first try collisions of the form

St +8,7-8 +8,, (5.2)
with some convenient impact points Q' ;, Q5. Such colli-
sions, if they exist, will be called converse to the direct colli-
sion under consideration.

We now ask: Given a direct collision, does there exist a
converse collision? The answer is never. Given 8;* and S,",

the constellation of the collision is completely determined,
and one has

vg =vg >0.

This makes an impact impossible [see relation (4.14)]. Be-
cause of this contradiction, we must weaken our require-
ments and define the inverse collision of (5.1) as

L

Yy Y oy 4y, (5.3)
or
[C- -2
Vi +V,r — V74V,

Since we neglect the effects of all external fields on a colli-
sion, we need not specify where the collision occurs (in the
vicinity of x9,x3). For definiteness we shall suppose that the
impact point Q * (in the plane) coincides with Q. Given a
direct collision between two discs, an inverse collision does
always exist; indeed, because there is no angular momentum
transfer, we need substitute only

viT=v}r, v;T =v,.

In this degenerate case, ¢, and ¢, are irrelevant (see Fig.
2). But for bodies of arbitrary shape, this is not always possi-
ble.® As an example, consider a wedge at rest into which a
disc collides (Fig. 3). One sees that no impact point is avail-
able to stop the wedge without deviating the disc or setting

a @_,

©

o (2 @
=

FIG. 2. Colliding rigid discs: (a) direct collision, incoming states, (b} direct
collision, outgoing states, (c) inverse collision, incoming states, (d) inverse
collision, outgoing states.

(

o
-
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{a) @——9 2

0 Pl -®

(d)

FIG. 3. Colliding arbitrary rigid bodies: (a) direct collision, incoming states,
(b) direct collision, outgoing states, (c) incoming states for a presumed in-
verse collision, (d) outgoing states for the collision from (c).

the wedge into rotation: condition (5.3} cannot be fulfilled
because of Eq. (4.17).

Therefore, we weaken our requirement further and de-
mand a reciprocal collision of (5.1) only:

(Gre2 1)

Vr+V;i —» V7 4V, (5.4)
without any requirement as to the new constellation. This
weakening is consistent since it does not affect the essential
properties:

(6p:) = — (6p)", (5.5a)

(Ba)ec= —(5s)" (5.5b)
Definition (5.4) is the most general one compatible with (5.5).

An inverse collision is obviously also reciprocal; and
clearly, (5.1) is also converse to (5.2), inverse to (5.3), and
reciprocal to (5.4). Of course, none of these collisions are the
time reversal of each other!

We shall now give a necessary and sufficient condition
for the existence of a reciprocal collision to any given one.

B. Existence condition for a reciprocal collision

The direct collision (5.1) is described by Eqgs. (4.19). The
reciprocal collision (5.4) is described by similar equations, in
which superscripts + and — have been interchanged. It
follows from (4.20) and (4.23) that the reciprocal collision is
characterized by the same matrix Cg as the direct collision.
Therefore,

3?‘=U i

A¥ = oA,

(5.6a)
(5.6b)

with ¢ = + 1. From this result and from definition (4.13),
we derive
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vET =ovg .
In accordance with (3.4), we require vg” >0, vz <0. Hence

o= —1. (5.6¢)

Thus we have proved
Theorem 1: Two collisions

Vi + VSV + Vi
and

VE™ 4+ VF SVEY 4 VET
are reciprocal to each other if and only if

(HVF =V andV;" =V¥—,

(2) their constellations are antiequivalent.

Since condition (5.6b) may always be satisfied by a prop-
er choice of the bodies’ orientations ¢,, the existence of a
reciprocal collision depends only upon the existence of an
antiequivalent constellation. In general, this condition can-
not be fulfilled for bodies of arbitrary shape; in Sec. VI, we
shall derive a sufficient condition for the existence of an an-
tiequivalent point to each boundary point and thus for the
existence of a reciprocal collision.

VI. SYMMETRIC BODIES
A. Geometry of one body

From now on, we shall impose a further restriction on
the bodies: we shall demand that they possess a symmetry
axis. That is,

(1) Under reflection in this axis, the boundary goes over
into itself. We shall call such a body geomerrically symmet-
ric. Notice that in general such a body does not possess a
symmetry center: in two dimensions, rotational symmetry of
order 2 already insures the existence of such a center (and
conversely); nor would such a symmetry help matters.

(2) We demand that the c.m. be on the symmetry axis;
such a body will be called mechanically symmetric, or, for
short, symmetric. For symmetric bodies, 1 will always be
measured from the symmetry axis.

Proposition 3: If a body B is symmetric, the two bound-
ary points Q (1) and Q( — ) are antiequivalent.

Proof: r(yf) is an even function of ¢f.

Corollary 1. If B is symmetric, the boundary points Q (0)
and Q () are indifferent.

Note:

—A body may have more than two indifferent points;

—Consider the class of all equivalent points; a point
antiequivalent to one of them is antiequivalent to all of them;
thus we may speak of the class of points antiequivalent to a
class. There follows:

Corollary 2: If B is symmetric, the number of points in
both classes is the same.

B. Two-body constellations

Consider a constellation (¢,,4,, /,) of two arbitrary sym-
metrical bodies (Fig. 4), together with the constellation that
results from a (mirror) reflection in an arbitrary axis with
direction ¢, passing through the impact point Q. We shall
denote by a superscript M all quantities referring to this im-
age. Thus
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FIG. 4. Coliision of two symmetric bodies: (N) collision axis, (Q) impact
point.

oM=0.
Obviously,
‘/’:M= —t; and Bfw= —B;.

This means that the mirror constellation is anticongruent to
the direct one. Furthermore,

¢ =26 — ¢,

since by construction ¢ 5! = @,. This implies for the
differentials

d¢M= —d¢, diM= —di,.

The result is summed up by:

Theorem 2: For each constellation (¢,,4,, /,) of two
symmetrical bodies, there exists an infinite class of anticon-
gruent constellations (¢ ¥,¢ ¥, [ ¥).

These constellations form a one-parameter family.
Furthermore,

dit= —dl, d¢t= —dé,, dp%= —dg,

Moreover, among the anticongruent constellations,
there is one and only one antiequivalent to the direct
constellation.

Corollary 1: For each constellation (¢,,8,, /,) of two
symmetrical bodies, the class of anticongruent constella-
tions (¢ ¥,4 ¥, /) has the same range as the class of congru-
ent constellations (¢ ~,¢,, /).

Proof: Compare with the Corollary of Proposition 1
[Egs. {3.9)].

Corollary 2: The same relation holds when “congruent”
is replaced by “equivalent” and “‘anticongruent” by
“antiequivalent.”

Vil. PROSPECTIVE REMARKS

The properties established in the present paper suffice
for a number of purposes, but the theory is not yet complete.
A first question arises from the consideration of the conser-
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vation equation {4.2)—(4.6): Are the summational invariants
of these binary collisions always linear combinations of the
conserved quantities? There are reasons to believe so, but we
have not yet completed a rigorous proof.

On the other hand, the sufficient condition presented in
Sec. VII is not necessary. A theorem, proved by one of us
(Y.E.), determines all possible conditions under which to
each boundary point corresponds an antiequivalent one; the
consequences of this theorem are under examination.

A more detailed discussion of the collision equation can
be found in a previous report by one of us.'
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An H-theorem is proved for a gas of two-dimensional rigid bodies which are not spherically

symmetric but possess only a symmetry axis.
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I. INTRODUCTION
A. Introductory remarks

In a previous preprint,' a kinetic equation for two-di-
mensional noncircular rigid bodies was proposed. The pur-
pose of this paper is to present an alternative derivation of
this equation and to show that, under suitable restrictions,
an H-theorem can be derived from the kinetic equation,
without using the ergodic theory. But these restrictions do
not affect the derivation of hydrodynamics.

All notions associated with binary collisions, which are
needed in this article, were presented in the first paper of this
series,? hereafter referred to as I. The notations, too, are the
same as in I, and formulae from I will be referred to in the
form (1.1.3).

B. Nature of the problem and aim of this paper

Attempts to generalize Boltzmann’s equation to bodies
with internal degrees of freedom have encountered a difficul-
ty formulated first by Lorentz.? Lorentz noticed that the
shape of a rigid body may be such that, in general, for a given
collision

(v 00 vy 0y v e (v 05h)
the “compensating collision”

(Vi 0, )vs" " )=V o0 (v, @y
does not exist. This argument may be circumvented by con-
sidering chains of collisions, which ultimately lead to the
recurrence of the initial pair of states. In general, one must
then use ergodic arguments. A detailed account of these
questions may be found in the classical treatises of Boltz-
mann* himself and of Tolman®; Grad,® too, considers the
hydrodynamics and the statistical mechanics of these sys-
tems.

In the framework of quantum mechanics, a similar
problem has been studied by Stiickelberg,” by Heitler,® and
recently by Yang and Yang.®

The present approach rests on classical collision equa-
tions for binary eccentric collisions, found independently in

“Boursier IRSIA.

®Postal address: Campus Plaine ULB C.P. 231, Boulevard du Triomphe,
B-1050 Bruxelles, Belgique.

“Postal address: Chemin du Cyclotron, 2, B-1348 Louvain-la-Neuve,
Belgique.
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1737 by D. Bernoulli and Euler; more details are given in I,
where references are quoted.

While completing this work, one of us (Y.E.) received a
series of articles from Curtiss,'® where a similar equation is
proposed and used in three dimensions. But Curtiss, as his
collision equation indicates, does not seem to know Euler’s
equations and theorem, which makes his argumentation less
transparent and convincing. Furthermore, Curtiss subjects
the bodies to the restriction of having a center of symmetry,
while neither the binary collision formulae nor the kinetic
equation need such an hypothesis. On the other hand, in two
dimensions, this hypothesis is not adequate for the deriva-
tion of a H-theorem.

Finally, we note that the kinetic theory of gases with
internal degrees of freedom has been the subject of many
studies since the fundamental work of Wang-Chang and
Uhlenbeck.'"'?

C. Outline of the paper

In Sec. 11, we introduce the one-body distribution func-
tion (Sec. IIA) and the corresponding Boltzmann equation
(Sec. IIB). In Sec. III follows the calculation of macroscopic
variables with a definition of moments (Sec. IIIA) and the
main forms of collision integrals (Secs. IIIB and IIIC).

In Sec. IV, we restrict ourselves to axially (i.e., reflec-
tion) symmetric bodies (defined in Sec. VI of I). Then the
symmetrization of collision integrals is carried out under
some (restrictive) symmetry hypothesis on the microscopic
variables (Secs. IVA, IVB, IVC). These symmetric collision
integrals yield a proof of the H-theorem (Sec. IVD), for
which one needs a distribution function that is an even func-
tion of the orientation of the body:

fix,d,v,o,t)=f(x, — &,v,0,1).
An appendix contains a remark about odd functions of ¢ and
their use for a possible A-theorem.

Il. BOLTZMANN EQUATION
A. Distribution function

Since the state of a body is completely determined by
the quantities x, v, ¢, w, we may consider a one-body distri-
bution function

f(s’t) =f(x,¢,v,a),t)
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and its time-evolution

df=0f+vo.f +wd,f+ (1/mFa.f +(1/6).48,f,

2.1)
where Fand .# are given external fields. In the following, we
shall often write £(S) instead of f{S, t).

B. Boitzmann equation

In the framework of a low density approximation, one
may look for an equation which describes the evolution of
the one-body distribution function, in the form

df (8 1) =TS, 1) — Lueee (8, £)2.2)

All approximations appear in the expressions for the
integrals I, . and I .., formed in terms of two one-body
distribution functions. Since the derivation of an H-theorem
as well as the identification of the hydrodynamic variables
require a number of symmetrizations, it is indicated to write
the collision integrals as symmetrically as possible. This will
be done with the help of a redundant state S and an addition-
al Dirac function.

The number of bodies leaving state 8 because of binary
collisions can be written as

lualSit) = [ [ [1187 185 1587 —8)

xK(S;, S5, 1,)dl,dS; dS; . (2.3)

Here, /, refers to the boundary point of body 1 hit by body 2;
/1S ) and 1S, ) indicate that the rate of decrease is propor-

lated); integration on S;~ and S;~ takes into account all pos-
sible collisions; 5 (8, — S) reflects the condition that one of
the bodies leaves state S; K(S,, S;, /,) is the kernel of the
collision operator:

K(s,S8;, h)=lvg|6(Q, — Q,) (2.4)
and depends on /, through v,.

Obviously,

K(S*,8;",1,)=K (8,8, ,1,). (2.5)
If we assume that

Sx:, ¥ 1 )=f(Q,;, Yist), (2.6)

L.e., that the characteristic lengths of variation for the one-
body dlstnbutlon function are much greater than the body’s
size,'’ the spatial integrations become trivial:

Jffrcscs

where 7 = f(x,y ,f).
In a “Stosszahlansatz”-like derivation, one may associ-
ate in (2.3):

A8 )al
A1, )lvg|  with the incoming flux.

Likewise, the number of bodies entering state S due to
binary colh'sions is

mcr (x Y’

[ffrr

This expression has the same status as (2.3) since the collision

Iy (x, ¥, )= - Y)|ve \dldy, dy; ,(2.7)

with the target,

—8)K (S, .S, 1)) dl,dS, " dS; .(2.8)

tional to the number of bodies in states $,~ and S, (uncorre- N matrix is invertible (see I, Sec. IVC). Hence

df(S.t)= f f ffrf; (887 — ) — 88 — S)IK (S .S, 1y) dl,dS1 dS;

- f [Jrir owi ~vi-ay

Because of the symmetry between 1 and 2, we may write

af =i [[rrrs 18w =y +8s —y) =8y —y)~ 80 ~y)livelatdy dys

. MACROSCOPIC VARIABLES
A. Moments

With any microscopic variable one may associate a
macroscopic variable by taking its average over all states.
Since all interactions are transmitted by contact {or possibly
short range) interactions, it is convenient to single out the
position dependence and write for any microscopic variable

A=Axy,t)
The macroscopic variable associated with 4 is the field
Ax, Y, t)f(x,y,t)dy, (3.1)

for which an evolution equation is readily derived from the
Boltzmann equation (4.9) and the evolution equation for

alx,t)=

Ax Y, 1)
da dA
2 - | fdy+cCe (3.2)
dt dt fay
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P = y)]IUE |dl,dy; dy; .

(2.9)
(2.10)
with the collision integral
€%, 1) = [Allyr = Loy, 33)
The most useful of these moments will be the number
density:
nx, t)=\|1fx,y, t\dy (3.4)
One may then define the averages
A1) = | drdy (3.5)
and the fluxes
JAx, I]EJA (v —u)fdy, (3.6

where u=(v) is the mean velocity.

In this paper, we are not interested in the evolution
equations themselves, and we shall not write them more ex-
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plicitly. We only note that (3.2) may be rewritten as
4 (nay —n(dAd)=c* (3.7)
dt

and focus our attention on the collision integral C°.

B. Collision integrals
We must calculate

Cco= f AL, — Lo)dy.

Inserting (2.9), we obtain

c=[[[rsrissriamisse -s)-ss7 -]

XK (8;7,8;,1,)dl,dSdS; . 3.8)
Provided that the approximation
Alx,y,t)=4(Q,Y,1) (3.9)
holds, this relation may be written as
= [[[resrsapelaayrays,  pao)
where
AF=A(S]"), etc.
(3.11)
SA=A"F —A .
Relabeling 122, we also have
Co= J-J.J.fl_fz_ 84,|vg |dl\dy  dy;”
and, taking half the sum of the two expressions,
co=if[[rrrraapeinayrays, o)
where 44 is the collisional balance
AA=—A|+ +A2+ _Al_ '—A2_=8A|+6A2- (3.13)

If A4 = 0, we say that A is a summational invariant of the
collision. In this case, one has: C* = 0. Hence, the principal
hydrodynamic variables, namely the macroscopic averages
of the collisional summational invariants, obey simple differ-
ential equations. But, for the nonhydrodynamic modes,
there remains a special collisional source.

C. Other formulations
From (3.10) we derive also

¢ = [[[risias iy ay;
~[[[rirsa velanay;ays
= [[[rirea velanay;ay;
—[[[riesras welanayirays
= [[[uriss —rereas welanay;ay;

=if[[urirs ~rirrwas +a i oeldiaycay;.

(3.14)
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Note that in general one is not allowed to symmetrize further
by combining (3.14)with{4d = + A4, W f; —fif; )un-
der the same integral, because there is no symmetry in the
integrand between S;* and S, and because time-reversal
invariance is of no use here.

For proving an H-theorem with the use of only two
(mutually) compensating collisions, one needs rather colli-
sion integrals of the form

Hﬁffz ~FFNA, + A — 2, — Ay |dldy,dy,,
(3.15)

where the symbol ~indicates an operation on the states.

In order to carry through such an operation we shall make
use of two additional restrictive assumptions, which we shall
prove to be also sufficient. However, no such requirement is
needed for Boltzmann’s general proof of the H-theorem,
which considers cycles of associated collisions but uses the
ergodic theorem.

IV. SYMMETRICAL BODIES

In this section, as in Sec. VI of I, we apply the theory of
the preceding sections to symmetric bodies. These bodies are
defined as having a boundary symmetric under reflection in
some mirror axis which passes through the center of mass.
Asindicated in I, we measure all angles ¢ on a body’s bound-
ary from its symmetry axis.

A. General considerations
Consider the collision integral (3.10):
co=[[[ur —arisisselanayay; . @y

With each constellation (¢,, #,, /,) we shall now associate an
anticongruent constellation (¢ ¥, ¢ ¥, / ¥). This association
will be bijective, as suggested by the Corollaries of Theorem
1.2, but there remains some ambiguity due to the free choice
of the angle ¢, for the mirror axis of Eq. (1.6.2). However, in
all cases we have, according to the theorem

C,,=” M3+ —AT)f2f3 |vgldltdyt ~dys -

= [ [t —az1rr=r1-oslatayiayi. w2)
Taking half the sum of (4.1) and (4.2), we find

c«:;f”m AV AT =4t

X ft7f1 llogldldy;dy;, (4.3)
=[[[awrirs +aavrtrsome)
X dldy; dy; . (4.4)
Recall that
Q.=Q) ?=2¢0_¢i'
wo=v", wr=v, (4.5)
o =o', ot =@, .
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Two choices of anticongruent constellations are especially
useful:

(1) The mirror axis is fixed in the space and is chosen to
be the same for all constellations: this choice will be referred
to as uniform symmetrization; since the direction of the nor-
mal is not invariant under this mirror reflection, the constel-
lations related by (4.5) are generally only anticongruent rath-
er than antiequivalent.

(2) The mirror axis is chosen parallel to the common
tangent at the impact points in each constellation: this will be
referred to as constellational symmetrization; then the con-
stellations related by (4.5) are always antiequivalent.

Both possibilities will be pursued separately.

B. Uniform symmetrization

We use the mirror axis as the first coordinate axis in the
plane:

¢, =0. (4.6)

Then, under the additional (necessary) assumption

A, v, 0,t)=A(x, —~¢,V,0,1) (4.7)
together with (3.9), we have

A¥ =47, A¥t =4, (4.8)
thus, '

bA*= —64,, (4.9a)

AA* = — AA. (4.9b)

Obviously {4.7) is a severe restriction. Then (4.4) becomes

a:gm,‘ﬁm Cdrar

XAffo =/ fF Noeldldy, dy, . (4.10)
Thus we have established an expression of the requested type
(3.15), with the operator A acting on the states in a given
collision:

C. Constellational symmetrization

The integrals in (4.3) involve a sum over all constella-
tions. For any given direct collision we must relate 4 ¥ * to
A . This can be done in the form

At =A7, A¥ =4[
provided that
AX, v, 20—, 0,t) = AX,v,¢,0,1). 4.11)

The latter condition must be fulfilled for any constellation,
whatever the direction of the normal, 4, i.e., whatever the
direction of the mirror axis ¢,. This in turn requires that 4 be
independent of the orientation ¢:

dA /a4 = 0. (4.12)
If this last condition is satisfied, it is obvious that
A(—¢)=4(s)

This is the necessary and sufficient condition allowing uni-
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form symmetrization. It follows that constellational symme-
trization can be used under even stronger restrictions only.
Therefore, we shall discuss it together with uniform symme-
trization.

D. H-theorem using uniform symmetrization

A decisive feature of the classical Boltzmann equation
is the existence of functionals & of the distribution function
J/; whose collision integral C” is a semidefinite function of /.
The proof of this property rests essentially on the form (3.15)
of the collision integrals.

We have shown that a similar type of collision integral
may be formed for symmetrical bodies using the uniform
symmetrization hypothesis. Now we use expression (4.10)
for finding all H-functions such that

v, C*<0, (4.13)

o>HﬁHr CHY —H[ —HIVfrfy —f*ft)
X |vg |dldy | dy; .

This requires that (H¥~ + H¥ — H, —H, )bea
monotonic nonincreasing function of (f; f,” — f¥ f* ).
This is tantamount to demanding that (H |~ + H, )bea

monotonic (increasing) function of £ f,, hence that H |~
be a monotonic function of In £~ . An obvious simple choice
is

H =In(f/f,)

(with an arbitrary dimensional constant /), whence

cr=if[[uresi —rimrimmsi s s
X |vg |dl,dy dy; . (4.15)

But, according to (4.15) and (4.7), such a substitution re-
quires that

f(x,¢,v,a),t)=f(x, —¢,v,w,t).
The collision integrals may then be written
cr=if[[ur +ar —ai —arwris —riss)
X |vg |dl\dy " dyy 4.17)
Just as for hard discs!

(4.14)

(4.16)

E. Future work

The derivation of macroscopic equations from the
Boltzmann equation using the moments was outlined in Sec.
III. The determination of the hydrodynamic equations be-
comes then possible from the moments of the summational
invariants.

The equilibrium distribution too will be derived from
the summational invariants.
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APPENDIX: EVEN AND ODD FUNCTIONS

In the framework of uniform symmetrization, it is in-
teresting to consider also odd functions of the direction
parameter:

Ax,v, —d,0,t) = —A4AXV,¢, 0,t). (A1)
Then one has for a given collision

Ar~ = —A}, A = —A, (A2)

whence

C":gffj(Aﬁ +A; —A7 —4;)

< (fifo ¥ f¥ 7 )veldldydy,

- _%JJJJ(A T A7 +AT 44

X(fofs +fF f¥7)
X|vg d\dy,;~dy, . (A3)

One may again try to derive an H-theorem from (A3).
Using (A3) and the definite positivity of

fofa Y127,
the basic relation (4.13)
v, C’<0
goes over into the statement
H +H;y +HY +H¥ >0
(Ad)

Y collisions,
or Hf +Hf —H —H;<0

This relation depends on the balance of H only, and is inde-
pendent of the distribution functions f themselves. An H-
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theorem may be thus be derived only if one is able to find a
microscopic variable H whose total value (in a pair) always
decreases in a collision:

4HKO. (A5)

As this seems very artificial, it will not be discussed further.
One may notice the opposition between (A4) and the

usual derivations of H-theorem from “microscopic revers-

ibility” (which is paralleled by our H-theorem in Sec. IVD)
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It is shown there are only two classes of time-dependent Kepler potentials

[Va=Aolat? + bt +c)~ %/, (b? — 4ac#0), and V,=Aylat + )~ '/r] for which the associated
classical dynamical equations will admit quadratic first integrals more general than quadratic
functions of the angular momentum. In addition to the angular momentum the system defined
by ¥, admits only a “generalized time-dependent energy integral,” while the system defined by
¥V, admits in addition to these a time-dependent vector first integral that is a generalization of the
Laplace-Runge-Lenz vector constant of motion (associated with the time-independent Kepler
system). For the ¥, system the time-dependent vector first integral is employed to obtain in a
simple manner the orbit equations in completely integrated form. The complete group of
(velocity-independent) symmetry mappings is obtained for each of these two classes of dynamical
systems and used to show that the generalized energy integral is expressible as a Noether

constant of motion.

PACS numbers: 03.20. + i, 95.10.Ce, 41.70. + t

1. INTRODUCTION

We determine constants of the motion, symmetry map-
pings, and orbit equations for certain time-dependent central
force dynamical systems based upon Lagrangians'

L =16,%% + P(t)/r,

r=6,xx’,i,j=12,3, (1.1
with concomitant equations of motion
X4+ Px/r=0. (1.2)

Such dynamical equations arise in a time-dependent
Kepler system. The time-dependence for such a gravitation-
al problem could occur due to time variation in the gravita-
tional “constant” G, as suggested by Dirac,” or in a more
usual situation due to time variation in the mass, as would
occur in an accretion problem. Another possible physical
situation leading to these dynamical equations arises in a
Coulomb problem with variable charge.

We restrict ourselves to the determination of constants
of motion of the form

I=iM(x,t %7 + J,(x,0 )%

+K{x,t), M;=M, (1.3)
where it is noted that the coefficients are explicitly time de-
pendent. The form (1.3) includes the well-known angular
momentum linear first integrals

Ly=x'%’ — x'%', (1.4)
which of course are constants of motion of (1.2) for arbitrary
D(t)

For the time-independent case @ (t) = &P, = const the

dynamical system (1.2) admits the well-known Laplace—
Runge-Lenz vector constant of motion®
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Ay=®D; '(LXV)+1r/r, L=rXy,

v =dr/dt, (1.5)
and the energy integral

Ey=lv.v — Dy/r. (1.6)

It is to be noted that E, and the components of A, are also
special cases of (1.3).

Unless indicated otherwise in this paper we assume
throughout that @ (t) is not constant.

We shall consider two methods for obtaining constants
of motion of the type (1.3):

(i) Direct solution of the equation*

i=o. (1.7)

[As is well known, the orbits for all central force dyna-
mical systems are planar. Hence we obtain the solution of
(1.7) in two dimensions and show how to extend the results to
three dimensions.]

(ii) Techniques that require the determination of sym-
metry mappings of the dynamical systems of type (1.2). (For
the sake of generality, since no additional complications are
introduced, we treat this part of the problem in
dimensions.)

As a consequence of our analysis we find there are only
two @ (¢ ) functions, referred to as @,(¢ ) [Eq. (2.64)]) and P;,(¢)

[Eq. (2.66)], for which the respective dynamical systems (1.2)
will admit quadratic first integrals (1.3) more general than
quadratic functions of the angular momentum. We find for
both @, and @, the dynamical system (1.2) admits a scalar
quadratic first integral E [Eq. (2.86)]. In addition the dyna-
mical system based upon &, will admit a vector constant of
motion A (2.83) whose components are quadratic first inte-
grals of the form (1.3). These scalar and vector constants of
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motion are explicitly time dependent and may be regarded as
generalizations respectively of the energy E, (1.6} and La-
place-Runge-Lenz A, (1.5) constants of motion associated
with the time-independent Kepler problem.

The complete group of symmetries admitted by each of
the dynamical equations (1.2) [regarded as n-dimensional]
determined by @, and @, respectively, is obtained. These
symmetries are based upon infinitesimal (velocity indepen-
dent) mappings that are functions of x' and ¢. From this anal-
ysis it is shown that the above-mentioned scalar quadratic
first integrals for both the @, and @, cases can be formulated
as Noether constants of motion.

For the @, case the components of the vector constant
of motion A (2.83), mentioned above, are used to obtain in
explicit finite form the orbits in plane polar coordinates of
the dynamical equations (1.2). The orbits so obtained are
classified according to a “‘generalized eccentricity” in a man-
ner similar to that used in the usual time-independent Kepler
problem.

2. CONSTANTS OF MOTION BY DIRECT SOLUTION

We now proceed with the direct method of determining
the constants of motion (1.3) of the dynamical system (1.2).
As mentioned in the Introduction it is sufficient to assume
the motion is two dimensional (n = 2).

The conditions to determine the unknown coefficients
M, J, K of (1.3) are obtained by requiring that / vanish for
the solutions of the dynamical system (1.2). From (1.3) we
find*

T = WM %05 (T, + WM %
+ [V — (@/P°\Mx) + K, ]
—(@/PVx +K, =0, (2.1)

in which the X terms have been eliminated by means of (1.2).
Since (2.1) must hold identically in the X’s we obtain after

symmetrization the following conditions on M, PR €
M, + M, + M, ; =0, (2.2)
Jij = — My, (2.3)
K,=@/Mx'—1J,, (2.4)
K, =(®/rVx" (2.5)

We consider first the solution of {2.2) for the functions
M ;(x,t). For n = 2, the equations (2.2) take the form

M, =0, (2.6)
M,,, =0, 2.7)
M, ,+2M,,, =0, (2.8
M,,, +2M,, =0. (2.9)

By (2.6) and (2.7), respectively, we have
M, =M, (x*t),
M, = Mzz(xl’t ).

From the integrability condition on M,
[M,,,, =M,,,, ] derived from (2.8) and (2.9), it is seen by
use of (2.10) and (2.11) that

Mn,zz = M, 11 =21hy(2 ).

(2.10)
(2.11)

(2.12)
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Hence from (2.12) it follows that
M, \(x%1) = (e )(x*)

+ ol X% + a2, (2.13)
Mzz(xl,’) = lt )(xl)2
+ (e et + dalt). (2.14)

If we make use of (2.13) in (2.8) and (2.14) in (2.9) we
obtain, respectively,

My, = — 290t 0 + ()], (2.15)

My, = = (290t ' + ¥4(2)]. (2.16)
From (2.15) and (2.16), respectively, we find

M, = — 297 + h)x' + 0,(x%1), (2.17)

M, = — [2x' + 0] + 0,(x4,2). (2.18)
By comparison of (2.17) and (2.18) we may write

hilt)x' + oylx'st) = ot )xz

+ 0, (X%t )=u(t). (2.19)

It follows from (2.19) and either of (2.17) or (2.18) that
My, = — oft x'x* — (e !
— (e + 4 ple). (2.20)
Hence this solution of (2.2) for the M; is given by Egs.
(2.13), (2.14), and (2.20).

We consider next (2.3) to determine the functions
Ji(x,t). Use of (2.13), (2.14), and (2.20) in (2.3) gives

Uy = — [ +5x" + 93], (2.21)
U, = — [P +¥ix' + 4], (2.22)
Jig +J0 = 6x1x2 + %g&;x + %;[/{x2 - %ﬂl~ (2.23)

Integration of (2.21) and (2.22) gives, respectively,
W= —x Yo + i x® + 93 ]+ 1y%r), (2.24)
2, = —xP[Ys(x")? +oix' + L]+ nlxr). (2.25)
Hence from (2.24), (2.25), and (2.23) it follows that
6y x'x? + 245 x4 297 x* — Tia — Ty — 4 =0.
(2.26)

By forming the second derivative of (2.26) with respect to x'
and x? we find that
Yolt) = a, = const. (2.27)

Substitution of {2.27) into (2.26) followed by differentiation
of the resulting equation gives

2y — 7154, =0. (2.28)
From (2.28) it follows that
Xt ) = P () + Uslt X" + Yt ). (2.29)

Use of (2.29) and (2.27) in (2.26) followed by integration
with respect to x? gives

%) = 91 (%) — (s + p P + (). {2.30)
Finally use of (2.29) and (2.30) in (2.24) and (2.25) gives
Ji= = x4+ ) + 4y (6%

— §(¥s + p)x" + 4 (2.31)
o= — p0ix" + ) + W)
+4sx' + Y. 232)
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There remains the determination of the function X.
From (2.4) the integrability condition X ;, = K ,, can be ex-
pressed in the form

ro [Mn,le + 1”12,2"2 - -"{12,1-7‘l - M22,lx2]

—3P[M, x'x* + Mlz(xz)z - Mlz(xl)z - Mzlele
- ’j[Jl,zx - Jz.u] =0. (2.33)
From (2.13), (2.14), (2.20), (2.31), and (2.32) it is seen that the
bracketed expressions in (2.33) are polynomials in x!, x2.
Since n> 1 the term #° is an irrational function of x!, x2.
Hence it follows that
Jl,Zl _J2,ll =0. (2.34)

If (2.34) along with {2.13) and (2.14) are used in (2.33),
we obtain by a straightforward calculation

244 — uhx'x? + pflx') — (3] =0, (2.35)
which implies
k=0, =1, (2.36)

By the use of (2.31), (2.32), (2.34), and (2.36) we obtain
(2.37)
We consider now the remaining integrability conditions
K, =K, (2.38)
K., =K,, (2.39)

which must be satisfied. The derivative K ,, is calculated by
means of (2.5), (2.31), (2.32), (2.36), and (2.37), and the deriva-
tive K ,, is calculated by means of (2.4), (2.14), {2.20), (2.32),
and (2.37). If the expressions so obtained are used in (2.39)
the resulting equation reduces to

O P~ P} + Yx'x® + 247]

+ P — 95)
+30x7(hx" + Pex?) + [ — Y3 (x')

7 =0, ¥y =0, ts=as=const.

+¥ix'x’ + Pix — ] =0, (2.40)
Inspection of (2.40) implies
¥y =0, ¢y =0. (2.41)

Equation (2.40) reduces by use of (2.41) to a polynomial in x'
and x2. This leads to the conditions

20,0 + 3P =0, (2.42)
0,®' + ;P =0, (2.43)
NP +¢P=0, (2.44)
Y¢=0, ¢,=0. (2.45)

We summarize in the list below the previously obtained
conditions on the various ¥’s and u [refer to (2.36), (2.37),
(2.41), (2.45)] along with the restrictions derived by integrat-
ing (2.42)-(2.44).

Yo = dy, (2.46)
3= '/’m (2‘47)
Y5 = as, (2.48)
e =1,=0, (2.49)
pu=0, (2.50)
7 =0, (2.51)
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v =0, (2.52)

v =0, (2.53)
Py, =k, (2.54)
DY, = k,, (2.55)
oY, =k, (2.56)

where the a’s and & ’s are arbitrary constants.

Before continuing with the integration of (2.4) and (2.5)
to obtain K we use (2.46)—2.50) to simplify the expressions
for M;; [refer to (2.13), {2.14), (2.20)] and J; [refer to (2.31),
{2.32)].

M, = ao(xz)2 + ¢2x2 + ¥, (2.57)
M, = —ax'x? — ihx' — X%, (2.58)
My, =agx'f + ¢ix' + s, (2.59)
Ji= —ihx'x? + 4 (%)

—ix' — Jasx?, (2.60)
Jo= — i x'x? + 4 (x')?

— Y5x% + Jasx". (2.61)

The various conditions under which (2.51)—(2.56) will
be consistent leads to the following three cases:
Case 1:

@ (t) = @,(t) = arbitrary (#const), (2.62)
h=th=93=0, k =k, =k;=0. (2.63)
Case 2:
D(t) = Dylt)=Aplat> + bt +¢)~ "%, ab,cd,

= const, b? — 4ac#0, A,#0, (2.64)
h=th=k =k,=0;
Uy =kd s Hat? + bt +c¢), k,=const#0. (2.65)
Case 3:
D(t)=Dyt)=Aglat +B)" ", Ac#0, a#0, (2.66)
i=kdslat+B); v,=kAy at+B);
Y=k et +B),
a,B Aok, Kk, = const. (2.67)

We now consider the analysis of the above three cases.

Analysis of Case 1

In Case 1 [@,(¢) arbitrary] use of (2.63) in (2.57)2.61)
gives

M, =ax’), M= — apx'x’,

My, =ayx"?, J, = —lasx?, J,=lax" (2.68)
Use of (2.68) in (2.4) and (2.5) leads to K = K, = const, which

may be dropped. With these values of M; and J; so obtained
it follows from (1.3) that

I, =1a,L? +lasL, L=x'3*—x%,

where L is the angular momentum.

As mentioned in the Introduction it is well known that
angular momentum is a constant of motion for every dyna-
mical system (1.2) [that is, for arbitrary @ (¢ )]. Sincea, and as

(2.69)
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are arbitrary constants we find that the only common linear
first integral admitted by every dynamical system (1.2) is an-
gular momentum; likewise the only common quadratic first
integral admitted by every dynamical system (1.2} is a qua-
dratic function of the angular momentum.

Analysis of Case 2
Use of (2.64) and (2.65) in (2.57)—{(2.61) gives
M, =ay(r8; — x'x’) + 1,6, {2.70)
Ji= —Jgix' +ax’),
J,= — ¢ix? —asx!). (2.71)

By use of (2.70) and (2.71) in (2.4) and (2.5) we obtain upon
integration
K = ak,P/(24}) — ¢, @, /1. (2.72)

Use of (2.70), (2.71), and (2.72) in (1.3) leads to the constant of
motion 1,

=1a,L? + JasL + (ky/A2)E,, (2.73)
where
(at + bt + C) [ M
_ Ao ]
rat? + bt +¢)'/?
(—29-;—’:& (x5 + x2%2) + f_zri . (2.74)

Since L is a constant of motion it follows from (2.73) that E,
is a constant of motion.

In terms of @, [refer to (2.64)] the constant of motion E,
may be expressed in the alternative form

£l (2 %) - L2 (&Y o
(®D,)? r 2 dt\@,
() 5l
+
dt?
From (2.75) we note if @, = @, = const [so that the
dynamical system (1.2) reduces to the time-independent

case] then E, reduces to E,, [Eq. (1.6)], the time-independent
energy integral.

(2.75)

Analysis of Case 3

If we make use of (2.66) and (2.67) in (2.57)—(2.61) and
use the resulting M; and J; in the K equations (2.4), (2.5), we
find by integration
k@’ kjat+B)  kx'+kx*

243 Aot 2r '
Use of (2.57)(2.61) [with the appropriate ¥’s given by (2.67)]
and (2.76) in (1.3) gives the constant of motion I,

Iy =4a,L’? + YasL + Yk (A, + skoA, + (ks/A 3 )E,,

K= (2.76)

(2.77)
where
L -2 2 xl Jo
A=—I[lat+ B}’ —ax’] - —=k,, (2.78)
Ao r
_L -1 1 x*
A,)="[ —{at+B)x"' + ax ] ——=k, (2.79)
Ao r
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_ H[EPHE A
e B
—alat + B)x'x' + x*x?)
+ a;'z < k. (2.80)

Since a,, as, k, k,, and k, are arbitrary constants it follows in
addition to the angular momentum L that A, A,, and E are
constants of motion [which have the respective values &, ,k,,
and k * on a dynamical path as indicated in (2.78)—(2.80)].

When expressed in terms of @, given by (2.66) the con-
stant of motion E; may be given the form

2
E3=/12[ ! (u ‘Pa)_ii(L) ry
(<153)2 r 2 dt\o,
(o) 5
The constants of motion 4, and A4, [refer to (2.78) and
(2.79)] are components of a vector

(2.81)

A=1A, +id,. (2.82)
This vector A can be expressed in the form
A= FB) Gy~ % x5 =% (283
A r dt

0 0

If r, v, and L are considered as three-dimensional vectors,
then the three-dimensional vector A of the form (2.83) will be
aconstant of motion of the corresponding three-dimensional
system (1.2). This is easily verified by showing d A/dt =0
[with the aid of (1.2)].

The following functional dependence may be shown to
exist between the constants of motion A, E,, and L:

ALLE, +A2 =A2AA. (2.84)

Equation (2.84) holds in either two or three dimensions. On a
dynamical path (which is assumed to be in the x—y plane),
{2.84) takes the form

5k* + A5 =45k +k3),
where /2 = L-L.

If in @, (2.66) we consider @ = 0 [in which case
@,(t) = P, = const, and the dynamical equation (1.2) re-
duces to the time-independent equation of motion],” then the
time-dependent constant of motion E, (2.81) reduces, within
a constant factor, to the time-independent energy integral E,
(1.6), and the time-dependent vector constant of motion A
{2.83) reduces to the time-independent Laplace-Runge-
Lenz vector constant of motion A, (1.5).

We summarize the results of this section in the follow-
ing theorem and corollaries.

Theorem 2.1: For an explicitly time-dependent central
force dynamical system in two or three dimensional Euclid-
ean space with Lagrangian

L=, X%+ P (t)/r, r=6;xx', (L.1y
and with associated dynamical equation
X+ @tix/r=0: (1.2)

a) The only common linear first integral admitted by
every [® (¢ )arbitrary] time-dependent dynamical system(1.2)

(2.85)
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is the angular momentum L=r X v(v = dr/dt).

b) The only common quadratic first integral admitted
by every [ (¢ ) arbitrary] time-dependent dynamical system
(1.2} is a quadratic function of the angular momentum.

c} For an explicitly time-dependent dynamical system
of the form (1.2)' to admit a quadratic first integral in addi-
tion to a quadratic function of the angular momentum, the
function @ (¢} must be either of the form

Ao
= —"0 ____ gbc
(@t?+ bt + c)'’? Ao

= const, 4,#0, b2 — 4ac+#0,

or of the form

() =,

(2.64)

Qit)=D,= 4o ,
at+f

Ao#0, a#0. (2.66')

d) For @ (t) = @, or @, the dynamical system (1.2)" will
admit the scalar quadratic first integral [refer to (2.75) and
(2.81)]

EE/I%[(pvz(%v-v—g)_. i (P _2)r.v
r dt

d? P
+2 (@0 _].
dt? ) 4
e) For & (t) = @, the dynamical system (1.2)" will admit
besides E the additional vector quadratic first integral

(at + ) a r
A== F) L) - = L) —-,
2 (vxL) y) (rxL) .

V] 0
Corollary 2.1: If the dynamical system (1.1), (1.2} is re-
garded as # dimensional (i = 1,...,n) then Theorem 2.1(d) is
valid in n dimensions.
Corollary 2.2: For the ¢ = @; case the first integrals
E,A, and L are functionally related in that

ALLE+A2=A3AA. (2.84)

Remark 2.1: In the limiting case of @ (f) = ¢, = const
for which (1.2} reduces to a dynamical system with no ex-
plicit time dependence, the first integral E (2.86) reduces to

E,, the energy integral, and A (2.83)" reduces to A, the La-
place-Runge-Lenz vector first integral.

(2.86)

= (2.83)
dt

3. SYMMETRY MAPPINGS OF THE DYNAMICAL
EQUATION (1.2)

It is of interest to determine to what extent the con-
stants of motion derived in the previous section can be ob-
tained as concomitants of infinitesimal symmetry mappings
admitted by the equations of motion {1.2). We shall base this
symmetry analysis upon deformations of the type®

X=x"+68x, Sx'=€&'(x,t)ba, (3.1
T—1t4+6t, 8t=£x1)0a (3.2)

The symmetries admitted by the dynamical systems
(1.2) will in general depend upon the form of the function
@ (t). Our primary interest is to determine what symmetries
are admitted by the dynamical systems that correspond to
the three cases for @ (¢ ) obtained in Sec. 2. However, for gen-
erality we shall first determine all dynamical systems of the
type (1.2) that admit symmetries based upon mappings of the
form (3.1) and (3.2).
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It is well known that for arbitrary @ (¢ ) the central force
dynamical systems (1.2) will admit rotational symmetry
(with concomitant angular momentum constant of motion).
We shall determine those {nonconstant) @ {# } whose corre-
sponding dynamical systems admit symmetries in addition
to rotations, and in the process obtain as subcases the sym-
metries for those particular dynamical systems based upon
@, P, and @, considered in Sec. 2.

Based upon the above-mentioned mappings (3.1) and
(3.2) it follows to within first order in 8a that’

L dxodxt .
=" - = = (£ — x'€%¥a, 33
o dr dt (67— x5 a >
,_d ZX_‘i dzxi 2 g sif
6x=dt_2 — e = (' — X'E° — 2E%6a. (3.4)

With use of the definitions (3.1)—(3.4) the deformation of any
function F(X,x,x,t) is determined by the formula

oF ... OF ., OF ., OF
5FE—75x'+f5x‘++5x'+_6t. 35
9% ox' ox' ot (3]
The symmetry equations that determine those £ £ °
that define the symmetry mappings (3.1), (3.2) of some dyna-
mical equations E are obtained from the requirement that
SE' = 0 whenever E ' = 0. Such symmetries will contain as
special cases the more familiar Noether symmetries.®
For a dynamical system in an Euclidean configuration
space of n dimensions referred to rectangular coordinates
with Lagrangian %" = }5,%%/ — V (x,t ) this procedure leads
to symmetry mapping functions & ;£ © of the form’
E'=A{t\x' + Bit)x/+ Ct), (3.6)
E0=A,(t)x/ + B(r). (3.7)
Thefunctions 4,(¢ )and B (¢ ) are to be determined as solutions
of the equations
A, V.8, +24,V,—4 ixt+ B "5,
+ 24X +Ax*, +B)=0, (3.8)
Anx"x' +Bixm 4+ CY” —(A/x'+ A4,,x78 + BV,
+ A Lx" + BV, + VA 5t
+Bkxm" 4 C¥)
+ V.uld,x"+B)=0. (3.9)
Since the above symmetry formalism holds for » dimen-
sions, we shall for generality now consider the dynamical

equation (1.2) to also be n dimensional and take the potential
energy V to be

V=—®(t)/r, r=6;,xx’, i,j=1,..n. (3.10)
With ¥ so defined (3.8) may be expressed in the form
@ [A x*6], +24,,x' )+ r[24 x' + 4 ;x*6.,
+2B" —B"8,]=0. (3.11)
Contraction of (3.11) on i and m gives
(n+2)@ [A4,,x"]+ 7 [(n+2)4,x"
—nB" +2B7']=0. (3.12)

Note that the bracketed terms in (3.12) are polynomials
in the x’s. If we assume n > 1, the term #° is irrational in the
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x’s. Hence the bracketed terms must vanish, which implies

A, =0, (3.13)

nB" —2B7 =0. (3.14)

Use of (3.13) in (3.11) gives

B8 —2BYL =0. (3.15)

Note that (3.14) is a consequence of (3.15).

In (3.15), if i m we obtain

Bi =b! =consts, i#m. (3.16)
In (3.15), if i = m we have

B’ =iB", m notsummed. (3.17)
Hence

B'=B}=..=B"=|B". (3.18)
Integration of (3.18) gives

B{=1B'+b!, inotsummed, b!=consts. (3.19)

Equations (3.16) and (3.19) can be combined into the form
Bj=1B'8; + b}, b} =consts. (3.20)

By inspection it is seen that (3.13) and (3.20) are neces-
sary and sufficient for the solution of (3.11) when n > 1.
When n = 1, Eq. (3.11) reduces to

3P4, + A7 (x")P + [2BY — B"]x')*=0. (3.21)

It is easily seen by inspection of (3.21) that (3.13) and (3.20)
are also necessary and sufficient for solutions of (3.11) when
n=1

By substitution of (3.10), (3.13), and (3.20) in (3.9), fol-
lowed by multiplication by 7°, (3.9) may be expressed in the
form

rPlB"x + C*] + x'{[(®'B + }®B")5%,
—3Pbk Jxkx™ — 3PCH*x* } = 0.(3.22)
As in a similar situation above [refer to the statement

following (3.12)] the bracketed terms in {3.22) must vanish
individually if n > 1. Henceif n> 1

IB"x'+ C™" =0, (3.23)

[(®'B + 1@B")6%, — 3db % |x*x™ — 3@C*x* = 0.
(3.24)

From (3.23) and (3.24) it follows that

B" =0, (3.25)

Ck=0, (3.26)

(2®'B+ ®B')8%, —3D(b% +b7)=0. (3.27)

It follows from (3.27) that

b +b7=0, k#m, (3.28)

20'B+®PB' —6Pb: =0, mnotsummed. (3.29)

From (3.29) we obtain the conditions

. . 29'B+ PB’
u=b!'=bi=..=p" = {3.30}

It is easily shown that (3.25), (3.26), (3.28), and (3.30) are
necessary and sufficient for (3.22) to be satisfied when n> 1.
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It can be shown that these conditions are also necessary and
sufficient when n = 1.

The constants b ; appearing in (3.28) and (3.30) may be
expressed in the form

bi=wl + 8, o= —a. (3.31)
Use of (3.31) in (3.20) gives
Bj=(B"+u)5 + oj. (3.32)

By use of (3.13), (3.26), and (3.32) in (3.6), (3.7) we obtain
the symmetry mapping functions £ ‘£ © in the form

E'=(B" +p ' + wjx!,

wj(= — w]), p, arbitrary const (3.33)

£°=B, (3.34)
where from(3.25) and (3.30)

B =th2 +Blt+ﬂ()!

BoB1,53, = arbitrary consts, (3.35)
and

2BO’ 4 OB’ = 6u,P. (3.36)

If B = 0, then (3.36) shows that i, = 0, and hence (3.36)
is satisfied identically. In this case @ (¢#) is arbitrary and the
symmetry functions £ £ © of (3.33), {3.34) reduce to the fa-
miliar rotation

£l=wix), £°=0. (3.37)

This implies that every dynamical system (1.2) admits the
rotation group, which of course is well known.
If B #£0, we may solve (3.36) for @ in the form

D)= +k,/B)"'? exp(3,u‘fB—‘d!),

with B given by (3.35).
Alternatively the solution of (3.36) for B in terms of @ is
given by

(3.38)

B=9o _2[6,ul f ®*de +p,2], u,=const.  (3.39)

Note that (3.39) is valid for B = 0 as well as for B #0. [If in
(3.39) B=0, then , = 0 and i, = 0 and @ will be
arbitrary.]

It should be noted that the forms of @ (¢ ) corresponding
to cases 1-3 in Sec. 2 are special cases of the form (3.38).

If a Noether mapping of the type {3.1), (3.2) exists for the
dynamical system (1.2), then it will be a special case of the
mapping defined by (3.33)—(3.36).® We shall now determine
what additional restrictions the symmetry functions £ /,&©
must satisfy in order to define a Noether symmetry mapping.

A Noether symmetry requires that there exist a func-
tion 7(x,¢ ) such that the mapping (3.1}, (3.2) satisfies

57+ 5 L= sy
dt dt
where . is given by® (1.1) and 6.7 is calculated by use of
(3.1)3.3) and (3.5). By the expansion of (3.40) and the re-
quirement that it hold identically in the x’s we are led to the
necessary and sufficient conditions

f,oj=0’

(3.40)

(3.41)
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£, 460 —8,£7=0, (3.42)
£ 47, =0, (3.43)
—PxE + PPEC+ PPES, +Pr, =0. (3.44)
By use of (3.33), (3.34) in (3.41)—(3.44) we obtain
24B" +u,)6; —6,B' =0, (3.45)
\B"x' +71,=0, (3.46)
—~PUB' +pu)P +P'PB+PrB’ +rr, =0,(347)
# =0, (3.48)
Bx'+7,=0, (3.49)
PUB' —u,)+P'B+rr,=0. (3.50)
From (3.49) we find
T= —{Br +flt) (3.51)
Use of (3.48) and (3.51) in (3.50) gives
PB’' + 2BP®’ + 2rf' =0. (3.52)
It follows from (3.52) that f = 3, = arbitrary constant,
which may be taken to be zero. Hence from (3.51)
T= —}B,r (3.53)
Use of (3.48) and (3.53) in (3.50) gives
2B®’' + @B’ =0. (3.54)

It follows from the above work that we may state the
following theorem.

Theorem 3.1: A necessary and sufficient condition that
n-dimensional dynamical equations of the form (1.2)' (refer
to Theorem 2.1) admit infinitesimal symmetry mappings of
the form

X=x'4+6x, Ox'=&'(x,t)ba, 3.1y

F=1461, 8t=£°x1)8a, (3.2y
is that

E'= B+ + aix,

wj(= — o)), p, arbitrary consts, (3.33)

£°=B, (3.34y
where

B=p,t*>+ Bt + By BoB1,B, arbitrary consts, (3.35)

and the function @ (¢ ) appearing in the dynamical equations
is determined by the condition

2BP’ + @B’ = 6u,® (3.36)
Thisimplies @ (¢ ) must be expressible in terms of the quadrat-
ic polynomial B (¢ ) by

®(t)= + (k,/B)"'? exp(3/.t1 fB -1 dt), B #0,

(3.38)

or alternatively the quadratic polynomial B must satisfy

B=9 _2(6;;, J P2dr +y2), 4, arbitrary const.
(3.39y
The functions & ,£ © given by (3.33), (3.34) will define
Noether mappings in that they satisfy the condition
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d dr
6L + . —bt= ——8a, .40)'
dt dt ? (340
if and only if #, = 0 in (3.33) and
T = —%Bzrz. (3'53),

Corollary 3.1: If B = 0, @ (t ) is arbitrary and the corre-
sponding (Noether) symmetry mappings admitted by the
dynamical equations (1.2)’ are rotations.

For any Noether mapping (£ £ °,7) it is well known®
there will be a concomitant Noether constant of motion /,,
given by the formula

1,=9 ¢ _ (%x" - 3)50 +7

ax' axt

In the next section it will be shown which of the con-
stants of motion obtained in Sec. 2 are Noether constants of
motion.

4. SYMMETRY GROUPS ADMITTED BY DYNAMICAL
EQUATIONS (1.2) BASED ON ¢, ¢,, AND &,

In Sec. 2 we determined those @ (¢ ) (denoted by @,, @,,
@,) for which the corresponding dynamical equation (1.2)
(considered to be of two or three dimensions) admitted first
integrals of the form (1.3). In Sec. 3 we found the most gener-
al form of @ (¢ )(3.38) such that the corresponding dynamical
equations (1.2) [considered for generality to be n dimension-
al] would admit symmetry mappings of the form (3.1), (3.2).
This general form for @ (¢ ) included (as mentioned in Sec. 3)
the cases @, @,, P, and restricted the mapping (3.1), (3.2) to
be of the form (3.33), (3.34).

In this section we shall obtain the complete symmetry
group admitted by each of the dynamical equations (1.2)
(considered as # dimensional) determined, respectively, by
@, and @,. For each case we determine the Noether symme-
try subgroup and obtain the concomitant Noether constants
of motion. It is then shown that some of the constants of
motion obtained in Sec. 2 are of the Noether form.

In the Appendix we give the remaining @ (t ), called @,
D5, D, for which the corresponding dynamical systems (1.2)
admit symmetry mappings of the form (3.33), (3.34). Such
dynamical systems will not admit quadratic first integrals
(1.3) other than a quadratic function of the angular
momentum.

It was noted in Sec. 3 [following (3.37)] that the rotation
symmetry group was admitted by all dynamical systems (1.2)
regardless of the formof @ (¢ ) [case 1, @,(¢ ) = arbitrary]. For
all (nonconstant) @ (¢ ) except D,(t ), P,(t ), P,(t), Ps(t), and
@t ), the rotation group is the complete group of symmetries
for the corresponding dynamical systems. Since for this rota-
tion symmetry x4, = O [refer to (3.33)—(3.37)], it follows from
Theorem 3.1 that the rotation group is a Noether symmetry,
and the concomitant Noether constants of motion (3.55) are
angular momentum, as is well known.

There remain to be considered the symmetries of the
dynamical systems defined when @ (¢ ) has the form @, or @,.

We now consider case 2 for which @ () = @, [refer to
{2.64)]. By (3.39) and (2.64) we have

(3.55)

Addt
p_at’tbitc +bt+c[ f B R
at* +bt+c¢
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For the case b? — 4ac <0, (4.1) gives

2
B =#z(ﬂ*#) + 6 y(ar® + bt + c)
0

X [m arctan ((Taiiij_[%”i)] (4.2)

A comparison of (4.2) and (3.35) shows that we must take
py =0and

By =pA g% Br=pbAq? Bo=pacdo® (43)
Hence by (4.2) the mapping functions (3.33), (3.34) become

. 2at + b . .
3 ‘=£m( aaj )x'“’}xﬂ (4.4)
0
o_ at2+bt+c) 45
£ pz(——ﬁg . (4.5)

In (4.4) and (4.5) 1, and w; act as group parameters and lead
to the symmetry mapping vectors

s“‘wz):(z“z’/gb)ﬂ,

at>+bt+c

Ou,) = , 4.6

£ ) Iy (4.6)

§lwl)=0x/ = §x*, &%) =0. (4.7)
Based upon (4.6), (4.7) we obtain the generators

2
MZE(201+b)xia, +(at +bt+c>a” (4.8)
243 A5
2,=x'9, — x'9,. (4.9)
These generators definea[1 + n(n — 1)/2]-parameter group

of symmetries.

For the case b — 4ac > 0 we find in a similar manner
that againu, = O and we are led to the same generators (4.8),
(4.9) and hence to the same symmetry group.

For any generator of the form

F=f(t)X'd, +g(t)3,, flt)glt)arbitrary, (4.10)

itis easily shown that the commutator of F with any rotation
generator (2; vanishes identically, that is,

[F.02,]=0. (4.11)
Hence for the physically interesting case for which n = 3,

the dynamical equations with @ = ¢, will admit the
G[M,,2;] with group algebra

[M02,]=0, (4.12)
[012»023] = -1231, [-912,-031} = *023»
[ﬂzs,ﬂu] = ~012- (4-13)

With reference to Theorem 3.1 (using general #) and the
fact that , = Oin (4.4} and (4.5) it follows that the mappings
defined by (4.6}, (4.7) are Noether mappings.'® From (3.53)
and (4.3) we obtain for the mapping (4.6) the associated
function

2 r

T,) = _2/1(2,

Use of (4.22) and (4.27) in (3.55) [with .% of (1.1) generalized
to » dimensions and based upon @, of (2.66)] leads to the

(4.14)
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Noether constant of motion

Tyl) = —{far + b+ o ,5%

0

_ 4o ]
rlat? + bt +c)'/?

— 12t + b)5 x5 + — r“] (4.15)

Comparison of E, (2.74) with Iy (u,) of (4.15) withn = 2
shows

E,= — A3, (u,) (4.16)

We now obtain the symmetry group of the dynamical
equation (1.2)for thecaseinwhich @ (1} = @, [refer to(2.66)].
Again for generality we assume general 2.

From (3.39) and (2.66) we find

2
a Ao
Comparison of (4.17) and (3.35) shows that
a’ _ 2uaf
B =.U2Ey B, = _/1—2(2,—-— —6u,,
2
g, =B _ B (4.18)
A2 a
By use of (4.17) in (3.33) and (3.34) we obtain
El=p(—2x) +p,
(/{—”at—f—ﬁ))x + wix’, (4.19)
§°=m(——(at+ﬂ))
a
+u2(at +5 )2, (4.20)
Ao

where u,, 14, and o} are the 2 + n(n — 1)/2 parameters of
the symmetry group. Hence we obtain 2 + n{n — 1)/2 sym-
metry mapping vectors given by (4.7) and

)= =26, W)= - Sl@+p) @2
&) =— Ir: Z_lat + B,
£ %) = ("” LBV, 422)
The above symmetry vectors lead to the generators (4.9) and
M= —2x9, — i(az +8)4,, (4.23)
a
(4.24)

=2t + 0, + (2B,
23 7o

These generators define the symmetry group of the n-dimen-
sional generalization of the dynamical equation (1.2) for the
case @ = @,. When n = 3, the commutators of this group
are given by {4.13) and

[Hl,ﬁzl = —6A72,
(M,.2,1=0, y=1.2.

(4.25)
(4.26)
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[Equation (4.26) follows from (4.10), (4.11).]

With reference to Theorem 3.1 (general n) the mapping
based on M, [see (4.22) and (4.24)] is a Noether symmetry.
From (3.53) and (4.18) the associated function {u,) for this
mapping is

Tla) = — Ya/Ao)r. (4.27)

Use of (4.22) and (4.27) in (3.55) [with . of (1.1) generalized
to n dimensions and based upon @, of (2.66)] leads to the
Noether constant of motion

‘mw”z_Z%k"+ﬂ4¢”w_ﬁJtﬂJ
—alat + B)5,x'%’ + gazﬂ}. (4.28)

Comparison of E; (2.80) with I % (,) of (4.28) withn = 2
shows

Ey= — A3I%(u,). (4.29)

The results of this section are summarized in the theo-
rem to follow.

Theorem 4.1: With reference to Theorems 2.1 and 3.1:
{a) When @ = @, or @, the corresponding n-dimensional

dynamical equation of the form (1.2) admits the Noether
symmetry {in addition to rotations) defined by

5'w2)="7'%(¢-2), E%) =0,

Y
)= — 25 (@)

(b) When @ = @, the corresponding n-dimensional dynami-
cal equation of the form (1.2) admits in addition to the
Noether symmetries mentioned in (a) the non-Noether
symmetry

Elu)= —2x, £%,)= —%(awﬂ).

(c) When @ = @, the Noether symmetries mentioned in (a)
form a group of [1 + n(n — 1)/2] parameters defined by the
generators

(4.30)

(4.21)

n, _=_x‘3j —x’8,, (4.9)
2
MZE( 2at+b ) X3, + (i‘-+—b’—i—c) 3. (4.8)
245 A3
In case n = 3 the group algebra is given by
[M02,;]=0, (4.12)

[012’”23] = - 031»
[023,031] = - -012~ (4-13)I

{d) When @ = @, the symmetries mentioned in (&) and (b)
above form a group of [2 + (n — 1)/2] parameters defined by
the generators (4.9) and

[-012:”31] = - ”23,

M= —2x9, — L (@t + B)3,, (4.23)
a
My=—-(at + B }x'9,
Ag
+ (M)z 3. (4.24)
Ao
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In case n = 3 the group algebra is given by (4.13)" and
(M, M) = — 6M,, (4.25)
(M,.2,]=0, y=12. (4.26)

(¢) When & = @, or @, the Noether constant of motion [of
the n-dimensional dynamical equation of the form (1.2)]

=St — (S8 - ) € + 7l
X

ax
(3.55)
concomitant with the Noether symmetry (4.30) mentioned
in (a) is found to be
Iy =4 E, (4.31)

where E is given by (2.86). [Refer to Theorem 2.1 (d} and
Corollary (2.1).]

5. ORBIT EQUATIONS FOR THE DYNAMICAL SYSTEM
WITH &(f) = &

We shall now determine the orbit equations for the two-
dimensional dynamical system {1.2) for case 3 for which
@ (t) = P, of (2.66). This will be done by use of the two con-
stants of motion 4, and A4, [refer to (2.78), (2.79)] which are
the components of the vector constant of motion (2.83).

Based upon the above-mentioned @, the dynamical
equations (1.2) in plane-polar coordinates (r,¢ ) take the form

Ao
(@t + B’

ré + 2rd = 0. (5.2)

Equation (5.2) leads immediately to the angular mo-
mentum constant of motion

L=r¢=1, I,=const. (5.3)

In the r,¢ coordinates the two constants of motion 4,
and A, referred to above may be expressed in the respective
forms

Io(@F — ptor) sin ¢ — (1 — logrd ) cos ¢ = k,, (5-4)

— LlYF —poricos ¢ — (1 —lyyprd)sing =k,  (5.5)
where

v=(at+B)/ A, =P; ", po=all, (5.6)

If (5.4) and (5.5) are solved for the coefficients of the
sin ¢ and cos ¢ terms and (5.3) is used to eliminate ¢, then the
resulting equations lead immediately to

F—r?= (5.1)

12¢/r =S, (5.7)

Yr—pgr= —S/l, (5.8)
where

S=S(p)=1+k,cos¢ +k,sing, (5.9}

S'= —k,sing + k, cos ¢, (5.10)

and where the prime denotes differentiation with respect to

é.

By use of (5.7) we eliminate ¥ from (5.8) to obtain
rES + 1S’ = plir. (5.11)
We now transform (5.1) and (5.11) to u,¢ variables
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[where it is assumed ¥ = u(¢ )] by means of the relation

u=1/r {5.12)
and (5.3) to obtain, respectively,

u" +u=u/S, (5.13)

uS—S'u= —pyl,. (5.14)

We note that the function #'S — S 'u of (5.14) is a first
integral of the (dynamical) equation (5.13).
From (5.14) we obtain

W/SY = — polo/S?, (5.15)
which upon integration gives
u=S[ ~y010f%+c0], ¢o = const. {5.16)

By use of (5.6), (5.9), and (5.12) we may express (5.16) in
terms of the r,¢ variables to obtain the orbit equations of the
dynamical system (5.1) in the form

l=(l + k., cosd+k,sing)
r
a d¢
X| =1 ——J- +cl
[ ®hod (L +k, cosp+k, sing)
(5.17)
The orbit equation (5.17) can be rewritten in the form
1

7=Co[1 + e cos(¢ — 7}l

— %o 1 4 ¢ cosigp — 7]

Q d¢
XJ [T+ ecosid — 11> (5:18)

where ¢ and ¥ are defined by

k., =ecosy, k,=esiny, (5.19)
and

e=ki+k3. (5.20)

With reference to (2.85) we note that

e2=1422k*/A2. {5.21)

If we reduce the dynamical equation to the usual time-
independent Kepler problem by choosing & = 0 so that
& = @, reduces to a constant [refer to (2.66)], then the orbit
equation (5.18) reduces to the familiar equation of a conic?

1/r = ¢,[1 + e cos{p — 7]], (5.22)

in which case e given by (5.20) defines the eccentricity.

With &, reduced to a constant, Eq. (5.21) can be inter-
preted as the usual relationship between eccentricity e and
the value of angular momentum /; and energy & * associated
with the dynamical curve (5.22)."'' [Refer to (2.80) and the
last paragraph of Sec. 2.] However for the time-dependent @,
we must regard (5.21) as a generalized formula where /, is
still the value of the angular momentum but where & * and e
are now analogous, respectively, to the energy and
eccentricity.

For the case of time-independent P the value of the
eccentricity (e> 1,e = 1, e < 1, e = 0) determines the nature
of the conic orbit. In a similar manner the value of the con-
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stant e determines the nature of the more general orbits given
by (5.18) for the time-dependent P, case. For the time-depen-
dent @, we shall now consider the orbit equation (5.18) for
each of the above-mentioned e’s.

A.Thecasee=0

For the case ¢ = O we note from (5.20) thatk, =k, =0,
and from (5.21) that k* = — A 3/213.
With e = 0 the orbit equation (5.18) leads to

r= 1 , (5.23)
co — (alo/Ao)p

which is recognized as a spiral. As & tends to zero (or equiv-
alently as @, approaches a constant value) the spiral orbit
(5.23) approaches in the limit the circular orbit » = 1/¢, asso-
ciated with the time-independent case a = 0.

For this e = O case r and ¢ are easily expressible as func-
tions of . Since e = O implies k, = k, = 0, we obtain by
means of (5.6)—(5.9)

Ht)=13(at + B/, (5.24)
If r = r, when ¢ = t, we obtain from (5.24)
at +f )

t)=r . (5.25)
) ‘.’( to+ B
If (5.23) is evaluated at ¢ = ¢, [¢ (t,)=d,] we obtain
o=ty oy (5.26)

ro Ao

Use of (5.25), (5.26), and (5.3) evaluated at ¢, in (5.23) gives
(¢ /dt }y=4¢,)

Aqlt — 2o)
$(t) = +5"—>—. (5.27)
" Rddat +B)
B. The casee =1
For the case e = 1 we note from (5.20) that
kI+kl=1, {5.28)

and from {5.21) we find k * = 0. With e = 1, the orbit equa-
tion (5.18) takes the form

L= ol + costp — 11— 22 1+ cosig — 1)

0

X f a¢ 5. (5.29)
[1+ cos(¢ — )]

Upon carrying out the integration in (5.29) the result can be

written in the form

1 al,
- col1 + cosg — )] 3,
[sin(¢ — 72 +costd —y)] |
1 + cos(¢ — ¥}
We note that as « tends to zero (or equivalently as @, ap-
proaches a constant value) the orbit (5.30) approaches a
parabola.
As an illustration of the nature of the orbit for the case
e = 1, (5.30), we find for the choice ¢, = 0 and
aly/(34,) = — 1 that the orbit equation in rectangular co-

(5.30)
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ordinates has the form
2 — 1)?
X2 = M2y )
Sy (5.31)
which is recognized as a form of a strophoid.'>'?

C.Thecasee <1
For the case e < 1 we note from (5.22) that
ki+k}<l,

and from (5.23) that k * < 1.

Evaluation of the integral in (5.20) for the case e < 1
allows us to express the orbit equation in the form

aly{1 + e(é — y)]
/{0(1 __e2)3/2
e + cos(¢ — 7) ) _e(1 — &%) sin(g — y) '

1+ e cos(¢ — y) 1 + e cos(g — ¥)
(5.33)

As a approaches zero the orbit approaches an ellipse.

(5.32)

}=co[1+ecos(¢—r)1—

X [arccos (

D. The case e > 1
For the case e > 1 we note from (5.22) that
k:I+k2>1

and from (5.23) that k * > 1.

Upon integration of the integral in (5.20) for case e > 1
we may express the orbit equation in the form

%=co[1 + e cosé — 7]

(5.34)

_aly [1+ecosig —7)]

/{0 (ez_ 1)3/2
y {e(e2 — 1) sin(¢ — )
1 + e cosé — 7)
B ln[e + cosl¢p — y) + (¢’ — 1) sin(p — 7’)”.(5.35)
1 4+ ecos(¢ — )

As a tends to zero the orbit approaches a hyperbola.

APPENDIX

Complete groups of symmetries for #-dimensional dyn-
amical systems of the form (1.2) based upon @,, @, or P,
respectively, are given. These groups will contain in addition
to the rotation group one non-Noether symmetry. However,
when n = 3 the corresponding three-dimensional dynamical
systems (1.2) will not admit quadratic first integrals other
than quadratic functions of the angular momentum.

We list below each of the above-mentioned @’s, and
concomitant £ *,£ “ that define the generators of the complete
group of symmetries.

Case D,:
Dt )= 4o exp( L4 ), Ao,y = const, v#0.
t— t—y
(A1)
Eilu) = [1 —i(r—y)]x",
L%
%) = —%(r— W, (A2)
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§ @) =8ix! = &ix*, &%) =0. (A3)

The generators of the complete group are given by

M={t-Zi-plxo ~Se-mo. g
v v

02,=x'9, = x'd,. (A5)

These generators define a [1 + n(n — 1)/2]-parameter
group, which for n = 3 has the group algebra [refer to (4.11)]

[anij] =0, (A6)
[012,023] = —{y, ['-012,-031] = = 923»
[-023,031] = - 012- (A7)
Case D:
¢5(t) E*A'O(t - y)v— l/-Z(t - 5) v I/Z, 4017)6
= const, y£6, v7£0, (A8)
i 32t~y —9)] .,
D=1+ 22
£l [ * 2v(y — 6) x
oy 1 =7t =)
) = = I (A9)
§lwi) = 8ix’ — 8x*, %)) =0. (A10)

The generators of the complete group are given by (A5)
and

M5E[1 + N—y—4 x'd,
vy —9)
—pe—9) ,
vy —6)
These generators define a [1 + n(n — 1)/2)-parameter

group, which for n = 3 has the group algebra defined by (A7)
and

.. (A11)

[M,02,]=0. (A12)
Case D,
Dt )=A,l(t —7)* + 612
v =y

X exp[s arctan( 5 )], A0,V

= const, v#0, § #0. (A13)
§lpy) = [T+ (3/v) — V)1,
£ = B3t — 77 + 8%, (A14)
¢ () )=bix’ — 8ix*, &%) =0. (A15)

The generators of the complete group are given by (A5)
and
M=[1+ 3/t —7)1x3, + 3/V)[(t — ¥}* + §19,.
(A16)
These generators define a [1 + n(n — 1)/2]-parameter
group, which for » = 3 has the group algebra defined by (A7)
and

[M.2,]=0. (A17)

'The coordinates x’ will denote rectangular coordinates in Euclidean space.
Repeated indices satisfy the Einstein summation convention. A dot over a
symbol indicates total time derivative. A comma (,) indicates partial differ-
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entiation. A primed symbol (') denotes differentiation with respect to the
indicated argument.

2For references to the time-varying G problem refer to the survey article by
P. S. Wesson, Physics Today 33, 32 (July, 1980).

3H. Goldstein, Classical Mechanics, 2nd ed. (Addison-Wesley, Reading,
MA, 1980).

“The symbol ( £ ) denotes equality on a dynamical path, that is for those
x' = x{(t) that are solutions of the dynamical equations (1.2).

5In the analysis of case 3 we assumed & # 0 to exclude the time-independent
case.

°Itis well known that, by use of what is generally referred to as the inverse
Noether theory, corresponding to any constant of motion there will exist a
concomitant velocity-dependent Noether mapping. However, such map-
pings in general will not be unique and they may or may not be symmetry
mappings of the dynamical equation, that is, they may not map the solu-
tion set of the dynamical equation into itself. For references to the inverse
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Noether theory see for example W. Sarlet and F. Cantrijn, “Generaliza-
tion of Noether’s Theorem in Classical Mechanics,” to appear in SIAM
Rev. (1981).

’G. H. Katzin and J. Levine, J. Math Phys. 18, 1267 (1977).

8G. H. Katzin and J. Levine, J. Math Phys. 17, 1345 (1976). Refer to Theo-
rem 3.2 of this reference. }

“We are continuing with the assumption that the system is n dimensional
and hence 7 in (1.1) is understood to be  dimensional.

'YEquation (4.7) defines rotations, and therefore will not be treated in detail.
It is well known that the associated m{w)) = 0 and the concomitant
Noether constant of motion is angular momentum.

'Refer to Eq. (3.57) of Ref. 3.

'2G, James and R. James, Mathematical Dictionary (Multilingual Edition)
(Van Nostrand, New York, 1959).

3Weacknowledge the computational assistance of L. R. Katzin for plotting
the strophoid curve.
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The inverse scattering transformation method associated with a nonlinear singular
integrodifferential equation is discussed. The equation describes long internal gravity waves in a
stratified fluid of finite depth, and reduces to the Korteweg—de Vries equation as shallow water
limit and the Benjamin—Ono equation as deep water limit. Both limits of the method and novel

aspects of the theory are also discussed.

PACS numbers: 03.40.Kf,02.30. + g

1. INTRODUCTION

In recent years, there has been considerable physical
and mathematical interest in a certain nonlinear singular
integrodifferential equation,'~®

u, + (1/8)u, +2uu, + Tu,, =0, (1.1)
where T (+) is the singular integral operator given by
1 “ my — X)
T = —PJ coth ——— d 1.2
(Tf)x) = —5 . 5 Sy dy (1.2)
(Pf= _ represents the principal value integral). Physically,

Eq. (1.1) describes the long internal gravity waves in a strati-
fied fluid with finite depth (characterized by the parameter
6 ). Depending on the parameter 8, (1.1} reduces to the
Korteweg—de Vries (RdV) equation as 6—0 (shallow-water
limit),

u, + 2uu, + (6/3u,.. =0, (1.3)

and the Benjamin-Ono (BO) equation as 5— o« (deep-water
limit),

u, +2uu, + Hu,, =0. (1.4)
Here H () is the Hilbert transform given by
1 h 1
Ew = 2P [ ——fiydp. (1.5
T eV —X

Hence Eq. (1.1) is an intermediary equation between those
two very interesting nonlinear evolution equations, (describ-
ing certain long wave motion). It is now known that (1.1) has
an N-soliton solution,>* infinite number of conservation
lows, a Backlund transformation and a novel type of inverse
scattering transform (IST) to solve the initial value
problem.®’

In this paper, we discuss in detail the direct and inverse
problems of this new scattering problem. This paper serves
to amplify and extend the results of our previous note.” In

—————

“Present address: General Education, Miyazaki Medical College, Miya-
zaki 899-16, Japan.
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Sec. 2, we reformulate the IST scheme, originated in Ref. 6,
with a specific analytical requirement in the complex x
plane, say z plane. Specifically, the scattering problem may
be viewed as a differential Riemann—Hilbert problem. In
Sec. 3, we discuss the direct scattering problem, and define
specific Jost functions in terms of a Green function. Then we
show that the Jost function satisfies a Fredholm type integral
equation. This is unlike the usual situations where we have
local scattering problems (e.g., Schrodinger equation) and
where the Jost function satisfies the Volterra integral equa-
tion. Several remarkable features of the Green function cor-
responding to the limits 60, §— o are discussed in Appen-
dix A. Using the results obtained in the previous sections,
Sec. 4 is devoted to solving the inverse problem within a
certain class of initial conditions. For this class of initial con-
ditions we construct the linear integral equation (i.e., a Gel-
’fand-Levitan type equation) and hence give the direct con-
nection between the solution of (1.1) and the scattering data
defined in Sec. 3. In Sec. 5, using the Gel’fand-Levitan equa-
tion, we obtain an explicit form of the N-soliton solution, and
in Sec. 6, taking the analyticity of the scattering data into
account, we give the trace formula for the scattering func-
tion, and we express the conserved quanitities in terms of the
scattering data. In Secs. 4-6 we keep & finite in order for use
to be sure of the appropriate analyticity of our Jost functions.
We discuss the case § = oo (the BO limit) in Sec. 7, and we
illustrate several remarkable properties of the scattering
problem in this case. Our basic philosophy regarding the BO
equation is to obtain the information by taking the limit pro-
cess 6— o0 . However, we are careful to point out that we do
not present here the solution to the initial value problem of
the BO equation. Nevertheless we feel that the analysis pre-
sented here should be a basis for extension to the BO
equation.

2.I1ST SCHEME
The IST Scheme® for (1.1) is given by

W +u—AWT =py, (2.1)
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WE + 204+ 172003 + ¢k + [Fiu, —Tu, +v]g*
=0, (2.2)

where A and u are constants given by A = — k coth 248,

u = k cosech 2k6, and v is a constant determined by fixing
the Jost functions of (2.1) (see Sec. 3). Here ¢ * (x) represent
the boundary values of functions

[i.e., YvEx)= h}‘ig’o A (z)] analytic in the horizontal strips

between Im z =0 and Im z = 4 26, and periodically ex-
tended vertically. By using the operator 7°(-), ¥ * (x) may be
written in the form

Yt = lim o) = 41 — iT)¥ (x), (2.3a)
Y (x)= l}j% Hz)= — (1 +iT)W(X)7 (2.3b)

where ¥ (x) defined on the real axis is a proper fuction for the
operator T'(:)(i.e., |f= . ¥(x)dx| < «,and ¥ (x)satisfies the
Holder condition on the real axis, i.e., there exists constants
Cand 4 such that |¥ (x) — ¥(y)| < C|x — y|",0 <h<1),and
for Im z5#0(mod 28 }, ¢(z) is given by

_1( iy —2)
Yz) = vy J_ 3 coth % ¥(y)dy. (2.4)
From (2.3) and (2.4), we have a relation
TW" —¢7)=iy" +¢7) (2.5)

It should be noted that the relation (2.5) due to the analytic-
ity requirement is weaker than condition (27} in Ref. 6in a

sense (i.e., if In ¢ is analytic, then so is ¥™). Furthermore,
from the periodicity (period 49 ) of (2.4), we have the relation
between ¥ * (x) in the form of difference

v (x) =¢*(x + 2i8). (2.6)

We also note that the same constant can be added to
¥ * (x) without violating the analytically requirement. With
regard to the limits §—0 and 6— 0, we make some remarks.

Remark 1: As mentioned in Ref. 6, for 5—0, the scatter-
ing problem (2.1) tends to the Schrodinger equation with

o(x)= '151_1310 YE(x),ie,

8¢ + k%) + up =0, (2.7)
and for — o,
Wy +u+ kWt =2ky~, fork>0, (2.8)

where ¥ * (z) are the functions analytic in the upper and low-
er half z plane.

Remark 2: The formula (2.4) with the limit 5— o is just
the Plemelj formula, thatis, as 6— o0, 4(1 FiT)(-)in (2.3)tend
to the usual projection operators P *(:) = §(1 F /H )(-) that
decompose a function into two functions analytic in the up-
per and lower half z plane.

3. DIRECT SCATTERING PROBLEM

Here and in Secs. 46 we assume for convenience that
the initial condition u(x,0) decays sufficiently rapidly as
|x|—>o0. In order to analyze the direct scattering problem of
(2.1), it is convenient to define a new function,
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W (x;k )=y(x;k ) explikx),
where we have defined ¥(x;k)=v * (x + i6;k) and
W (x;k )}=W *({x + i5;k ) by taking {2.6) into account. Here-
after, for functions f * (x), we shall frequently use the notion
f(x) in which f * (x} = f(x F i5).
From (3.1) Eqgs. (2.1) and (2.2) become

(3.1)

W+, +128WH — W)= —uW ™, (3.2)
iWrE =220, W+ W3
+ [Fiue — Tu, +p]W * =0,

(3.3)

wherep = —2k{, +k*+v, 5, =&, (k)
= k + (k coth 2k6 — 1/25) (we shall need the definition of
£ _ subsequently). The solution to (3.2) can be given by an
integral equation,
Wick) = Wik )+ | Gl ik )W *( ik ) d,
N (3.4)

where W(x;k ) is the solution of the homogeneous equation
of (3.2) [i.e., u(x) = 0], and G {x,y;k ) is a Green function
satisfying

i k) + €+ 1/28)(G *(x, k)

-G xyk)] = — 8lx-p). (3.5)

Here G *(x, y;k ) = G (x F ibo, y;k ). From(3.5), we have the
Fourier representation of the Green function G (x, y;k ),

Glr k) = - | dp G pikjens = 3.6)
27 Je
in which G ( p;k ) are given by
A inhpd 5]~
G(pk) = |pe — 2k =120 2’“’]
(p:k) [p sinh 2k5
-1
= 2 cosech(p8){ p|.(£) - .01 |

(3.7)

where the contour C is taken to be a contour (from — « to
oo ) determined by choosing the specific solution to (3.2) (see
below). In Appendix A, we discuss the properties of the
Green function in both limits $—0 and §— co. From (3.7),
we see that G (p;k ) have polesatp =0,p =2¢ 7 '[§, (k)]
Since ¢ 7 '(-) is the multivalued function, we have an infinite
number of poles for which we shall definep_, =0, p, = 2k
and p,, g, (n>1)such that, fornx1, 2n — 1)7/(28) <Imp,
<(2n + 3)7/(26 ) and similarly for — Im p, . Moreover dou-
ble zero poles occur at special values of £, (k) satisfying
$ilk)=0andp, ={ (k). p, =5 (k) (n>1)[ie,
Pn =Pn_ 1Py =Pn_(n>0)]. We call these values @ =0
and {¢ 9 )2 (Im &Y >0,Im Y <0). Considering
the equations of p,, (n>0),
dpn _ Pn (3.8)

d§+ 25(Pn _§+)(§++ 1/25)
(7, satisfy same equation), one can see that there are logarith-
mic branch points at § . = — 1/28 for p,, p,, and p,, (n>1),
and square root branch points at {¢ % £ | for p,, at
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FIG. 1. The & plane (or p/2 plane). For given k, X and O denote the poles
P—1=0,py { PP} 1, and the double poles £ ') =0, (g, 5“1 J7z i of
Eq. (3.7), respectively. Each branch is surrounded by the dotted line, and
branch A4 is the principal branch (PB). The shaded regions correspond to the
upper half {, plane (multisheeted).

(e gt forp,,and at {£ £+ M for 5, , respective-
ly. It should be noted that from the multiplicity of &
{ = ¢ 7'()), we are required to define an appropriate branch
in k plane. We show in Fig. 1 the several of the branchesin &
plane, and in Fig. 2 the fundamental sheet (abbreviated here-
after as FS) corresponding to the principal branch (as PB),
which is the portion 4 including the real & axis in Fig. 1.
From (3.2}, one can see that if W (x;k ) is a solution, then
W (x; — k) exp(2ikx) is also a solution. Taking this into ac-
count we now define specific Jost functions of (3.2). For real
k, the Jost functions are defined as the solution to (3.2) with
the boundary conditions

M (x;k)—1,
H(x-k |ae?iks as x— — oo, (3.9a,b)
r Im l&
{0
__L
PN A%S Rre
vvvvv S -
=0
ANANANAANAN

FIG. 2. The fundamental sheet (FS) corresponding to the principal branch.
The wave lines show the branch cuts corresponding to the edges of PB.

566 J. Math. Phys., Vol. 23, No. 4, April 1982

Nix:k )—-»ez”‘",} as
ﬁ(x;k)_}ly X—>00.

{3.10a,b)
Here note that M (x;k) = M (x; — k) exp(2ikx) and

Nix;k ) = Ni{x; — k) exp(2ikx). Then in terms of the Green
function (3.6), these Jost functions are given by

) ()-8
(3.11a,b)

(et)=(E0) om0
(3.12a,b)

where the contours C, , for G, ,(x, y;k } are taken to be the
lines Re (p — i0), Re{ p + 10}, respectively [this is necessary
in order to preserve the boundary conditions (3.9} and
(3.10)]. Note that by taking these contours the Green func-
tions G , (x, y;k ) are bounded as |x|— oo. It is important to
remark that (3.11) and (3.12) are Fredholm type integral
equations, unlike the usual case of the local scattering prob-
lem (e.g., Schrodinger equation) where the Jost functions sat-
isfy the Volterra type integral equations. In addition, we note
that by using residue calculus (3.11) and (3.12) can be repre-
sented in an explicit manner useful for the proof of existence
and analyticity of the solution (see Appendix B). Asshownin
Appendix B, we have the following propositions:

(i) M (x;k ), N {x;k ) have convergent Neumann series in
certain region of the FS for given § and max|u| chosen small
enough.

(ii) Despite the fact mentioned below Eq. (3.8) (i.e., the
poles have square root branch points in the FS), M (x;k ) and
N {x;k y are holomorphic in the upper and lower half plane of
the FS, respectively. Moreover they are analytic in these re-
gions, whenever the Neumann series converges in this re-
gion. Inaddition, we have the asymptotic form of M (x;k ) and

Nix;k},

M (x;k)—1 + o(gi) as |, |—>w, Im¢, >0,(3.13)

i

Nxk)—1+0 ( §L> as |, |, Im¢, <0. (3.14)

1
We now define the appropriate scattering data corre-
sponding to the Jost functions (3.11) and (3.12). For real
[ie, &, > — 1/(28)], by virtue of the fact that
Gilx, yk ) — Golx, yik )
1 1
= — expl2ik (x — y) — 2k81, (3.15)
W, | et ¥ Y
we have alternative representations for M {x;k ) and N {x;k ),
respectively,

M (x;k) = alk) + b (k)™

+ f " Gylx yik u(pM *(yik)dy,  (3.16)
N(x:k ) = alk }e*** + b (k)

+ f " Gk u(pIN *(pik)dy. (3.17)
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Herea(k), b (k), alk ) and b (k) are given by

= + N 18
alk) =1+ 26§+ " dutsmarini), o
blk) =~ 26; J dy u( y)M *(yik Je =210 =,
(3.18b)
atk)=1+ 25§ f dy u( )N *(y;k Je ~ 2Kty = B)
(3.19a)
Bik)= 25§+ | avutov i) (3.19b)

When the solutions of the integral equations (3.16) and (3.17)
are unique (or having a convergent Neumann series as a
stronger condition), then we have

M(x;k)=alk)N(x;k)+ b (k)N (x;k) (3.20)

and
Nx;k)=alk )M (x;k ) + b (k)M (x;k ), (3.21)

which are considered as “right” and “left” scattering equa-
tions, respectively. Moreover, as shown in Appendix C, one
finds

alk) = a*(— k),
bik)= —b(~k)= — (L) (Z2) ey,

(3.22b)
atk P~ ( Z2) (L) ek =1

From (3.18a), we note that a(k ) takes on the same analyticity
as M (x;k ), and alk }—1as [{, |-, Im {, >0.

Ontheotherhand, for{, + iOwith{, < — 1/(28 )and
¢, real [i.e., k is in the upper half plane at the edge of the PB
where { (k) =§, = ¢, (k*)] we have a relation

(3.22a)

(3.23)

1
2%E,

G(x, y;k ) — Gylx, y;k *) = (3.24)

from which we have

M (x;k)=a(k) +f Gylx, ik *Ju( )M ik ) dy,  (3.25)

Nixk*)=al—k* +f \(x, ysk u( PIN *{( ysk *) dy.
(3.26)
Here we have used the relation N (x;k ) = N (x; — k) exp
{2ikx). From (3.25) and (3.26), we obtain
M (x;k) = alk )N (x;k %), (3.27)
Nix;k*) =a( — k*)M (x:k ) (3.28)
[i.e.,a(k )al — & *) = 1], whenever the solutions of (3.25) and

(3.26) are unique.
The bound states defined as
Mxk) >0 as x—+ (3.29)
and

Nixk)—»0 as x—— w0 {3.30)
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are given by
ak;) =0, M (x;k,)=bN (xk))
and
dlk) =0, N(xk)=bMxk), (3.32)
with 1?, = — k¥*for/=1,2,.,N. Asshown in Appendix D,
a(k ) has only simple zeroes and they lie on the imaginary &
axis, i.e., k, = ix; = k;, 0 <«; <7/26 in the PB, and b,b,
= 1. The right and left scattering datas are now given by
Sp = [alk )bk ), (k0,302 ], (3.33)
S, = [alk )b (k) {x1b 102, ] (3.34)
Let us now find the time evolution of the scattering
data. By virtue of the boundary condition (3.9), the constant

p in (3.3} is taken to be zero. From (3.3), (3.20), and (3.27), we
obtain

(3.31)

alk,t) = (k,0), {3.35a)
b(k,t) = b (k,0) exp[ — 4ik (A + 1/26)¢], (3.35b)
bi(t) = b,(0) exp[4x, (A, + 1/28)¢ ], (3.35¢)

where 4, = A (ix,) = — Kk, cot2x,d.

Before closing this section, we offer several remarks:

Remark 1: Although there are infinitely many solutions
to (3.2) corresponding to the poles of {3.7), we have chosen
only a finite set of solutions as the Jost functions where the
Green functions are bounded as |x|— oo for real &, that is,
(3.9)and (3.10). As shown in Appendix E, however, when we
have a unique solution to the integral equation (3.4) [e.g., in
the case that the Neumann series of the integral equation
(3.4) converges], our set of the Jost functions (3.11) [or (3.12)]
consists of a complete set of the functions in the sense of
L(— 0o <x<wl)

Remark 2: In order to define the scattering data (3.33)
[or (3.34)], we have assumed that the solution of the integral
equation (3.4) is unique (and we have given sufficient condi-
tions on 8, max|u| for this to hold), mathematically speak-
ing, there is to be no nontrivial solution of the homogeneous
equation of (3.4), i.e.,

W k) =f°° G *(x, ysk Jul Y)W (ysk ) dy. (3.36)

However, in general, the solutions W ' (x;k ) may exist for
some K [certainly for §— oo (see Sec. 7) we refer to such val-
ues of k as “‘eigenvalues” of the Fredholm integral equation].
In this case, the solution to {3.4) may have a singularity,
unless W ;' (x;k ) satisfies

fm [Wihlk )Wy xk)]t dx =0,

where W (x;k ) is the solution of the adjoint equation of
(3.36),

Witk )] =t G ok ) W01
and we must add this eigenvalue into the scattering data (it
may be a new kind of bound state). We shall discuss briefly

such situations in Sec. 7.

Kodama, Ablowitz, and Satsuma 567



4, INVERSE SCATTERING PROBLEM

We now discuss the inverse scattering problem associ-
ated with (3.2) in the case when the integral equations for the
Jost functions have a unique solution and the Jost functions
are analytic in certain region of the FS.

For N (x;k ), from the analyticity and the asymptotic be-
havior (3.14), the following integral representation is
suggested:

Nxk)=1 +f ds K (x,5)e* " ~9 forIm ¢, <O.
) (4.1)

Substituting {4.1) into (3.2) and (3.3), one finds that the kernel
K (x, y) satisfies

(i0, + 1/26 4+ ulx)}|K *(x,p) + (id, — 1/28)K ~{x,y) =0,

(4.2)

{id, + & — 3} + 23K (xx))}K (x, ) =0, (4.3)
with

ulx) = iK *(x,x) — iK " {x,x), (4.4)

where K *(x,y) = K (x T i, y F i0) and K (x, y})—>0 as
y— 0. It is important to note that (4.4) is a decomposition of
u(x) {see Sec. 2), and from (2.5) we also have the relation,

(Tu)x) = — {K *(x,x) + K ~(x,x)]. (4.5)

Subject to (4.4) and (4.5), one can see that the compatibility
between (4.2) and (4.3) gives Eq. {1.1).

From (4.1} and the relation ¥ (x;k } = Nix; — k)
exp(2¢kx), we also have
Nixk)= 2""‘[1 +f ds K (x,s)e ~ % x % (4.6)

which is analytic in the upper half { _ plane [note

& (— k)= — ¢_(k)].Byvirtueofthetriangular representa-
tions {4.1) and (4.6) one can derive the linear integral equa-

tion (i.e., a Gel’fand—Levitan type equation) and hence solve
the inverse problem as follows: dividing {3.20} and (3.27) by
alk ) and operating with (1/27)§> _ d§ , explif . (y — x}].

(i.e., Fourier transform) for y > x, we have

BN . Mxk) .ty
2T J e w0 alk)
1 0 — 0 _ )
= — dé N (x;k Jer =
2r —cc — i0
L L b Nk yes -0 a7)

20 _ins 7 alk)
From theanalyticity argumentsfor M (x;k Janda(k )(i.e.,ana-
lytic on the upper half plane of the FS), the left-hand side of
(4.7) can be written in the form

- i C,N (x;in;) exp[i . (¥ — x)}, (4.8)

I=1
where C, = —ib,/d,,4, =03a/3 |, —¢ 6 1=+ (iK,)
Then, using (4.1) and (4.6), we obtain the Gel’fand-Levitan
equation,
Kx,y)+ Fix,y) = J K (x,s)F(s,y)ds=0 fory>x,
. (4.9)
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with

Fix,y) = _j (“’§+) (k)e,;-m;.y

+ Z Crexpli§ . x +i6 .,y

=1

(4.10)

(note §= _ dk{dl /dk) = 7, ,,sd¢ . +). InSec. 5, by using
{4.9), we construct the N-soliton solution as an example of an
explicit solution of {1.1).

To close this section, we briefly discuss an alternative
method of the inverse problem which is a direct method®
based upon the Gel’fand-Levitan equation (4.9). From
(4.10), taking (£, + 1/26) = (—§_ + 1/26) exp(4kb ) into
account, one finds that F(x, y) satisfies

{id, + 1/28)F " (x, y) + (id, — 1/26)F ~(x,y) =
(4.11)
From (3.35), we also have
(id, +3% —F)F(x,y)=0 (4.12)

From {4.9), (4.11), and (4.12) one can derive (4.2) and (4.3)

with (4.4) whose compatibility yields (1.1) with (4.5). Then
the direct method based upon {4.9) is given as follows: For
given u(x,0),

(1) find K * (x, ,0) from (4.2) with the boundary condi-
tion K * (x,x,0) = Fiu* (x,0) [u(x,0) = u*(x,0) + u " (x,0)
from (4.4},

(2} find F * (x, »,0) from (4.9},

{3) find F *(x, y,t) from (4.12),

{4) find K *{x, y,t) from {4.9),

(5) then u(x,t) = iK “(x,x,t) — K ~{x,x,t).

5. N-SOLITON SOLUTION

In the case of an N-soliton solution,
Gel'fand-Levitan equation is given by

Fix,y)in the

Fix,p)= 3 C explic x +iC , ) (5.1)

=1
where C, is a positive real function of 7 (see Appendix D). In

order to solve (4.9) with (5.1), we assume K (x, y) to be of the
form

N
Kixy)= Y (C,)"*Fix)explic , ). {5.2)
I=1
Then (4.9} becomes
CCI/Z a8 L+ 540 ;
r, +1Z ! = —cyet
=1 g —n + §+ ]
(5.3)
Here we note that the matrix 4 (x) defined by
(A1, =iic, ey SRt el sy
g —-n + § +

is positive definite. Namely, for an arbitrary column vector
V = (v;,...,uy)7 the inner product (V,4 V)=(V’)*4 V takes
positive value, i.e., noting ({ , ,))*= — ¢ _,,
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CcC 12, 86 a4+ 6 ix
(V,AV)=in:( nCi) e
nl S_nt+&

Therefore, for '=(T",,...,I"y;)", we have

F=(+4)"'E (5.6)

where E=(E,,...,.E )" with the element E,
= — C}”? expli¢ _,x). From (5.6), we obtain

v,

N
> C %, explid , ,3) 2ds>0. (5.5)

K{xx)= aixln det |1 + 4 (x)|, {5.7)

which leads to
I+ A(x—ibt)
I+ A4@x+i8)’

where / is the identity matrix. For example, a 1-soliton solu-
tion is given by

ulx,t) = ii In det (5.8)
Ix

2k, sin(2«,9)
cos(2x,8) + cosh{2«,[x — x,(t)]}
where «, is an eigenvalue, k = ik, and from (3.35) x,(¢ ) is
given by

u(x,t)= (5.9)

1, Gl)
2, 2

= (24, 4+ 87 + x,(0). (5.10)
For N-soliton solution, following the method developed in

Ref. 9, one can calculate the phase shift formula for / th-
soliton,

x(t)=

x/(0)—x,(0)
1 il §+I+§—m IS ‘§+m—§+l ]
= —1 2*l oom 2xm 2r il
K, n[mzzl"+l §+l_§+m ’"z=1 ;—m+§+l
(5.11)

Here we have ordered k, > k, > - >k >0, and x,* (0) are the
phases of the soliton at t— + oo, respectively.

It is interesting to note that the N-soliton solution (5.8)
can be written in terms of the squared eigenfunctions. From
(5.3) we have

C,N, = — C}’I'; expli§ , ,x) (5.12)
and
C\N,
N,=e ™ |1—-iy —2L |, (5.13)
=1 g- n + §+l
where N,(x) = N (x;ik,). Then we obtain
ulx) = iK *(x,x) — K ~(x,x)
N
= —i 2 C[Nx) =N (%]
I=1
N
=2 Y C sin(2,8)|N ;* |2 (5.14)
I=1

On the other hand, from (2.1) or (3.2), one finds that the
equation for ¥ =|¢* |? = |W * exp[ — ik (x — i8)]|* with k
real or pure imaginary satisfies

b+ (1/8%, +2u¥, + TY,, =0, (5.15)
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which is the associated linear equation of (1.1}. Note that this
result is similar to the case of the KdV equation.’ In fact, the
results obtained in Ref. 9 for the KdV solitons are derived by
taking lim 5—0 in our results.

6. CONSERVATION LAWS

As shown in Ref. 6, (1.1) has an infinite number of con-
servation laws. Here we give the direct connection between
those conserved quantities and the scattering data defined in
the Sec. 3. We first show that the function defined by

M~ {x;k )
M *(x;k)
is directly related to the scattering data a(k ). Noting that, for

large ¢, in the upper half plane of the FS, M * (x;k ) are not
zero, we have a relation

(To)x;k ) = — i In[M *(x;k )M ~(x;k )4 ], (6.2)
for large |, |, Im &, >0, where we have used the fact men-
tioned below Eq. (2.6), and the constant 4 can be determined
by the boundary condition (see below). It should be noted
that o{x)—0 as |x|-» 0, since for Im £, >0 in the FS,
M *(x;k)—>lasx— ~ o and M * (x;k }—alk )asx— + .
From (6.1) and (6.2), (4.2) and (4.3) become

olx;k)=1n (6.1)

1 1
e —1= —1| —(1—-¢)—io, — To, 4+ 2ul|, (6.3
R 6( ‘) (6.3)
o, -2 0, —io, +o0,To, +2u, =0. (6.4)

Taking * _ o, To, dx = 0 into account, from (6.4}, one
finds that o(x) is a conserved density. For large |£ , |, (6.3) has
an asymptotic expansion

& ¢.x)
k)= _— 6.5
ofx;k ) 2,1 ey (6.5)
The first two ¢, (x) are
¢l = 2u,
(6.6)

¢, = —2u’— %u —2iu, — 2T (u,).
On the other hand, from the definition of 7'(-), we have

1 o0
—_ E.f oly;k)dy as x— o0,
(To)x;k ) Lo
ESTJ_ oea(y;k)dy as x— — oo,
(6.7)
and from the boundary conditions of M * {x;k ) for
Im¢, >0,
In[a?(k)A]

In A4 as x— — oo.
(6.8)

In[M *(x;k \M ~(x;k )4 ]_>{ as X+ «,

Comparing (6.7) with (6.8), we obtain

nalk)= — 2’—5f ol yik ) dy. (6.9)

Next we derive a closed form expression for a(k ) by us-
ing the analyticity requirements of the previous sections.
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Namely, we employ the following facts:
(i) a(k ) is analytic for Im ¢, > 0.
(ii) a(k ) has only a finite number of simple zeros.
(iii) a(k }—1, as |§ , |—>o0 for Im £, >0.
(iv)alk )= a*( — k *)forreal £ (k).
In this case, a(k ) can be written in the form

alk) .-a(k)IH ; +§+I

where, for Im §, >0, d(k ) has no zeros and d(k }—1 as
|€ 4 |— . From (6.10) we obtain

= (M 2 5)

XCXP[ZW,IIOO§+ —-¢

+
for Im$ , >0,

(6.10)

Infa k¢ )],
(6.11)
alk)= lim a(k), forreall,.
Im¢, 10
For large |{, |, we have the asymptotic expansion,
Ina(k) = L 3

“~ (2§+)n [2f (€', )" 'Inja(k ) d¢,
2"*’5' }]

2[§+[

Comparing (6.5) with (6.12), we now obtain the trace formula

=[" snay= - Z2 " de. onmlatk )

2n+1 N

i6 2 [; +1 fknl}'

From the first two terms of I,, we have

J udx=4 Z K6 — ijm d¢, In|a(k)|? (6.14a)
_ TJ

=1

® 1

2gx =8 5(_

‘qu * ,;K’ 28
26 (7

L[ ae. ¢ miatkp,

(6.12)

(6.13)

— K cot(2x,5)>

(6.14b)

7.NOTES ON THE BENJAMIN-ONO EQUATION

In Secs. 4-6, we developed a method associated with the
IST problem of (1.1) in the case where the Neumann series
corresponding to the integral equation (3.4) converges. Suffi-
cient conditions for this to hold are to have § finite and
max|u| chosen small enough (see Appendix B). We now
briefly consider the scattering problem in the case § = o,
and we find several results associated with the BO equation
by solving the scattering problem. Our basic philosophy re-
garding this case is to obtain information by taking the limit
process 6—co.
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From (3.2} and (3.3) with 6 w0, the IST scheme of the
BO equation is given by
w} + 2k w™

—wT)= —uw", (7.1)

w* —4ikwE +wk + [F2HP *(u,)+plwt =0, (7.2)
where P *(-) are the usual projection operators given by
P *(.)=4[1 FiH](), and w* (x) are the boundary values of
the functions analytic in the upper and lower half z plane,
respectively. Here we require that the derivatives of w * (x;k )
satisfy
Huwr = +iw}? (7.3)
With (3.11) and (3.12), we define the Jost functions of
(7.1) as follows. For real k£ > 0,

m*xk) = lim M * (xk) (7.4a)
Pt k) = lim M * (xk ) exp( — 2k8), (7.4b)
n* (k)= lim N *(xk) exp( — 2k6), (7.5a)
A* k) = lim N * (xk) (7.5b)

As mentioned in Appendix A, these Jost functions are the
solutions of the split equations

w} + 2k w™ (7.6a)
2k (w™ (7.6b)

where wy is a constant determined by the boundary condi-
tion. The Green’s functions associated with (7.4) and (7.5),

—wp)= — P (uw™),

—wo) =P (uw™),

defined by g% (x, y;k ) = llm G 5 1x, y;k ), are given in the

explicit form, for real £ > 0

g x, pik ) = i Mg (x — y) — %Eilzik(x—yn ,
T
(7.7a)
g x, k) =i ==Y L gt (x, yik), {7.7b)
1

k)= — 7.8a

gl yk) = (7.8a)

g x, k) =g (x, pik), (7.8b)

where & (-) is the usual Heaviside step function, and E,(z) is
the exponential integral,

Elz) = J £ a1, for |argz| <, (7.9)
:

and asymptotically E;(z)-—0(e ~*/z) as |z|]— . The integral

equations for m™ and n* are found in the same way as in Sec.

3; hence, from (7.7), we have, for real k > 0,

mtxk) =1+ B k)™

+ [T g ok utim sk )y, (110

n+(x;k) — mk )e2ikx

4 f g e, yik jul yin ik )y, (T.11)
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which leads to
m* k)=t (k) +Bkn"(xk), (7.12)
nix;k) =alk ym*(x;k), (7.13)
whenever the solutions of (7.10) and (7.11) are unigue. Here
B (k) and alk ) are given by

Blk) = lim b (k) exp(2k)

= t'J‘o° u(y)m™*(y;k)e = ** dy, (7.14)
k) = lim alk)
=1 _’_on u(yint(ykle ¥ dy (7.15)

[note that, for real k > 0, a(k }—1,b (k) -0 as 5— o0 ]. Sofar
we have discussed the Jost functions for real £ > 0. A re-
markable feature of the scattering problem (7.1) may arise
for real k < 0. In this case, the Green functions become

g (x, yik) =g5" (x, y;k ) = (1/2m)E, [2ik (x — y) "™ 7,
(7.16)

and g (x, y;k ) are the same as (7.8). Then, the Jost functions
are given by

m*ixk) =1+ ZLJ g2k tx =¥
T — o

E, [2ik (x — y)]u( yym™ (y;k ) dy, (7.17)

nt ek ) = ﬁf, 2 =E, [ 21k (x — y)]u( yin* (k) dy,
(7.18)

where we have omitted the term exp(2ikx) in (3.12a), since
this function is not analytic on the upper half z plane

{Re z = x} for k <0 in the sense of (7.3). We note that if there
is a nontrivial solution of (7.18), then, by the asymptotics of
E,(x),n™(x;k } >0 (1/x) as |x|— oo [i.e., this solution may be
considered to be a bound state for (7.1)]. By the method of
successive approximations,'® one can find that if the kernel
K (x, y;k )=(2m) " 'E, [ 2ik (x — p)u( y) exp[2ik (x — y)] satis-
fies the following square integral conditions,

S,(x)zf IK (e, pik ) dy < oo,

Sy = f j K (x, yik |2 dx < oo, (7.19)

SOEJ f IK (x, y;k)|* dx dy < o,

and if S < 1, then there is only the trivial solution to (7.18),
i.e., n7(x;k ) = 0. For real k, the condition S, < 1 gives

JW [u(x)]? dx < 4|k |. (7.20)

This implies that, for given u(x), one may expect to have a
nontrivial solution for those & satisfying

|k | <(4m)~'5= _ [u(x)]* dx. In order to illustrate some of
those features [e.g., the existence of nontrivial solutions of
{7.18)] of the scattering problem (7.1}, we discuss a simple
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example. Namely consider the following initial condition,

2ve
xt4+e’
where v and € are constants, and without loss of generality €
can be taken 1 by virtue of the scaling asymmetry, x—€x,
t—€’t, u—u/€ (the BO equation with this initial condition
has been discussed numerically in Ref. 11). The method dis-
cused below can be applied to the case in which u(x]j takes
more general form of a rotational function. For a bound state
(i.e., real k < 0), by virtue of Cauchy’s theorem, we immedi-
ately obtain n~{x;k ), from (7.6b),

n=(xsk ) = ir’—(un*)(x;k)

ulx) = (7.21)

1 * 1 ( 2v ) .
= n k)d
dmik J_ o x—y—i0O\ y* + 1 (k) dy
1 1 2v
= —Res[ ( )n+ sk ]
2k x—y—i0\y*+1 (k)
__ ivnTlik)
2k (x — i)’ (7.22)

where we have used the requirement that n *( y;k ) is analytic
on the upper half plane. It should be noted that n ™ (x;k ) can
be calculated explicitly and the degree of singularity in the
upper half plane is the same as the one of «(x) when u(x)is the
rational function. Then the solution n* (x;k } can be found
directly from (7.1) in the form

Frra i G i B G )
P2k =) (7.23)
y—i

with the boundary condition (17 (x;k )—0 as |x|— )

—w Ny y—1
which determines the discrete eigenvalues (see below). For
v <0, integrating (7.23) by parts, one may see that n™(z;k )
has a singular point at z = , and there is no bound state. Asa
special case of v > 0, we first consider the case v = n = in-
teger. By a residue calculation, one can see that (7.24) is the
Laguerre polynomial of degree #, i.e.,
D (k)= (2mi) 'L, — 4k ) exp(4k ) = O for k <0. Hence
there are n real distinct eigenvalues, e.g., forn =1,

(7.24)

ky= —4forn=2,k ,= —(2412)/4,and soon. On

the other hand, (7.23) can be written in the form,

H+(X,k) ( x—{)" 2ikx[ - (n) Ao Lp(n) }

— = —v|——Je 20 TPk,

n*(izk) X +i 2, A Tk
(7.25)

TABLE I. The eigenvalues of the Fredholm integral equation (7.18).

v 0.8 1.0 1.5 2.0 2.5 30
0.48 1.0 0.12 0.59 0.085 0.42
— 4k 1.97 3.41 1.28 2.29
4.69 6.29
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where 1 {"(x;k ) is given by

IP0ck) = f —(CXP( — 2iky) dy
— y —_—

l-)n—l+1

1 exp( — 2ikx —
N Y 3
= + Tk )
P x—i" PTG
(7.26)

Here y,, is the constant to be calculated recursively, and
I'"(x;k )is the exponential integral E, [ 2ik {(x — 7)] which has
a logarithmic singularity at x = i. However, the coefficient
of I in n*(x;k ) is just the Laguerre polynomial, i.e.,

(4k)" !

L,(—4k)= z(’}) T

{=0

(7.27)

which is required to be zero by the condition (7.24). Namely,
the condition (7.24) corresponds to the requirement that
n™(x;k ) is, in fact, analytic in the upper half plane. Thus we
expect to find an n-soliton solution when v = n (in agree-
ment with Ref. 11). By direct calculations, one can show that
the solution (7.25) with (7.27) = O satisfies (7.18) [i.e., this
shows the existence of the nontrivial solution to the homo-
geneous integral equation (7.18)]. For the situation with
v#integer, we note that (7.24) can be expressed by

e — Say
2 i =0
n—em | =

where [v] denotes the Gauss’s symbol (i.e., maximum integer
less than v), and the series 2{*!  @,y' is the first [v] + 1 terms
of the Taylor expansion of ( y + 1)* exp(4ky) around y = 0.
From (7.28), we find that there are n roots of (7.28) when v is
in the range n — 1 <v<n. We have listed the values of k
versus v in Table L.

dy=0, (7.28)
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APPENDIX A: GREEN’S FUNCTIONS

We give here the form of the Green’s function
G *(x, y;k ) in the limits of 6—0 and 6— oo for real k.

For 50, taking £ , —k into account, the Green’s func-
tion (3.6) with (3.7) becomes

1 eip(x —»
dp,
278 Jeplp —2k)

which is the Green’s function of the Schrédinger equation of

Vixk)=lim W(xk), ie.,
50

G(x, y;k }— (A1)

8V, + 2ikV,)+uV =0 (A2)
[note ¥ = ¢ exp( — ikx) where ¢ is in (2.7)]. On the other
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hand, for 6— «, we have

~

G(pk)—

8(p), (A3a)

p—2k

2 1
G (pk —6(p), A3b

(p3k )— % (p) (A3b)
where 6 (-) is the usual Heaviside step function. It should be
noted that §  (k }—2k@ (k ) for real £, and the negative eigen-
valuein (7.1) corresponds to what happensto{, < — 1/(28)
(i.e., k is on the edge of the PB) for finite §. From (A3), we
have

G *(x, yik ) —— f LA A4
X, V; ,
Y 27 Jer p—2k ? (Ada)
1 v .
G~ (x, yk ) —— e Xy 0 gy Adb
(x, y;k ) ymrll I p (Adb)

where the contour C ™ is taken to be a positive half p line
avoiding the singularity p = 2k (see Sec. 7). It is remarkable
that (A4b) is just the usual projection operator

P~ () =M1+ iH)), ie.,
- 1
G (x,pk)»———""—7—
(x, y;k ) P
= Slx —y) — Ly
4k  x—y
1 A~
=57P - AS
Py (x —y) (A5)
[note that P ~(-) = §= _dy P ~(x — y)()]. Indeed, the

Green’s functions G * (x, y;k ) decompose the scattering

problem into two equations:

G pk)+ (6, + 17206 T (x, pik )= — 4 T (x —y),

(A6a)

6+ +1/28)G ~(x, pk ) =4 ~{x — y), (A6b)

where the functions A * (x — y) satisfying

47 (x —y)+ 4 " (x —y)=68x —y)lie,A *isadecomposi-

tion of 8-function) are given by

4" x—y)
_ p— 6.+ 1/28) iplx -y + i0)
27 Je T p— (&, 4+ 1/28)(1 — e %) '
(A7a)
47 (x—y)
— ___J‘ d (§+ + 1/25)6 -2 ip(x ~ y - i()|.
2m e p—(C, + 17281 — e )
(AT7b)

Here we note that for 5— oo, (A7) tend to the usual projec-
tion operators,

+1

A *(xp)>P F(x —y) = Pl

(A8)

APPENDIX B: ANALYTICITY OF THE JOST FUNCTIONS

Here we discuss the analytical property of M *(x;k } in
the fundamental sheet (FS). [The analyticity of N *(x;k ) can
be discussed in a similar fashion to that considered here.] In
order to do this, it is convenient to write G ,* (x, y;k } in the
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explicit form calculated by the residue theorem, i.e.,
G\ (x,y:k)
i 1
T2 .%,p,—¢

1

i oo
"% 2

Il M8

exp[ip,(x —y)]16(x — y)

+
— L explif,(x 1110y — %)
"6
(BI)
Herep, (n> — 1), p, (n>1) are given below (3.7).
Firstly, we show that in the upper half plane of the FS,
G " (x, y;k ) [and therefore M *(x;k )] is holomorphic at the
points on the branch cut corresponding to the edge of the
principal branch (PB) in Im £ > 0.
Let{ , , be the point on the branch cut in the upper half
plane of the FS. Then there are two points &, &, (say, Re k,
<Re k;) on the edge of the PB, such that { | (k)
= § , , (k). Calculating the two limits of G * {x, y;k ) in the
FS (or PB),

lim G/ (x,p;k)= lim G (x, y;k) (B2a)
Im¢,ilm¢ k-—k,
S8,
and
lim G/ (x,p;k)= lim G (x, y;k), (B2b)
Im¢&, tImég, , k-ky
[ s

we obtain (B2a) = (B2b), since at k|, p, = 2k,, p, = 2k,, at
k,, po = 2k,, p; = 2k, and the other poles p,, p, (n>2) re-
main the same. Hence, G " {x, y;k ) does not have the branch
cut in the upper half plane of the FS. It should be noted that
for Im ¢, <0, G (x, y;k) has a branch cut corresponding
to the lower edge of the PB. For G ;' (x, y;k ) [associated with
N (x;k )], similar reasoning suggests that G ;" (x, y;k ) does not
have the branch cut in the lower half plane of the FS.

Now let us discuss the analyticity of M *(x;k ) for
Im &, >O0. In the case §, #p,, (n>0) (i.e., there is no double
zero), one can estimate, from (B1),

[ 16wl

< %(ﬁ + l—;j) J_:lu(y)l dy

2 max|u| & 1
m n=1 (2”—1)lpn'—§+'

=a, < .

(B3)
(i.e., the kernel can be estimated by a constant which depends
on 8, max|u| and §* _ |u| dx). Then, by the method of suc-

cessive approximation, we have the Neumann series for
|M *(x;k )| in the form

M sk )|<1 + f |Gylx, y3k Ju( )| dy

+ " " @nlGim kG pisk ul
+ ...

1 2 4.,
<l4+a +a7 + . (B4)
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If a,(k,8)is less than 1, then (B4) converges and |M *(x;k )| is
uniformly bounded. For the case, p, =p, ,, =&, (n>0)
for a certain n, (i.e., there is a double zero in the upper half
plane of the FS), we have

[ 16wk

1 w
< mjl m|“()’)| dy

n 26 max|u| [L i, 1
m é n=0 |2n——1”pn _pn‘,l

+ 4 + 6 >

312n, — 1| 2ny — 1)'nm
where 2'7_ , expresses the sum over n>0 except n = n,and
n, + 1. Thus, the convergence of the Neumann series is giv-
enbya, < 1,and |M *(x;k )| isalso uniformly bounded. Inthe
case {, = 0 (k = 0), we need a different way to estimate
|M *(x;k )|. Heretheestimation of thekernel G |* (x, y;k Ju( )
depends on x. We write the integral equation for M *(x;k ) in
the form

]Eaz < o0, (BS)

M k)= 1+ f Vi, yik Jul )M +( ik ) dy

+f Fix, pik ulp)\M *(y:k ) dy.  (B6)

where
1 1 2ik (x — y)
Vix,p;k)= — e ) B7a)
k)= Sose T T e (
Flx,y;k) =G (x,p;k) = V(x, p;k ). (B7b)

Define @ (x;k ) to be
@k =1+ [ Flayik s *(yik) s, (BY
from which we have

M (k) = D (xk) + f_ V (x, yik Ju( y)M *( yik ) dy. (B)

Noting that (B9) is a Volterra integral equation, we have a
resolvent kernel I" (x, y;k ) given by

o0

Lix,yk)= Y K"(x, pik), (B10)
with "

K"x, yk) = fxds Vix,s;k )K"~ Yis, y;k ),

K%, pik) = Vy(x,)’;k Ju( y), (B11)

and M *(x;k ) is given by
M *(xk) = @ (xsk ) + f T (x, ysk ) (yik ) dy. (B12)

From (B12), (B8) can be written as a Fredholm integral equa-
tion in the form

Dxk)=1+ fm K (x, y;k )@ (y;k)dy, (B13)
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whose kernel

K(x, k) = F(x, yik Jul y) + f " P (o uls)l (s, yik ) ds
’ (B14)

[notethat F (x, y;k )(andthereforeX (x, y;k )|hasalogarithmic
singularity at x = y. By the method of successive approxima-
tions for (B13), if K (x, y;k ) satisfies the following
conditions, '®

f |K [x,y;k))?dy =B{x)< o, forallx, (Bl5a)
f |K (x, y;k)|* dx=B,(y) < 0, forally, (B15b)

f f |K (x, ;K )|*dx dy < 1, (B15c)

then the Neumann series of (B13) converges. In the case
k = 0, we have the estimation |K (x, ;0)|, for x#y,

IK(x’ _}’;0)| <|F(x! y;o)u(y)i

+ 2—1- | y)|f ds|F (x,s;0)u(s)[" (s, ;0)| ds
ﬂ — 0
(B16)
with

2 3
I o< [1 o \xl)]

Xexp[B+ %x@(x)fjwiu(s)lds], (B17)

1 & 1 2n—1
Ppol< 55 5 - exp| — BT sy

_1_lrl 1+ exp[ — (m/28)]x — y|]
27 1 —exp[ —(77/25)]x—-y]](;3

18)

2 (* 34
=2 [ (14 2 alJutw ax (B19)
From (B16), one can see that, for finite §, if #(x) decays suffi-
ciently rapidly as |x|— oo, then |K (x, y;0)| is square integra-
ble. Moreover the Neumann series converges for given § and
max|u| chosen small enough. Namely, the solution of (B13)
exists for all x, and therefore M *(x,0) exists. It is interesting
to note that, for the limit 5—0 with u(x)/8 remaining finite,
F(x, y;k ) tends to zero and (B6) becomes the Volterra equa-
tion of the Schrédinger equation {see Appendix A). Conse-
quently, these results imply that M *(x;k ) is analytic in the
upper half plane of the FS whenever the Neumann series
converges in this region.

APPENDIX C: RELATIONS BETWEEN {a(k),0(k)} and
{ak)b(k))

For real k, we derive the relations (3.22) and (3.23). In
order to do this, it is convenient to consider the following
form of the scattering problem,

b +(u+ 3‘6—)¢+ ~ Tk, 1)
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where
¢ (x;k )=W (x;k ) exp( — i, x),
and I' (k )=({, + 1/28) exp( — 258¢.,)
=(—{&_ + 1/28) exp(28{_) = I"'( — k). Then, for real £,
the Jost functions are defined by
Sk )—e %%, (C2a)
glx;k)—>e* *, asx— + o, (C2b)
[note that from I' (k) = "' ( — k), if ¢ {x;k ) is a solution, then
@ (x; — k) is also a solution]. Then the relations (3.20) and
(3.21) become

as x— — co,

flxsk)=alk)glx; — k) + b (k )gx;k), (C3)

gk ) = alk [ (x; — k) + b (k f (x;k ), (C4)
from which we have

alk)a(—k)+bk)b(k)=1, (C5a)

alkla(—k)+bk)b(k)=1, (C5b)
and

alk)b(— k) + b(kalk)=0, (C6a)

ak)b(—k)+b(klalk)=0. (C6b)

On the other hand, from (C1) and its complex conjugate
equation, we have

iT (481 =T 18 (8 ) — (8 1% ],
X
(C7)
By virtue of the relation [¢ * ]* = [¢ *] ¥, we obtain
0=ilg " (8% 1T
— 1+ is I+ ib
+ k) [llm <J‘ dx + f dx) #%.  (C8)

—1 i — 5
Using/f(x;k Jas¢ (x;k )in(C8), and taking the boundary condi-
tion of f(x;k ) into account, we obtain (3.23). Also comparing
(3.23) with (C5) and (C6), we have (3.22).

APPENDIX D: BOUND STATES

Here we show that the zeroes of a(k ) are pure imaginary
and simple.
From (2.1), we have

2 [ 4] = = AN )]

= (U0 P -t () (D1)
where ¥, =(x;k ), A, = 4 (k)), u, = p(k,) and Im k, > 0. By
virtue of that [¢* ]* = [¢*] ¥, we have

= An[ " P~ wPdx=0
- ) (D2)

From (D2), using the formula of A and u in terms of the & [see
below (2.2)], we obtain &k, = ix,.

In order to prove a(k,)#0 (i.e., k, is a simple}, we show
the following relation, for the bound state k = i,

C '=ia/b= J. |g(x;ix)|* dx, (D3)
where g(x;ix} is given by (C2b), and Cis defined in (4.8). From
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(C1) and its derivative with respect to § , i.e.,
g + w4128 =T~ +T¢~ (D4)

[here the dot denotes the derivative with respect to§ , e.g.,
I'= —256¢, exp( — 25¢ )], we have, for k = ix,

UM DRV URUMEEE RN
X

—250, e ¢ [p7}*, (DY)
where ¢ = 3¢ /3¢ . |, _ .., and we have used I *(ix) = I" (ix).

Integrating (D5) over — « to o, we have

. —1—i8 1l + i .
i {2 . =F[1im(f L dx+J; ) dx)¢¢*
e — 1+ i — i

) — 1 1 I+ ib
—26,e %" lim (f dx+J. dx+f dx>|¢lz,
> -1+ -1 i

(D6)

where we have used [¢ * ]* = [¢ *] 7. From (D6) with
¢ = fand the boundary condition of f, we have

iab* = J. | flx;in))* dx .
= bg{x;ix), we obtain (D3).

(D7)

Consequently, from f(x;ik)

APPENDIX E: CLOSURE OF THE JOST FUNCTIONS

Under the condition of the analyticity for the Jost func-
tions considered in Secs. 4—6, we show that the set of the Jost
functions defined in (3.11) or (3.12) consists of the closure for
the eigenvalue problem (3.2). We use the scattering problem
(C1) for convenience.

Let us define the adjoint problem of (C1) in the form

—if¢"}s +u+ 17206} " =T (k){¢"}", (E)

where ¢ * = ¢ #(x;k ) is the adjoint solution of ¢ (x;k ). For
real k, the Jost functions of (E1) are given by

flxk)—e %t % asx— — w, (E2a)

gl xk)—ec ", asx— + . (E2b)
From (C2) and (E2), one can see that

¢4 (x;k)=¢ *x,— k) forreal k. (E3)
By virtue of the analytical continuation, we have

¢4 (x;k)=¢*x, —k* forcomplex k. (E4)
Let {k |k ') be an inner product defined by

klkh= [ gtk bk ) dx

Ef (K [x)y x|k ) dx, (E5)

where the Dirac symbols are defined by (k |x)=¢ (x;k ) and

{x|k y=[(k |x)]" = ¢ *(x;k ). Thenforreal k, from(Cl)and
(E1), we have
[F(k)—F(k’)](k|k’)

=il (k) kN 11EZ .

~ k) im (f,:,»ad"* ledx)as(kwk')
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+ (k') lim (f_,i,a dx + fw dx) bk (k).

(E6)

Defining
flek)=<k,1 lx>} (E7a)
glxk)=(k,2|x) )’ (E7b)

and by virtue of the boundary conditions of fand g, we have
the following orthogonality relations,

(k11k',2) =2malk )&, — &', ) forreal k,k', (E8a)
(k,1)in;,2) = (ix,,1|k,2) =0 for real k, (E8b)
(ik;, ik, ,2) = id,6,,,. (E8c¢)

If the set of the functions [{ f(x;k ), — o <k < 0},

{ fix;ix;)} 1 | ]is complete in the sense of L,( — o0 <X < o),
then an arbitrary function 4 (x) in L, can be expanded in the
following form (that is, the expansion theorem),

hi= 5 [ de Rtk + S Fisie, (B9

where £ (k ) and h, are determined by using (E8), i.e.,

J h (x)g” (x;k ) dx, (E10a)

(k)
o L[

h(x)g* (x;ix, ) dx. (E10b)
In order to verify the expansion theorem (E9) it is sufficient
to show that, for this case, there is an identity operator given
in the form'?

RN 1
I= Py f_wa(k) |k,2) <k, 1] + Z |1K,,2)(1K,,1|

=1

(E11)
or
(W |x) = 8(x — y)
1 (¥ d
= 5| S e ok
2 J_ &
+ z gA (p3in, )f (x;ik))
I=1
= [ gk —k)de.
2mJ_ &
1 f” k)
+ — kglx:k ) d
by 71/z§a(k)gA(y glx;k ) d¢
N
+ Y Cig'(yiin,)glxsix,). (E12)
=1
By using the triangular representation of
N (x;k ) = glx;k ) explic , x),
glxk)=¢e% *+ f K (x.5)e* *ds, (E13)
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{E12) becomes

(ylx) =8(x —y) + K (x.p) + F(x.)

+ on K (x,5)F (s,y) ds
+ f Tk y,s)[K (x,5) + F(xs)
+ f ) K (x,t )F(t,s)dt] ds. (E14)

By virtue of the Gel’fand-Levitan equation (4.9), we have
(yH |x) = 8(x — ). (E15)
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Parabolic approximations to the time-independent elastic wave equation
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A splitting matrix method is used to derive two parabolic-approximation partial differential
equations to the three-dimensional, linear, elastic wave equation in isotropic, inhomogeneous
media. The derivation is valid for media whose Lamé parameters vary slowly on the length scale
of the wavelength of the elastic waves. Next an integral form of the full wave equation is derived
based on the splitting matrix and the parabolic approximation solution. Iteration of this
equation gives a three-dimensional vector-valued series which generalizes the one-dimensional
Bremmer series (which was used in the study of second-order ordinary differential equations).
These results are expected to have applications to geophysical modeling and nondestructive

evaluation.

PACS numbers: 03.40.Kf, 02.30.Td
1. INTRODUCTION

Parabolic or forward-scattering approximations to the
reduced scalar wave equation’~" have been used extensively
in the study of acoustic and electromagnetic wave propaga-
tion in inhomogeneous media. The parabolic approximation
provides a full wave approximation (including diffraction
effects) that is amenable to numerical investigations. It has
provided the basis for accurate simulation of wave propaga-
tion in media with complicated inhomogeneities, including
stochastic media. A recent review of parabolic approxima-
tions to the scalar wave equation, including numerous refer-
ences, can be found in Ref. 6, where important new results on
improved parabolic approximations to the reduced scalar
wave equation are also presented.

Roughly speaking, the parabolic approximation is used
when a particular direction is singled out in a medium by the
nature of the excitation of the medium and when it is valid to
assume that the dominant behavior of the propagation lies
along this distinguished direction. A distinguished direction
is defined, for example, by the axis of a pencil of light shining
into a piece of glass. The direction is distinguished by the
excitation, not by the medium. Thus, it is not necessary to
assume that the medium is stratified. The propagation is
dominated by behavior along the distinguished direction if
the medium is such that the reflections of the incoming wave
back along the distinguished direction are negligible. Typi-
cally, in the scalar case this situation obtains if the inhomo-
geneities are small and slowly varying on the length scale of
the wavelength of the incoming wave. The parabolic ap-
proximation is valid in the vicinity of the axis of the incom-
ing pencil, typically an acute cone with axis coincident with
that of the pencil. It is not, however, a uniform approxima-
tion along the distinguished direction.

Intuitively there should be, in the appropriate region, a
parabolic approximation to the elastic wave equation. Sur-
prisingly in view of the success of such approximations in the
scalar case, there have been few attempts to derive such a

*Permanent address: Department of Physics, University of Missouri—Co-
lumbia, Columbia, MO 65211.

*Permanent address: Department of Mathematics, University of Nebras-
ka, Lincoln, NE 68588.
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result. For example, the problem of diffraction in inhomoge-
neous elastic media was studied both earlier and more thor-
oughly® than parabolic approximations. For the full three-
dimensional problem, Ref. 9 provides a parabolic approxi-
mation in the case of nearly compressional or nearly shear
waves when each component of displacement oscillates at
the same spatial frequency. In Ref. 10 an alternate parabolic
approximation was derived. In two dimensions, a parabolic
approximation in terms of the velocity potentials was de-
rived in Ref. 11.

In this work, parabolic approximations to the three-
dimensional elastic wave equation for propagation in inho-
mogeneous media are derived. The method used is a general-
ization of the splitting method used for the reduced scalar
wave equation in Ref. 5. This method provides a parabolic
approximation in both senses of the distinguished direction
together with the coupling between waves propagating in
either direction. It leads simply to an integral equation
equivalent to the full elastic wave equation, including natu-
ral boundary conditions. The iterates of the integral equa-
tion supply corrections to the parabolic approximation.

The origin of the method developed in Ref. 5 and used
here is found in Bremmer’s analysis of upward and down-
ward-moving waves modeled by second-order ordinary dif-
ferential equations.’ The series that arises from iteration of
the above-mentioned integral equation is the generalization
of the Bremmer series for the ordinary differential equation
(0.d.e.) case. The integral equation itself is a generalization of
the Bellman—Kalaba equation,’ again originally derived for
the o.d.e. case and extended to the three-dimensional scalar
Helmholtz equation in Ref. 5.

The plan of this paper is the following. Section 2 con-
tains the derivation of parabolic approximations to the elas-
tic wave equation based on splitting methods. In Sec. 3, a
heuristic justification of the method, particularly of one of
the splittings in Sec. 2, is given. In Sec. 4 an integral equation
is derived which yields the generalized Bremmer series. It is
fully equivalent to the elastic wave equation together with
natural boundary conditions. The iteration of this equation
yields corrections to the parabolic approximation. Section 5
compares the results of this paper with those in Ref. 9 and
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gives a brief discussion of the methods and results of this
work.

2. DERIVATION OF THE PARABOLIC
APPROXIMATIONS

In this section two parabolic approximations for the
linear, monochromatic elastodynamic wave equation in an
isoptropic, inhomogeneous, elastic medium will be derived.
The wave equation in this case is given by

(A + 2u)V(Vu) + (VA )(V-u) — 4V X (VXu)
(2.1)
+ (V) X (VX u) + 2[(Ve2)-Viu + po’u(r) =

where A and u are the Lamé parameters, p is the mass densi-
ty,reR *isa pointin the elastic medium, and u(r)is the elastic
wave displacement. The splitting method used in Ref. 5 to
derive the Fock (and other) parabolic approximations to the
scalar Helmholtz equation will be generalized and applied to
Eq. (2.1). Although the logic is straight forward, the tensor
structure of elastodynamics leads to a number of complica-
tions. For this reason, the derivation will first be outlined.

The first step is to express each component of u in its
approximate “upward” and “downward” projections, de-
noted as #* (r) for j = 1,2,3. This decomposition, or split-
ting, is made for physical reasons. The reader is referred to
Refs. 4 and S for a discussion of these arguments. Additional
heuristic arguments for the decomposition used here will
appear in Sec. 3. Suppose that the coordinate axes are chosen
such that the distinguished direction in R * is x, with x, and
X, as the other two orthogonal coordinate axes. In the nota-
tion where partial differentiation of u; with respect to x, is
written as

(#),5, )(r)E(j—j:)(r),

the quantities «;* will always be linear combinations of u;
and u, . . The second step is to rewrite the original wave
equation as a system of first order in x, for the variables u * .
It is emphasized that this system is equivalent to the original
second-order wave equation. It re-expresses the physical
content of the wave equation, Eq. (2.1), in variables which
are interpreted as upward and downward moving waves in
the x, direction. Each approximate upward and downward
wave component is then written as an amplitude function v;*
times the exponential of a fast phase. In general the fast
phases are different in different components. Next, the equa-
tions for the v*’s are derived. Then it is assumed that the
coupling between up- and down-moving waves can be ne-
glected to first order in the approximation. The interpreta-
tion of the neglected terms as reflections is consistent with
the interpretation of the 1 ’s. The resulting equations are
the parabolic approximation to the elastic wave equation.

To implement this procedure it is useful to rewrite Eq.
(2.1) in the equivalent component form as

) [(/1+2 )au, +i(au2 + (3u3)]
Ix, Ix, Ix

_é.[ (éﬂ Qﬁ)] 2.2
+8x2'u (3x2+8x, (22
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+ —a—[ﬂ (a"‘ + 8"3)] + potu,(r) =
Ix, Ix, X,

plus two other equations obtained from cyclic permutations
of 123 in Eq. (2.2).
These equations can be rewritten as

——a—[u,xl ]=Kuu+Le,,, (2.3)
dx,
where the matrix operators K and L,
K = (ky), (2.4)
= (), (2.5)
are given by
ax,( Fox, ) TP ] (2.62)
k= —A+ 2”)_1[(%)(3% )] (2.6b)
w2 e
o = [(8x,)(3x2 )] (2.6d)
kp= —p [81 (1A + 2u )a—z )
(2.6¢)

* o i) 4ot
—H FC( c?xs) ai( aixz)]’ (2.60

b= |G )

k= —p~ [ 9 ( i-) + —a—(ui-) ,(2.6h)

(2.6g)

c'17_Jc3 dx, dx, \' dx,
= — ﬂ[i( i.)
33 “ ox, /‘axz
+ 9 ((/l + 2,u)—(2- -)) +pa)2], (2.6i)
Ix, Ix,
and
_l [ a
L= —A+2u)7 | —— A+ 2|, (2.7a)
L 9x,
o=+ () + L) e
| \dx, Ix,
[ )
= s () + L) e
L \dx, Ix,
J
L, = — (A ( )] 2.7d
21 I [a x, ) +p ox, ( )
3
Ly = (af ) (2.7¢)
lyy=13,=0, (2.7f)
) a
@) e
31 H ax, (A)+u ax, (2.7g)
o= —um(2) 2.7h)
dx,
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It is convenient to rewrite the system in a 6 X 6 first-
order form as

o) =20 )=(e D) eo

where @ and 1 are the 3X 3 zero and unit matrices. The moti-
vation for rewriting Eq. (2.1) in the form Egq. (2.8) is twofold.
First, using u, u,, in the system allows a straightforward
transformation to a system of equations involving the u,*’s.
Secondly, the coefficient matrix is of a form that generates a
system which contains only first-order derivatives in x; and
no mixed derivatives involving x,.
To define the new wave variables #*, let

u”(r)
u*(r)=|u"(r (2.9)
3 (r)
and
ui (r)
u~(r)=u; r) (2.10)
5 (r)
and set
*r u(r
(oo = (u( ()r))’ 2

where S is the 6 X 6 splitting matrix. The general splitting
matrix is given by

S=P 'WP, (2.12)
where
1 0 0 0 O
0 0 01 0 O
P 01 0 0 0 O 2.13)
0 0 001 0 '
0 01 0 0 O
0 0 0 0 0 1
and
w, 0 0
W= L 0O w, O (2.14)
0 o W,

In Eq. (2.14), “0” is the 2 X 2 zero matrix and the three 2 X 2
matrices W), j = 1,2,3, are in the form

(1 — iw;(r)~ ')
W. =
T\l )Tt )

where the functions w;(7) are defined below. Each choice of a
set of functions {w;;j = 1,2,3} specifies a 6 X 6 matrix W
through Eq. (2.14), which defines a corresponding splitting
matrix S through Eq. (2.12). The permutation matrix P de-
fined in Eq. (2.12) rearranges the components of u and u,,
making the variables u; and u; . nearest neighbors, for each
J»inthe 6X 1 column vectors in Eq. (2.8). Each component of
the six equations combined in Eq. (2.11) is in the form

uit = Yo, Fiw, 'uy,).
The next step is to derive the equations for the u*. To
do this let U be the 6-vector

(2.15)

1
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u+(r))
= 2.16
Ulr) (u_(r) (2.16)
and rewrite Eq. (2.8) as
R a—SS“+SBS“]U
dx, ax,
T+ + R*—
=(R LoE _)U, (2.17)
where
T+ + =i<‘9_FF—1_F—'_FK+FLF—'),
2 \dx,
(2.18a)
R+ - =_1_(_iF__F—‘+F—1—FK——FLF"),
2 Ix,
(2.18b)
R-+ _i(_a—FF—l—F-1+FK—FLF—‘),
2 Ix,
(2.18c¢)
and
T — =i(a_FF—‘+F—‘+FK+FLF“).
2 \dx,

(2.18d)

In Eqs. (2.18a)—(2.18d), K and L are the 3 X 3 matrices of Eq.
(2.5) and F is the 3 X 3 matrix

w,(r)~! 0 0
F=il o wm o (2.19)
0 0 ws(r) !

The block off-diagonal terms R ¥ ~and R ~ * in Eq. (2.17)
are interpreted as infinitesimal reflection operators, i.e., op-
erators which couple forward and backward moving waves.
It is easy to show that the 3 X 3 matrices in Eq. (2.18) satisfy
the conjugation symmetry relations

TH ' =(t), (2.20a)
R™ 7 =(ry) (2.20b)
R™* =) =[R*]% (2.20¢c)
T~ =(H=I[T"*]% (2.20d)

where / and j range over values 1,2,3 independently and the -
superscript asterisks denote complex conjugations. The ele-
ments f; and 7, are given by the equations

1 ] , a
h= |- - )+ iy~ e nfi + 24

[ a a d
SEb) 262
ax, ”ax2 x4 'u8x3

+pco2]/[(/1 + 2u)w,] ] (2.21a)
1 O (3 d
=i (V1% w.-
2= [ "ox, <8x2 ) o, )
— 9wy /10 + w1 (2.21b)
ox, )
1 LOA ([ 3 ad
=i () 12 (.
fis 2 Hl Ox, (8x3 ) Ox, o)
— S () |71 + 20 w11 (2.21¢)
Ox, ] J
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w2 ) e

Ix, \dx,

- 3—2(/1w1 )]/[,uwz]} (2.21d)
t22=—;- [ _ é;(lnwz)+iw2 —-c-?i—](ln,u)

+1i [a—a— ((/1 + Zy)—g; )

+ ai(“_a; )+ po /s, (2.21¢)
ST S NS -
= i”afx (8x3 ) ”_{w‘)

_ aj(xwl-)]/[pw;,]], (2.21g)
A ) 2k i
by = 5{ — i(lnwg) + iw; — a—xl(lny)

[3x2( c"J‘x2 )

+ 5,73(“ + zmi- VRV 0| R
ry = %{éi—l(lnwl) — w4+ 5‘5:—'(1;1 (A + 2u)).

+ialae)

; bi—(u% ) +petti+ 2}, @2y
ro= —t%, (2.21k)
ra= —t%, (2.211)
ry= —t%, (2.21m)
ry, = %{b%(lnwz) —iw, + gi—l(lnu)

TR

+ ai (“ai )+pw ]/[#wz]] (2.21n)
et - (2.210)
ra= —1%, (2.21p)
ryy = lay, (2.21q)
and
ry = %[aix](lnws) —iwy + ;;{lnp)

4 i[’a%(”ﬁj ) (2.211)

+ b‘i—s((/l + 2#)8%3 ) +pa)2]/[,uw3]].

The equations in Eq. (2.17) combined with Eqgs. (2.20) and
{2.21) are equivalent to Eq. (2.1); it is just that in the former
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the information is expressed in terms of the variables u*,
with a clear physical interpretation.

To arrive at a parabolic approximation it is necessary to
specify a set of functions {w;; j = 1,2,3}. As a first example
set

2 \1/2
w, =k, = sz) (2.22a)
and
2\1/2
w, =w, =k, (”“’) . (2.22b)
U

To avoid the unnecessary reproduction of very similar equa-
tions, the fast phase terms will now be introduced. The fol-
lowing definitions are required.

plr) = po(l + pir)), (2.23a)
pir) = po(1 + gir)), (2.23b)
A (1) = Ag(1 + Agir)), (2.23¢)
ko= (_/’ﬂ)m, (2.24a)
Ao+ 240
and
kro = (pow?/uo)'"*. (2.24b)
With this notation
ut(r) =vpite* ", (2.25a)
uit(r) =prer o (2.25b)
for I = 2,3. The additional notation
v
vt = v (2.26a)
vt
and
v= (: i) (2.26b)

will be convenient. The equation for v, which follows readily
from Eq. (2.17), is

(;l+ + R} ~)
Vox, = v,
' Pt rr -

with

(2.27a)

TH " =@f") (2.27b)
The elements in the matrix on the right-hand side of Eq.
{2.27b} are

it = — -9 np) — ——(1n(/1 + 20) + iw, — Ky
4 Ox,
d ad 2 172
+ l[c—?— ('u—é_— ) ¢9x3 6x3 /[4pw @+ 2l
(2.28a)
ikro — kpol* a;L a
Fi" =le [(ax )(a;:z ) ’15ij2 L
- L, .)]/[pwm + o)), (2.28b)
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(ko — KkpolX a"’ a
fuist =£e(kr - [(6x )(ax )Ha_(““ L
3

— Ei—(/tw3 -)]/[pwz(i +2u)1'?, (2.28¢)
3
ik — ko g, J
t+ + —1 ikpo klnlxu['(_/‘l')( ) -~ (w
1,21 € lax, ox, /‘a 2( 0
9 Aw, ~)]/[pa)2,u] vz (2.28d)
X
1 4 1 4
ti,t = ——lnp)— —-2-{1
1,22 4 ax](ﬂp) 7 axl(n#)
d d
¢~ k +,-[__( 2)
i 7o) 3 ﬂaxz
a ((}» + 2,u) — )]/[4,0(0 u]'’?, (2.28e)
X2
5 (s ) P Ll
tihyt =il (A == Z )|/ lpwu]?,
) [a o ) T o low’u]
(2.28f)
ik, o — Ky 7/
th ot = itk o ’\m)x.[i(_ﬁ)( ) 2w
1,31 Je %,/ \ox, #31( 1)
— i, 3|/ p ", 2.28g)
3
) a a
ot = [_(1_.)4_ ( )]/ @ 1/2,
132 4 o o, ”33 [pa’u]
(2.28h)
and
1 3 1 4
th,t = ———(lnp) — ——(Inu) + i(w; — k
133 4 ox, (Inp) 4 ox, (Ing) + i(w; r0)
) ¢ (e v e
ax, axz Ox, .28
The reflection matrix elements
Ry~ =@' ) (2.29a)
are given by
Pt = Te T e, (2.29b)
Py =y e Mot kron, (2.29¢)
Py =y Te T Mot ko, (2.29d)
i~ =rg Te T Mot o, (2.29%)
P = Te T Meen, (2.291)
iy = rsh T Mot hron, (2.29)
Py =y e Mt (2.29h)
P =ry Te T Maethrn, (2.29i)
and
P =i e Mon, (2.29j)

Similar expressions for T~ ~ and R [ * can be obtained.
It is interesting to note that the phases in Egs. (2.28) and
(2.29) are just those obtained from wave-number (momen-
tum) conservation. As an example, consider the transition
from a downward-moving longitudinal wave #;~ to an up-
ward-moving transverse wave u;' . The reflection matrix ele-

581 J. Math. Phys., Vol. 23, No. 4, April 1982

ment involved 7%, ~ and has the phase i(k, , + k5 )%y,
which is similar to the scalar case.

The parabolic approximation to Eq. (2.27) is obtained
by suppressing the reflection terms. This is valid when the
functions {p,u,4 ] in Eq. (2.23) are small compared to 1 and
are slowly varying in (x,,x,,x;) on the length scale of the
carrier waves. In this case, the phases of all termsin R [* ~

and R | * vary rapidly making these terms negligible in the
lowest order approximation. Thus, the parabolic approxi-
mation for v* is given by
—a—(v*) =T *wt (2.30a)
Ix,
and the approximation for v~ is given by
———(v )=T; ~-v_. (2.30b)
Ix,

Clearly other choices of splitting, i.e., the w;’s, yield
different parabolic approximations. Likewise various phys-
ical assumptions may make it useful to assume wave num-
bers for carrier waves different from that in Eq. (2.25). This
caseis described in Sec. 5, where a comparison is made with a
parabolic approximation by Hudson.®

A second natural splitting is completely parallel to both
the scalar- and the Fock-parabolic approximation to the
Helmbholtz equation.’ This splitting is defined by

w, =k, (2.31a)

and

Wy =W;=~Kqpg. {2.31b)
In a slight abuse of notation, the approximate upward- and
downward-moving waves are again denoted as #;* and again
the amplitudes and phases are chosen such that Eq. (2.25)
holds. Using the same reasoning as before it follows that this
leads to a new parabolic approximation

—a—(v+)—- Ty *v™, (2.32a)
x,

where
Toh *=(tey 7). (2.32b)

The matrix elements of Eq. (2.32b) are

Lot = %[ ~ WA + 2u) —w, —a_
Ix

1

(A + 2u) + ipw®

A CHAEA G
—— U — \p— }/[w,(A + 2u)],
i Vo ) T g gy, et + 2
(2.33a)
t o+ ko — kLo)xl[ (a/{ )(j__ _) —A <_(_9_ .)
0,12 56 ax1 3x2 Wy 8x2
—w, 2 (u-)]/[wl A +2u)], (2.33b)
dx,
hpo — [.dA (9 a
t + + ilkyo— kpolxs it (___ .) __/1 (___ .)
0.13 ée Ll ax, ax, Wy ax,
d
— wy — (- )]/[wl(/l +2u)], (2.33¢)
Ox,

i —k
t0+2l+ — %e'(kLO rolX,

Gl )G
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—w, Ei_z (i-)]/[w,y], (2.33d)
+ ia% ((/1 + 2u) aixz -)]/[wzu], (2.33¢)
Lo = ii{aixz (/1 a% ) + 3% (y 3‘}2 -)]/[wzu], (2.33f)
—w, 5% (/t-)]/[wm, (233

tom® =£f[i (/1 o ) + j—(y—e—-)]/[ww],(z%h)

ax; ;7;; dx, \ Jx,

and
, a . . d d

Lo +=1[—1w2 —w (—E—)—H >+ —-( ——)
0.3 2 a > Ix, P lc?xz ﬂaxz

. d

+z—((/1+2p)—a—-)]/[w3p]. {2.33i)
Ix, 0x;

This completes the derivation of two parabolic approxima-
tions to Eq. (2.1). In the next section some heuristic argu-
ments are presented which strongly suggest that the inter-
pretation of the u* s, especially as associated with Eq.
(2.22), is indeed correct for elastic media with small, slowly
varying inhomogeneities.

3. HEURISTICS OF THE SPLITTING SCHEME

As mentioned in Sec. 2, the functions u/* (r), j = 1,2,3,
can be interpreted physically provided that a reasonable
splitting scheme is used. To justify this heuristically, both
the scalar wave equation and the reflection—refraction prop-
erties of an elastic wave at the interface between two homo-
geneous media will be shown to suggest the same splitting
scheme.

Looking first at the scalar wave equation in one
dimension,

d 2
Y 4 kaix) =0, 3.1
dx

it is well known'** that the splitting

(Zig:) - % G —lkll(cx()x_)l—l) (w’fﬁﬁi)(x)) (3.2)

yields a “parabolic” approximation for the functions ™ and
¥~ It has been known since the work of Bremmer' that
these functions are the “forward” and “backward” moving
components of ¥, respectively. If

k2(x) = k(1 + 7(x)) (3.3)

with 7(x) small and slowly varying, a second splitting scheme

can be written as
—ike \( ¥
ikg! ) ((d:/f/a’x)(x)) ' (3.4)

(%* <x>) g (1
Yo (x) 2 \1
This scheme is, in general, computationally more convenient
than that in Eq. (3.2) but the functions ¥;- are approxima-
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tionstoy *.
The three-dimensional scalar wave equation
Alr) + k) ¢ir) =0 (3.5)

has similar splitting schemes.® It is assumed that there is a
preferred direction of propagation, say x,, and in this case
the term dy/dx in Eqgs. (3.2) and (3.4} is replaced by dy/dx,.
The functions 3 * are then the components of ¢ moving in
the + x, direction and ¢;* are approximations to ¢ *.
The splitting schemes used in Sec. 2 are analogous to
Egs. (3.2) and (3.4). From Eqgs. (2.11)—(2.15) it is seen that

()= 5% auyae) z
u~) 2! du;/dx, (3.6)

J
forj = 1,2,3. Thus, it is reasonable to assume upon using
Eqgs. {2.23a)~(2.23c) that u* are the components of a longitu-
dinal wave moving in the + x, direction. Similarly,u;* and
ui- are the components of transverse waves moving in the
+ x, direction.

This interpretation of the u*’s is supported by com-
parison of the parabolic approximation Egs. (2.30a) and
(2.32a) to “infinitesimal transmission and reflection coeffi-
cients” obtained from reflection—refraction from a plane in-
terface between two different homogeneous media. In order
to display this comparison, consider the configuration
shown in Fig. 1. The incident, reflected, and refracted shear
waves in Fig. 1 are given by

ik {x, sin 6, + x, cos 8,)
uinc,s er ! ‘ ' y (37)
ik (x, sin 8, — x, cos 8,)
ureﬂ‘s = Be ! ‘ )’ (3'8)
and
_ ik f{x,sin B, + x, cos 6,)
Upgry =A€7 o (3.9)
N'
Urefr, s
><I
Hl
Medium 2
oo
Py A Xp
Medium |
pyp X
90
80
Uing, s Urefl, s
N

F1G. |. Geometry for a shear wave incident at the plane interface between
two homogeneous media. Medium 1 has constitutive parameters {p',u',4 ')
and medium 2 has constitutive parameters (0" ,u",4 "). The angle of inci-
dence is 8, the angle of reflection is also 6,, the angle of refraction is §,, and
all angles are measured from NN, the normal to the interface. The x,-
coordinate axis lies along the normal NN ' and the x,-coordinate axisisin the
plane of the interface between the media. All waves are transverse or shear
waves.
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where

ko =(p'w/u)’? (3.10a)
and

ki o=(p"0*/u")"% (3.10b)

Using the continuity of the displacement and stress at the
interface, on p. 184 of Ref. 12, it is shown that

2u'cos 8,

A= Ao (3.11)
[12'cos By + wrer(k 7/k ) cos 6, ]
and
B [1'cos 8, — p"(k 3/k 7) cos 6] 3.12)
['cos 6y + p"(k 5/k 1) cos 6,]
Define ' and 1" by
' =l — Ax,/2,00), (3.13a)
u" = uldx,/2,0,0), (3.13b)

where the function y is the transverse Lamé parameter of
Sec. 2. Assume similar definitions forp’, p”,A ',and A ". Then
to first order

u'=p+ p, (—4x,/2,0,04x, , (3.14a)
p'=p +p(—A4x,/2,0,0)dx,, (3.14b)
A"=A"+4,,(—4x,/2,004x,, (3.14c)
and
cos 8, = [1 + c_tan® §, 4x,] cos 6, (3.14d)
where
e, = 4ol — AX1/2,0,01/p" & ooy, ( — 4%,/2, 0,0/’ .
- (3.14¢)
It follows that
A'=A4[1—}{c_tan’6, +c, }4x,] (3.15a)
and
= —idc_tan’ 6, Ax,. (3.15b)

Consistent with the parabolic approximation, assume that 6,
is small so that

cos =1,
sin 6,~6,,
tan’4,~0 .

Then the rate of change of the forward moving component of
the shear wave is

lim [urcfr,s - uinc,s]
4x,—0 4x,
1 . . 2\1/2
(-l 5]
4 1Lp s J7) (0.0,0)
(3.16)

Identifying u,, . with u;", the left-hand side of Eq. (3.16) is
seen to be du,* /dx,. Comparing Eq. (3.16) to Eq. (2.27) and
allowing for the removal of the fast phase, the right-hand
side of Eq. (3.16} clearly agrees with those terms in ¢ ", *
which do not involve transverse derivatives. Furthermore, if

U;

c,s
(0,0,0)
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U, is identified with u;~ then Eq. (3.15b) shows that the
infinitesimal reflection coefficient is of order 8 Ax,. This
Jjustifies neglecting reflection terms in the first
approximation.

A similar analysis can be performed for a longitudinal
wave incident upon a plane interface between two homogen-
eous media as shown in Fig. 2. The incident, reflected, and
refracted longitudinal waves are given by

Uinep = Agh 1T O e O (3.17a)
Uyen,, = Be i im G el (3.17b)
and
Upegey = A " T O2 RO (3.17¢)
where
k= [—pl‘i’—:—-]l/z (3.17d)
A+ 2
and
Ky = [ pro’ ]”2, (3.17¢)
a )
The reflected and refracted transverse waves are given by
Upg, =C !k i Oy = xpcon Bl (3.18a)
and
Uy, = C 7m0t e 00, (3.18b)

refr.y

where & . and k 4 are given in Eq. (3.10). Define o', p”, u',
#”, A’ and A " asin the previous example and assume that 6,
is small. Using continuity of the displacement and stress at
the interface, it follows from p. 186 of Ref. 12 that to first
order

N
&
X, Urefr, P
Urefr,s
. B
Medium 2
Py Hy A" «
2
Medium |
pl’ F‘I1 A
o
Urefl,s
Yine,P A
N Urefi,P

FIG. 2. Geometry for a longitudinal wave incident at the plane interface
between two homogeneous media. Medium 1 has constitutive parameters
(p'.u',A ) and medium 2 has constitutive parameters{o” 12" ,A ). Theangle of
the incidence is 6,, the angle of the reflected P wave is ,, the angle of the
reflected S wave is 6,, the angle of the refracted P wave is 8,, and the angle of
the refracted S wave is 8,. All angles are measured from the normal NV’
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— 8, 1 Bo(1 + adx,) 1 B 6,

1 — B/ 1 641 + BAx )/« o I 1 (3.19)
26, & 26,(1 + yAx,) —kll+y—Blax I 4" ] |26 | '
- K2 26, K21 + (@ — 28 + y)dx,] 28,(1 + y4x,) C’ 2

|
where waves specified by W™ (x] x,,x;) at x, = x| and downward-
1 [ +2u),, pa moving waves specified W (x{,x,,x,) at x, = x{, x{ > x].
5 A+ 2u) - o 1looo ’ (3-20a) To apply the form of solution of Eq. (4.2) to Eq. (2.1) four
e 0 solutions to Eq. (4.2) are needed:
B= _[__-"- ol ] , (3.20b)
2L g p oo (1) The solution u* of Eq. (4.2a) such that
y= [’u'x‘ ] , {3.20¢) o' (x],x5,05) = W (x],x5,x3) .
and A Jleoo (2) The matrix solution G (r|r') of Eq. (4.2a) such that
A + 2# 1/2 GO'r (x{ )xé ,xé ) |x{ ,x;’,x;’ = 5(x£ - x;’)6(x§ s xﬁ')l
, = [__] . (3.20d)  and
H {0,0.0)

Solving for B, C, A’, and C' requires a tedious calculation
which gives

X A’ 2 X
ArzA[l_L{P_- (_i_/L] Ax,}, (3.21)
41p A+2u {0,0,0}
while B, C, and C' are all of order 8,4x,. Upon setting
Upnep = Ui {3.22a)
and
refr,p — %inc a +
fim [“ fop  Linco ] = (3.22b)
Ax,—0 Ax, ox,

it is apparent that Eq. (3.22a) is equal to the terms in ¢ [/, *
which do not contain transverse derivatives.

4. BREMMER SERIES AND PARABOLIC
APPROXIMATIONS

Now an integral equation equivalent to Eq. {2.17), in-
cluding the natural boundary conditions associated with the
physical interpretation of the u* ’s, will be derived. Iteration
of this equation will provide corrections to the parabolic
approximation.

Using Eq. (2.17), define the parabolic operators P = by

Pi=[i——Tii]. (4.1)
dx,
The parabolic approximations are written as

Ptut =0 (4.2a)
and

P u=0. (4.2b)
The system of Eq. (2.17) can be expressed as

Ptut=R™* "u™ (4.3a)
and

P u" =R *tut. (4.3b)

The methods of this work are applicable to the generic prob-
lem of finding a solution to Eq. (2.1) with upward-moving
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G, (rlr')=0
forall x| > x, .
{3) The solution u;~ of Eq. (4.2b) such that
Uy (x7,%5,X3) = W (x7,x2,x;5).
(4) The matrix solution G, (r|r’) of Eq. (4.2b) such that

Gy (xix.x5 |x1.x7x5) = 8(x) — x3)6(x5 — x)1

and
Gy (rlt)=0
for all x| <x,.
With these solutions, Eq. (4.3) can be written as
u(r)=u, (r)
+ r r Gg (Flf) R+ ~(Fu(r)d
T (4.42)

and

u”(r) =u, (r)

[ [ esuer e
o (4.4b)

The boundary conditions are satisfied by Eq. (4.4) and by
explicit differentiation it is easy to show that Eq. (4.4} satis-
fies Eq. (4.3). If Eq. (4.4) converges, iteration of it yields a
series solution with a clear physical interpretation. The ze-
roth order solution consists of two uncoupled waves, one
moving upward and one moving downward along the x,
axis. The first order solution adds a term that converts up-
ward to downward waves (and vice versa). The next order
solution adds all double reflections, and so on. The first iter-
ation is of particular interest since it yields the lowest order
approximation for reflected waves—a problem of consider-
able interest in geophysical applications. This series solution
is the Bremmer series for the elastic wave equation.’
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Itis interesting to note that a different system of integral
equations can be obtained by using just the diagonal terms of
Eq.(2.17). Set

P} = 5;_1 -t (4.5a)
and
P = 6_:96_, —t} (4.5b)
forj=1,2, 3 and let
P 0 0
PFr=10 P;* 0 (4.6)
0 0 Pf

Then an extremely crude approximation to Eq. (2.17) is giv-
en by

Pjut =0, (4.7a)
Pyu =0 (4.7b)

In this approximation, coupling between longitudinal and
transverse components is ignored. The full system of Eq.
(2.17) is equivalent to

(Pg p(:,—)(:t) =M (:i) 4.8)

where
+ + R+~ TI-)* + 0
M=(R‘+ T—-)_( 0 T,,——) (49)
and
t, 0 O
Ty *=[T; "]*=|0 ¢, O (4.10)
0 0 ¢ty

Now the following functions are needed.

(1) The solution ug" of Eq. {4.7a) such that
g (x],%2%3) = WH{x],x5,%3);
(2) the solution ug- of Eq. (4.7b) such that
Uy (x7,X2,%3) = W™ (x7,x2,x3);
(3) the six scalar Green’s distributions G * forj=1,2,3,
which are solutions of
PEG =0,
taking upper or lower signs throughout, and where
G = (x] %55 |x1 x5 xy) = 8(x; — x3)6(x; — x7),
G (rlr')=0, forx,<x],
G, (rlr')=0, forx,>x].
Form the matrices

Gt (r|r) 0 0
Garlr)= 0 Gt (r|r) 0 ,{4.11)
0 0 G i (r|r)

again taking the upper or lower signs throughout. It follows
that the solution to Eq. (4.8) can be written as
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u(r) = u ) + f [ csum

X[(T+* =Tp )+ R* "u(r)}d’r

(4.12a)
and
wi=wiw-[ [ [ 65t
X[(T~~=T5 "l (r)+R ™ *u*(r)]d’r.
(4.12b)

In this case, coupling between longitudinal and trans-
verse components is initially encountered in the first-order
solutions, as is coupling between forward and backward
moving waves. On the other hand, the scalar Green’s distri-
butions in Eq. (4.12a) will generally be easier to compute
than the matrix Green’s distributions of Eqs. (4.4a) and
(4.4b).

5. DISCUSSION AND CONCLUSIONS

The parabolic approximation to the scalar (acoustic)
Helmbholtz equation is the subject of an extensive literature.
A large fraction of this literature is concerned with computer
studies of acoustic waves in media with complicated inho-
mogeneity. Significant advantages accrue to the parabolic
approximation for two reasons.

(1) In comparison to the full wave equation, it is relatively
simple to integrate.

(2) As opposed to ray or diffraction theory, it is a full wave
theory. Thus, a parabolic approximation for the full elastic
wave equation in isotropic, inhomogeneous, three-dimen-
sional media should be useful for both geophysical models
and for the quantative nondestructive evaluation using
ultrasonics.

The available literature on parabolic approximations to
the three-dimensional elastic wave equation is surprisingly
rare.>'? In Ref. 10 a parabolic approximation is derived for
stress-wave propagation in linearly inhomogeneous solids.
The principal equation derived, Eq. (42) there, is a compli-
cated differential equation involving a spectral average over
wave number using a sinc function weight. The equation
includes mode-conversion and a detailed discussion of the
conditions under which the derivation is valid. The distur-
bance is assumed to be “almost plane-wave’ potentials of S
type (shear) and P type (compression). The method used to
describe these potentials involves four waves together with a
constraint relation which reduces the system to its three in-
dependent components. The combination of the constraint
and the wave number filtering make the resulting parabolic
approximations somewhat complicated.

The results in Ref. 9 are simpler than those in Ref. 10
and are more closely related to the present work. The author
considers an inhomogeneous medium with two specific
types of propagation:

(1) propagation of nearly compressional waves, and

(2) propagation of nearly shear waves.
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In each case a particular scaling argument and asymptotic
expansion is used. The principal results are Egs. (13a)—(13c)
and (18a) and (18b) of Ref. 9. To use the splitting methods
developed here to reproduce those results, the following are
needed. For (1) choose the functions

W, =W, =wy,==~K.g, (5.1
for use in Eq. (2.15), whereas for (2) choose

W, =W, =W; =Krg- (5.2)
If in addition to Eq. (5.1), all terms of the form

1 2
1 3

are neglected in Eq. (2.30a) then Eq. (13a) of Ref. 9 is ob-

tained. The additional neglect of all second derivatives and
all terms of the form

9 v
ox, [/‘ vt ]

(5.3a)
and

(5.3b)

(5.4a)
and

9w, (5.4b)
Ix,

together with Egs. (5.3a) and (5.3b) and (5.1), yields Eqgs. (13b)
and (13c) of Ref. 9. Similarly, starting from Eq. (5.2) and
neglecting all terms of the form in Eqgs. (5.3a), (5.3b), and
(5.4a), (5.4b) in Eq. (2.17) yields Egs. (18b) and (18c) of Ref. 9.

One aspect of the approximation derived in Ref. 9 is
clarified by comparing Egs. (5.1) and (5.2} and Egs. (2.31a)
and (2.13b). Since it is not possible for the longitudinal and
transverse wave numbers to be equal, it appears that the
“amplitude factors”u;, j = 1,2,3, in Ref. 9 contain a consid-
erable amount of phase information. If so, this could violate
the assumptions in Ref. 9 concerning the order of magnitude
of terms such as du,/dx,.

The parabolic approximations derived in this paper are
all based upon splitting methods. The results are simpler
than those in Ref. 10, and involve various corrections to Ref.
9 while retaining much of the simplicity of that work. Part of
the increased generality of this work over Ref. 9 is due to the
fact that both amplitude and phase information are used in
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two stages of approximation as was also done in Ref. 10. The
results obtained here constitute a method to study parabolic
approximations rather than one final version. It is important
to realize this, since the main test of parabolic approxima-
tions resides in numerical simulation of wave propagation.
The rich variety of possible inhomogeneities suggests that
this general structure should prove valuable. Such questions
as numerical stability and rate of convergence, the size of the
cone of validity, and which splitting matrices are most effi-
cient in simulating specific classes of inhomogeneity are left
to future work.

It should be noted, however, that the Fock parabolic
approximation to the Helmholtz equation is derived using a
constant splitting matrix.> In the elastic wave case the analo-
gous matrix is given by Egs. (2.31a) and (2.31b). This splitting
yields the simplest approximation to Eq. (2.1). If the analogy
to the scalar case holds, this simple Fock-type parabolic ap-
proximation should yield significant information about the
propagation of elastic waves in media with relatively small
and slowly varying inhomogeneity.
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Group representations on the Liouville representation spaces are considered. It is shown that the
state space . ,(H ) of trace class operators on Hilbert space H and the observable space . (H ) of
bounded operators are completely reducible under physically induced representations of
compact Hausdorff groups when appropriate topologies are used. For state space .# ,(H ) both
the norm topology and the weak topology lead to complete reducibility, while for observable
space .Z°(H ) the weak-+ topology—but not the norm topology—sulffices. This leads to
conservation laws, selection rules, and Wigner—Eckart theorems for the Liouville
representation. It is shown that serious difficulties are encountered when a similar theory is
attempted on the observable space and state space used in the algebraic approach.

PACS numbers: 03.65.Ca, 03.65.Fd, 02.20.Nq, 02.10.Sp

1. INTRODUCTION

Symmetry principles play a fundamental role in the un-
derstanding of physical laws and physical systems. Symme-
try operations are conveniently represented in terms of
group operations on objects representing the states and/or
the observables of a system. When the states of a quantum
mechanical system are represented by vectors in a Hilbert
space H, most symmetry operations are represented by uni-
tary operators, and a wealth of information may be obtained
by applying the well-developed theory of unitary group re-
presentations. In this way one may derive conservation laws,
selection rules, and quantitative relationships among certain
transition amplitudes.

More recently, alternative phenomenologically orient-
ed formulations of quantum mechanics have proven useful.
They have the advantages of being formulated in terms of
operationally defined quantities and of treating pure and
mixed states on the same basis. One of these, the Liouville
representation, is a straightforward generalization of the
standard Hilbert space formulation in that it represents pure
or mixed states as density operators on a fundamental Hil-
bert space H. Another, the algebraic approach, is defined
more abstractly and has the property that it includes many
more states than the Liouville representation. Both of these
formulations are vector space theories, in which the vector
spaces representing the states and observables are Banach
spaces. Accordingly, while symmetry operations can be re-
presented by operators acting on the space of states or the
space of observables, they cannot be represented by unitary
operators acting on these spaces; the theory of unitary group
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representations cannot be directly applied. Nevertheless, it is
reasonable to expect that symmetry arguments will provide
physical information similar to that which they provide in
the pure state (i.e., Hilbert space) representation. Indeed,
since the Banach space representations contain all informa-
tion present in the Hilbert space representation, one might
reasonably expect to obtain even stronger results. We show
here that in fact there are conservation laws and selection
rules for transitions which may be derived directly from
group representations on the Liouville representation spaces
which may only be obtained indirectly in the pure state-Hil-
bert space representation, where one applies group methods
to the wavefunctions and then constructs averages over suit-
able mixed states.

In this paper we begin an investigation of representa-
tions of symmetry groups on the Banach spaces occurring in
the Liouville representation and in the algebraic approach.
We will restrict our attention to compact symmetry groups
and deal primarily with the Liouville representation. We be-
gin in Sec. II by recalling the fundamental results from the
theory of unitary representations of compact groups on Hil-
bert spaces which are necessary to establish the desired phys-
ical results (e.g., conservation laws, selection rules, and
Wigner-Eckart type theorems). We then show that the nec-
essary mathematical results do not extend to the general
continuous representation of a compact group on a Banach
space. Thus, in order to draw the desired physical conclu-
sions, it is necessary to establish these important results for
the specific representations which are encountered in phys-
ical applications. In preparation for this, Sec. I1I reviews the
Liouville space formulation of quantum theory, while Sec.
IV is devoted to general aspects of group representations on
topological vector spaces. In Sec. V we show that appropri-
ate topologies make the state space and observable space of
the Liouville representation completely reducible. This leads
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to conservation laws, selection rules, and Wigner—Eckart
type theorems for statistical properties describing quantum
mechanical ensembles. These results may be obtained only
indirectly (through explicit averaging procedures) from the
application of group theory at the wavefunction (i.e., pure
state) level. Finally in Sec. VI we show that difficulties are
encountered when one attempts to generalize the unitary
representation results to the representations occurring in the
algebraic approach.

Il. PROPERTIES OF UNITARY REPRESENTATIONS

Central to the theory and application of unitary group
representations are the following classical results'~ (here G
is a separable compact topological group, and all vector
spaces are assumed to be complex):

(1} Let U:G X H—H beacontinuous unitary representa-
tion of G on Hilbert space H, and let H, be a subspace of H
which is invariant under Uli.e., U(g)H,CH, for allgin G ).
Then there exists a closed subspace H, of H which is invar-
iant under U and such that H is the direct sum
H = H,® H,of H, and H,. In fact, H, may be chosen to be
the orthogonal complement of H, (i.e., H, = H |

= {veH |{vjv,) = O0forall v, in H }}.

(2) If U:G X H—H is a continuous unitary representa-
tion of G on Hilbert space H which is irreducible (i.e., H has
no nontrivial closed invariant subspaces), then H is finite-
dimensional.

(3) (Schur’s lemma): Let U;: G X H—H, and U,:

G X H,—H, be continuous unitary representations of G on
Hilbert spaces H, and H,, respectively. Let .*: H,—H,be a
linear operator from H, to H, which commutes with the
actions of the group [i.e., ¥ U,(g) = U,(g).* forallgin G; .’
is called an intertwining operator for U, and U,]. Then, if U,
and U, are irreducible, either .7 is the zero operator (i.e.,
#v, =0forall v, in H|) or ./ is an isomorphism (i.e., one-
to-one and onto). In the latter case % is invertible and we
have U,(g) = .v" ' U,(g).* and U,(g) = .’ U,(g).* ~ ' so that
the irreducible representations U, and U, are equivalent.

(4) (Peter—Weyl)': Let H = L *(G ) be the Hilbert space
of square integrable functions (relative to Haar measure} on
G,andlet U: G X H—H be theright regular representation of
G defined by [U (g)f (k) = f(hg), wheregand harein G. Then
H may be decomposed into a direct sum of irreducible repre-
sentations in which each unitary irreducible representation
of G occurs with a (finite) multiplicity equal to its dimension.
Thus, recalling that the dual object G of G is the collection of
(equivalence classes of) irreducible unitary representations
of G, we have

dim(@)
L}G)=Y o Hyg,
geG i=1
where H, is a representation space for representation ¢ and
dim(g) is its dimension.

(5} (A. Gurevic*): If U:G X H—H is a continuous uni-
tary representation of G on Hilbert space H, then U is com-
pletely reducible. That is, for each geG there is a cardinal
number m,; suchthat H = 2, 5 & m; Hy, where m, Hj is the
direct sum of m, copies of H,. Each m;H, is a primary
subrepresentation of H, and, if § #£', then m H,; and my H,
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are disjoint. (Recall that two representations are disjoint if
there exists no nonzero intertwining operator between them,
and that a representation is primary if it cannot be decom-
posed into a direct sum of disjoint representations.)

(6) (Racah>®): If G is a Lie group, there is a finite set of
operators (the generalized Casimir invariants) whose eigen-
values uniquely characterize (to within equivalence) the irre-
ducible representations of G. Thus the primary subrepresen-
tations m; H,; of a unitary representation may be labeled by
the eigenvalues of the generalized Casimir operators on the
irreducible representation §. Moreover the representations
of the Casimir invariants are self-adjoint.

Conservation laws, selection rules, and Wigner—Eckart
theorems may be easily derived from these results. By the
theorem of Gurevic the Hilbert space of state vectors is re-
ducible into a direct sum of primaries corresponding to each
irreducible representation of G. Now a symmetry operation
is by definition an invertible operation on a physical system
which commutes with time development. That is, if one
starts at time ¢, with two identical systems (4 and B) and
performs a symmetry operation on system A4 at time ¢, > £,
and the same symmetry operation on system B at time
tg > t,, then at any time ¢ greater than both ¢, and ¢, the two
systems are again identical. Thus, if one has a group of sym-
metry operations the time translation operator U (¢,, ¢,) from
t, to t, for any pair of times ¢, and ¢, commutes with the
group of symmetry operations, i.e., U (¢,, ¢,) is an intertwin-
ing operator. Consequently, the transition amplitude
(¢ | Ut 1,)|¢,) from any state ¢, in primary m; H, to any
state ¢, in a different (i.e., disjoint) primary m; H; is zero
(by definition of disjoint representations). Because the Casi-
mir operators are self-adjoint, they represent observables; we
see that the values of these observables are conserved.

Selection rules and Wigner—Eckart theorems may be
derived similarly. Suppose that one has a system made up of
two subsystems (4 and B ). The Hilbert space H of pure states
of the system is the tensor product H = H,, @ H of the Hil-
bert spaces describing the subsystems. Each of these spaces
has a direct sum decomposition into disjoint primaries;
H=3,emH;, H, =3, em{H;, and Hy =3, cm;H,.
Suppose that at time ¢, subsystem A4 is described by vector
¢ gA in primary ¢, and subsystem B is described by vector
& gﬂ in primary §,. Then the transition amplitude (1, |U (¢,,
t))|é4, ®d ¢ ) intoastate i, of the entire system in primary
g will be zero unless the irreducible representation § is con-
tained in the product §, X g,. This provides selection rules
for changes in the eigenvalues of the generalized Casimir
invariants. Furthermore, the Wigner—Eckart theorem is ob-
tained from Schur’s lemma which implies that any inter-
twining operator [such as the time translation operator U (¢,
t,)] depends upon only one parameter for each irredicuble
subspace in H and each pair of irreducible subspaces in H
and Hj.

It is clear that if the six results listed above can be ex-
tended to representations on Banach spaces, then conserva-
tion laws, selection rules, and Wigner—Eckart theorems are
valid for the Banach space representations of quantum the-
ory. Accordingly, we will see which of these results general-
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ize to isometric representations on Banach spaces. First of
all, it is not ture that every closed invariant subspace B, of a
continuous isometric representation % : G X B—»B may be
complemented by a closed invariant subspace B, such that
B = B, & B,. In particular, let B = .#(H ) be the Banach
space of bounded operators on Hilbert space H; let

B, = Com(H ) be the Banach space of compact operators on
H.Then, if U: G X H—H is a continuous unitary representa-
tion of compact group G on H, % : G X B—B defined by
Z(g)¢ = Ulg)Z U ~'(g) is a continuous isometric represen-
tation of G on B which leaves B, invariant. But B, has no
complementing subspace’ in B so it certainly has no invar-
iant complementing subspace. Since establishing the exis-
tence of complementary invariant subspaces is a key step in
proving the complete reducibility of an arbitrary unitary re-
presentation, this failure suggests that not every continuous
isometric representation on a Banach space will be com-
pletely reducible.

Secondly, while not every continuous irreducible repre-
sentation of a compact group G on an arbitrary topological
vector space is finite-dimensional, this statement is true if the
topological vector space has a nonzero continuous linear
functional.” The Hahn-Banach theorem thus implies that
every continuous irreducible representation of G on a Ban-
ach space is finite-dimensional.

Thirdly, since by (2) every irreducible representation of
G on a Banach space is finite-dimensional, Schur’s lemma as
stated applies to Banach space representations.

The Peter—Weyl theorem is specifically a Hilbert space
result and need not be generalized.

It is not true that every continuous isometric represen-
tation % : G X B—B of a compact group is completely reduc-
ible. Specifically, the representation of the circle group

= {e" |0<6 <27} on the space B = L '(S'') of integrable
functlons onS'’ glven by [Z (8 )¢ ) =Ff(6 + ¢)isnotcom-
pletely reducible.?

Finally, since the irreducible representations are all ﬁn—
ite-dimensional, Racah’s theorem on generalized Casimir
invariants is unchanged.

Thus, in order to prove the conservation laws, selection
rules, and Wigner—Eckart theorems it must be demonstrated
that the particular representations encountered in physical
applications are in fact completely reducible. We show in
Sec. V that the group representations on the spaces of the
Liouville representations are completely reducible.

lll. THE LIOUVILLE REPRESENTATION

In the Liouville representation each state is represented
by an operator p on Hilbert space A which satisfies:

DOIl. pis self-adjoint, i.e., pt = p.
DO2. p is nonnegative, i.e., (¥|p|y) >0 V yeH.
DO3. phasunittrace,i.e.,pistraceclassand trp = 1.

Any such operator is called a density operator (DO).
State space is defined to be the complex vector space spanned
by the density operators. It is precisely the Banach space of
trace class operators on K and is denoted by .#,(H ). State
space thus has a norm (the trace class norm) given by
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4|, =tr[(4 *4)"?]. (3.1)

Notice that each density operator has a state space norm of

one.
Observables are represented by the bounded self-ad-

joint operators on H. Observable space is defined to be the
complex vector space spanned by the observable operators.
It is precisely the Banach space of all bounded operators on
H and is denoted by .¥°(H ). Observable space thus has a
norm (the operator norm) given by

|2)l= sup (Oy|O¥)'> (3.2)
veH

(Pl =1
The expectation value of observable & when the system
is described by density operator p is given by tr(Zp). This
may be extended to asesquilinear formon . (H ) X .# ,(H ) by

(0, AV~ ((O|4d))=tr(F+ 4). (3.3)

#(H )isthedual of & ,(H ),*'° where the duality is expressed
by the sesquilinear form ({ | )). Furthermore, the norm of
bounded operator & considered as a linear functional on
# \(H) coincides with its norm when it is considered as a
bounded operator on H.>'° Thus

|Z]l= sup [({Z]4))]. (3.4)

Ae.s \(H)
HAl =1

The norm of 4e.# |(H ) is similarly given by®'°

41y = sup [((Z]4))]. (3.5)
e (H)
I~ =1

The norms ||-||, and ||-|| naturally define topologies on

state space .# | and observable space .¥". However, the dual-
ity between state space and observable space provides each
with an alternative topology. The weak topology®'! on.# | is
defined to be the weakest vector space topology such that for
each £e€.? the expectation value function E [/ : .# | —C de-
fined by E {4)= ((Z|4)) is continuous. It has the prop-
erty that for any topological vector space X a linear function
f: X—S | is continuous if and only if the composite function
E o f: X—Cis continuous for each #e.¥ . Similarly the
weak-# topology™'! on . is defined to be the weakest vector
space topology such that for each A€.#, the expectation val-
ue function E,:.%° |—C defined by E, () = tr£7 * 4 is con-
tinuous. It has the property that for any topological vector
space X a linear function f: X— . is continuous if and only if
the composite function £, © f: X—C is continuous for each
Aes .

State space .# | with either the norm or the weak topol-
ogy and observable space with either the norm or weak-*
topology are locally convex and Hausdorff.!"

IV. GROUP REPRESENTATIONS ON TOPOLOGICAL
VECTOR SPACES

Throughout this section G is a compact Hausdorff to-
pological group with Haar measure dg, ¥ is a locally convex
topological vector space, and IT: G—.%°(V') is a group repre-
sentation on ¥ such that (g, v}y—I7 (g)v from G X V'to Vis
Jointly continuous. We are most interested in the case where
¥ does not have a Hilbert space structure. We begin by con-
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sidering direct sum decompositions of ¥ and then define
complete reducibility of representation /1.

Definition: Suppose J is a finite index set and that for
each jeJ there exists a nonzero linear operator P; on ¥ such
that

ADS1. PP, =0ifis#j.
ADS2. PP =P,
ADS3. 3P, =1 theidentity operator on V.

Then we say we have an algebraic direct sum (ADS ydecompo-
sition of V and that V'is the algebraic direct sum of {V,},,
and we write V=2, ;@ V;. Here V, = P,V is the range of
operator P, and is an algebraic direct summand of V.
Definition: Suppose J is an index set and that for each
J€J there exists a nonzero linear operator P, on ¥ such that

TDS 1. PP, =0ifi#j.
TDS2. PP =P,.
TDS 3. Each P, is continuous.

TDS4. 3, ,P, = I,wherele.Z (V)istheidentity oper-
ator on ¥ and the sum converges in the strong
operator topology on .¥’ (V') (i.e., for each veV
and each neighborhood ¥ of v there exists a
finite set /' CJ such that for each finite set
J " CJ satisfying J'CJ ” the finite sum

Z;-P,vis in neighborhood N ).

Then we say we have a topological direct sum (TDS ) decom-
position of ¥ and that Vis a topological direct sum of { ¥},
and we write V=3, @ V;. Here ¥, = P,V is the range of
operator P; and is a topological direct summand of V.

Definition: If V=V, & V, is an algebraic (respectively,
topological ) direct sum then V, is called an algebraic (respec-
tively, topological ) complement of V', and vice versa. We also
say that V', is complemented by V,.

These definitions call for some comment:

(1) When V is finite-dimensional, there is no difference
between an algebraic direct sum and a topological direct
sum. This is because (a) the index set J is necessarily finite so
that no topology is needed to define the sum 2, P; and (b) on
a finite-dimensional vector space every linear operator P, is
continuous.

(2) While every subspace ¥, of V'is algebraically com-
plemented by some subspace V,, it need not have a topologi-
cal complement even if it is closed. However, ¥, will have a
topological complement if it is closed and satisfies any one of
the following three conditions®:

{a) ¥, has finite codimension,

(b) ¥, has finite dimension (the assumption that V'is
locally convex is crucial here),

{c) ¥ is linearly homeomorphic with a Hilbert space.

(3) The above definition of topological direct sums does
not correspond precisely with the universally defined direct
sum. It is, however, simply related to the universal topologi-
cal direct sum and the universal topological direct
product.'*"?

Definition: SupposeJ is an index set and F’ is a topologi-
cal vector space for each je J. The universal topological direct
sum of { ¥}, is the (unique) locally convex topological vec-
tor space (denoted by E,E ; ® V) equipped with a set of con-

tinuous linear maps I /: ¥, ~—>ZJE ; @V, such that the follow-
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ing universal mapping property is satisfied. Given any
locally convex topological vector space W and any set of
continuous linear maps F;: ¥,— W, there exists a unique
continuous linear map F: 3, & V,—W such that

F, =Fol;.

Concretely, 2 @ V, is the vector space of all functions
onJsuch that f(j)e V and f (/) = Ofor all but a finite number of
jeJ. The collection of subsets & = {fe3.,; @ Viflieo,, 0,
open in V}} is a local base at O for the universal direct sum
topology.

The insertion operators I;: V,—V =X, @ ¥}, which
are restrictions of the identity operator I V—» Vto the closed
subspaces ¥ are continuous and linear so that by the univer-
sal mapping property there exists a continuous linear func-
tion I:ije, @ V,—V such that I, = IoI . I is one-one so
3., @ V; is isomorphic to a subspace of V. Furthermore the
topology on Vis weaker than the { I} ;-final linear topology
onV.

Definition: Suppose J is an index set and ¥ is a topologi-
cal vector space for each jeJ. The universal topological direct
product of the ¥ is the (unique) locally convex topological
vector space I, V; equipped with a set of continuous linear
maps 7; 0 e/ V ->V such that the following universal map-
ping property is satlsﬁed Given any locally convex topologi-
cal vector space W and any set of continuous linear maps F;

:W—V,, there exists a unique continuous linear map
F:W—Il, V; such that F; = 77;°F.

Concretely H Vis the vector space of all functions on
J such that f{j)eV. The collection of subsets of the form
O =m0, for 7 ; openin V; is a subbase for the product
topology.

The projection operators P;: V=23,, & V,—V, are
continuous and linear so by the universal mapping property
there exists a continuous linear map P: V-»ﬁ V; such that
P; = m;oP. Because no veV is annihilated by all P Pisone~
one and V is isomorphic to a subspace of ]| Ve The topol-
ogy on ¥V must be stronger than the subspace topology inher-
ited from I~Ij€1 V.

The relationship between our definition of a topological
direct sum and the universal topological direct sum and uni-
versal topological direct product may be summarized as fol-
lows: For our purposes a topological direct sum of locally
convex spaces { ¥;} ., is any locally convex topological vec-
tor space V' which is (linearly isomorphic to) a subspace of the
universal direct product m, s V; and which contains the uni-
versal direct sum 3, s ® V, asa vector subspace such that the
topology on Vs stronger than the subspace topology inherit-
ed from II, ., V; and such that it induces a topology on the
universal dlrect sum 2 s ® V; which is weaker than the uni-
versal direct sum topology

(4) When the index set J is finite, the universal direct
sum and the universal direct product of { V}} ., are equal so
that any two direct sums of { V; ], are isomorphic.'’ Hence
the topological direct sum agrees with the universal topo-
logical direct sum.

(5) When the index set J is infinite, the universal direct
product is much bigger than the universal direct sum. Conse-
quently, two different vector spaces ¥ and W may be direct
sums of the same { V;},.,. V'and W may differ both in terms
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of their topologies and in terms of their sets. This nonunique-
ness is easily illustrated by taking direct sums of an infinite
number of Banach spaces B;. For all positive p, let B be the
set of functions fsuch that f{j)eB; and |If ||, = (2, [F()IIP)'””
is finite. Here ||f ()|} is the norm of f(j)eB, . This gives a topo-
logical direct sum for each p > 0. While p = 1 is sometimes
taken as the definition of the Banach space direct sum, ' there
is nothing canonical about this choice.

We conclude this section with three definitions.

Definition: A closed subspace ¥V, of V'is invariant under
the representation [1: G . (V) if w(g)v,€ ¥V, for allv,€¥, and
all geG.

Definition: The representation [1: G—.£ (V') is irreduci-
ble if V has no nontrivial closed invariant subspaces.

Definition: The representation IT: G—.7 (V') is com-
pletely reducible if V has a direct sum decomposition into
invariant irreducible subspaces.

V. THE COMPLETE REDUCIBILITY OF .# 4(H) AND ¥ (H)

In this section we prove the main results of this paper:
The projection operators from state space (observable space)
to the standard irreducible tensorial operators decompose
state space (observable space) into a direct sum of invariant
subspaces when an appropriate topology is used. We begin
by considering the properties of the physically induced re-
presentations on state space .# ((H ) and observable space
L(H).

Let T: G X H—H be a jointly continuous unitary repre-
sentation of a compact, Hausdorff group G on Hilbert space
H, where H is assumed to have the norm topology. This
induces several representation of G on state space .# (H ).
Define, for Ae.# |(H ),

T84 =T (g4, (5.1)
7 (g4 =AT " (g), (5.2)
T .8 A =T(QAT *(g). (5.3)

These are the left right, and adjoint representations of G,
respectlvely , and .7", may be combined to form a repre-
sentation .7 of the product group G X G by defining

/,,(g,h}A=T(g)AT+(h)— 7187 < (h)A. (5.4)
The adjoint representation is the product representation re-
stricted to the diagonal: 7, (g) = .7, (g, g)- Because of the
unitarity of 7, all of these are 1sometrlc representations, i.e.,

”*714 “1 = ”A ||| VAG‘/I(H)- (5.5)

For each of the representations .#,, .7 ,, and .7, the
mapping (g, 4 .7 (g)4 is jointly continuous from G X .7, to
#, when .Z | is given either the norm or the weak topology.
Similarly the mapping (g, 4, 4 }>7 (g, h )4 is jointly con-
tinuous from G X G X.# | to & . To prove these assertions,
assume first that g—.7 (g)4 from G to .# | is norm continu-
ous for each 4e.# |. Then

”‘(/‘(g)A - =7‘(go)Ao||1
<7 (g} — Ao)ll, + I (g) — T (80))40ll
= |4 — Aol + |[[.7 (&) — T (80)140ll1»

which goes to zero as A—A, and g—g, so joint continuity has
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been established. Thus, since if g—.7 (g)4 is norm continu-
ous it is also weakly continuous, it is only necessary to show
that it is norm continuous. We first prove this for the left
representation. Choose € > 0. Let 4 = 2, |#, )4, (¢ | be the
polar representation'® of 4. Thus (¢,|¢,) =6, (¢:|¢;)
=06;,4,20, 2,4, =||4 ||, and I is the set of integers.
Choose Nel such that £, A, <€/4 and choose neigh-
borhood % of g, such that ||[T(g) — T'(g,)1¢; || < €/2NA, for
i = 1,..,N. Then, defining 4y = =¥_, |¢,)4,(¢;| and
A'=A— Ay, we have

”[yl(g) Al go)]A ”1
<T@ — Tigo)ldnlli + 1 [T(g) — Tigo)14 ||,
Z/i [T (g) — Tigo)ld: |l + 1T (&) — T igolll-l|4 Il

i=1
<€/2+2e/4) =€

A similar argument proves that the right representation .7,
is norm continuous. It is now easy to show that the product
representation is continuous, i.e., that (g, 1 }>7" (g, h )4 is
continuous for each 4e.# . Fix € > 0. Choose a neighbor-
hood % , of g,such that ||[.5,(g) — .7,(g0) 14 ||, < €/2 for all
8<% , and a neighborhood % , of h, such that ||[ 7. (h)

{ho) 1Al <€/2 for all A% ,. Then

” [yp(g’ h)— j‘p(g()’ ho) 14 Il
= |T(@AT *(h) — T (go)AT " (hy)ll,
<IT@AT (k) — T(@AT *(holl,
+ IT(QAT *(ho) — T (go}AT " (Aol
=|4[T h)— Tl + LT (8) -
=7 (h) =T ()AL + [ 1(8) —

T(go)]A Il
(g |l <e.

The continuity of the adjoint representation ./, is obtained
from the restriction of the product representation.”” | to the
diagonal.

Similar representations may be defined on observable
space .7 (H ):

780 =T(g)o, (5.6)

T A8) =T (g), (5.7)

7.8)7 =TT *(g), (5.8)
and

T g R =TT (h). (5.9)

However, these representations are not, in general, norm
continuous. Thus, for example, let H = L *(R *) be the square
integrable functions on Euclidean 3-space, let G be the one-
parameter group of rotations about the z axis, and let
[T(8)¥](x,p,2) = {xcos@ + ysinf, — xsind + ycosd,z)for
el *(H ). The infinitesimal generator of Tis the angular mo-
mentum operator L, which is not bounded so that 8—T7'( ) is
notnorm continuous, i.e,||T(6) — I||doesnottendtozeroas
6 tends to zero.'! This implies that the mapping 6.7, (g)]
is not continuous at = 0. Similar examples can be given for
the representations .7 ,, .7 .» and J . Because they are not
norm continuous they are not weakly continuous.'® They
are, however, weak-» continuous; that is, the map

M.P. Strand and R.S. Berry 591



g—7 (g)¢ is continuous when .¥(H ) is given the weak-x
topology. Thus, fix Ae.# |(H ) and € > 0. Because the maps
g—g ' and g—.7 (g)4 are continuous there exists a neigh-
borhood % of g, such that ||[77(g7") —~ T (g5 ')

U ||, <€/|| 2| for all g% . Then

[T (R)7|A)) — (T (h)714))]
=77 ") = T (gs 1]4))]
<NN7 8™ — 78 Al <€

for all ge % .

We now inquire into the reducibility of these represen-
tations. The irreducible subrepresentations of the unitary re-
presentation T: G— .7 (H) provide irreducible subrepresen-
tations in " (H ) and .¥'(H ). Let H = X, ® H, be a direct
sum decomposition of H into finite-dimensional orthogonal,
invariant, irreducible subspaces as guaranteed by the theo-
rem of Gurevic.* Let P; be the continuous self-adjoint pro-
Jection operator from H to H,. For each {/', j")€J X J define
theoperator /.. on.# (H ) and the operator & . on.*’(H )
by

P .A=PAP., AeS (H), (5.10)
7.0 =P,0P., OcL(H), (5.11)

They clearly satisfy the relations
L i L= Py j;"sf: j;‘SJ;'j;‘
and
PP =P
Ty

3 iS58
and thus are projection operators. Furthermore, they do not
increase the norm

17 -4\ <4, Yd4es (H), (5.12)
|2, <€ ¥YOeLH), (5.13)

and so they are norm continuous. The conditions TDSI,
TDS2, and TDS3 are thus satisfied for the families & ;. and
7 - If TDS4 is also satisfied, then they define topological
direct sum decompositions of # |(H ) and .¥(H ),
respectively.

We show first that TDS4 is satisfied for the operators
& ;» on.# \(H)when # (H)is given the norm topology. It
then follows trivially that TDS4 is also satisfied if .# ,(H ) is
given the weak topology. LetAbein.# (H ),andlet4 =2,
|¢. )4, (¥;] be its polar decomposition. For any pair of finite
subsets J' and J " of J, let

P AP,

GITIET X"

W F -
A W");XJ" P A
andlet /" =3, 7, ¢ for ¢ in H. Choose N so that
27 n41 24, <€/2 and choose a finite subset K of J so that
NA a9 — !M”H + g — ¢ zJ“H) < €/2 for all finite sub-
sets J' and J " of J containing K and for all i<N, where 4,
= sup,;4,;. Then for all Be.¥’(H ) with ||B || = 1 we have

K(B4)) — ((B|477"))]
= | SAWIBI8,) — (¥I'IB 187)|

<§/1.-|<1/!,-|Bl¢,-) —¥/1B¢7)]
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= Z’IIKI/’: — ¢ |Blé) + (4 |Blg — 7]

el

<%‘/1,»(H¢,» M+ 16— )
S A P R R

i=1 i=N+1
<€

for all finite subsets J " and J " of J containing K. This shows,
by virtue of (3.5), that

2 A

(Fy"ed xJ
converges to 4 in .# |(H ) norm for all 4 in .# |(H ).

On .Z’(H ) the situation is somewhat different. Since the
norm closure of the set of finite rank operators is the set of
compact operators and since for every 7€.%’ (H ) and every
finite subset J "X J " CJ XJ the operator

PO = PO =P, OP,.
Ve xJ”"
has finite rank, TDS4 will not be satisfied if H is infinite-
dimensional and .¥’(H } is given the norm topology. Howev-
er, TDS4 is satisfied if .#"(H ) is given the weak-# topology.
Thus choose Ae.# |(H ). Then

(2, 014)) — ((£]4))]

= ({22 —1)4))|
<NONNZ e = DAy,

which converges to zero since ||(# ;- — I)4 ||, converges to
Zero.

_Let #77 be the range of 7 . and let .2/ be the range
of Z .. Toreview, . |(H)and .#(H ) have the direct sum
decompositions

S = oS,
G ed xJ
LH)= & LI,
'y ed xJ

Each %/ is a finite-dimensional subspace of .# , which is
invariant under the representations 5 ,.7 ,, 7 ,,and 7.
Similarly each .#//" is a finite-dimensional subspace of
% (H ), whichis invariant under the representations.7 ,,.7 ,,
J.,and 7 ,. The subspaces .#%/" and .¥//" are obviously
irreducible under the product representations . and .7,
respectively. Since they are finite-dimensional, they may be
decomposed into irreducible subspaces for each of the other
representations using familiar finite-dimensional tech-
niques. (The irreducible subspaces thus obtained consist of
the standard irreducible tensorial operators.) Consequently,
state space .# |(H ) and observable space .2 (H ) are complete-
ly reducible under the left, right, adjoint, and product repre-
sentations of the compact and Hausdorff group G.

The set of operators in .#7/" is identical to the set of
operators in 77", and .#/"" and #77" are isomorphic vector
spaces. The fact that the nonisomorphic vector spaces . (H )
and .# ,(H ) are the direct sums of these isomorphic vector
spaces is possible because of the nonuniqueness of infinite
direct sums as explained in Sec. IV.

(5.14)

(5.15)
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VI. REPRESENTATION THEORY ON THE SPACES OF
THE ALGEBRAIC APPROACH

The algebraic approach'>'® is a quantum mechanical
formalism which is closely related in spirit to the Liouville
representation approach. It differs from the Liouville repre-
sentation in that the space of states is defined to be the set of
all positive linear functionals ¢ on the set of observables such
that ¢ (/) = 1. Although the spaces of the algebraic approach
are defined abstractly, a concrete realization of the axiomat-
ic system is provided by representing each observabe by a self
adjoint element of .Z(H ) for some Hilbert space H. The
states are then represented by elements in the dual space
*(H). This dual space is a topological direct sum'®

SL*H)=.7 (H)®Com(H )"
of the trace class operators .# ,(H ) and the space Com(H )* of
linear functionals which vanish on the compact operators.
Thus, whenever H is infinite-dimensional, the set of states
used in the algebraic approach is much larger than the set of
states used in the Liouville representation. In this section we
consider the difference this enlarged state space has on the
group representations.

The representations .7 |, T.,.7 s and T » defined in
Eqgs. (4.6)—(4.9) still exist on .7’ (H ). These may be used to
define representations on .¢"*(H ) by

T =T ")
T =)
T8 =71g")

3

T h)=7Tg " hY,

where t refers to the adjoint operation.

In the algebraic approach there are two natural topolo-
giestoconsideron ¥ (H )and .¥"*(H ). On .¥"(H ) it is natural
to consider the norm topology and the weak (Banach space)
topology. Both of these topologies are finer than the weak-»
topology which is natural in the Liouville representation. On
£ *(H ) it is natural to consider the norm topology and the
weak-* topology. We must now ask if the representations a
and .7 are continuous in any of these topologies. We have
already seen that the representations T on% (H ) are not
norm-continuous for many physically significant groups
such as one-parameter rotation groups. These one-param-
eter subgroups cannot be weakly continuous either since
weak continuity implies norm continuity."* This in turn im-
plies that .7~ on % *(H ) cannot be weak-* continuous which
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implies that .7 cannot be norm continuous. In our opinion
the failure of these representations to be continuous in phys-
ically significant topologies represents, for certain applica-
tions, a significant disadvantage of the algebraic approach
relative to the Liouville representation approach in which
the corresponding representations are continuous.

Since the representations 7 and .7 are not, in general,
continuous, it is difficult to proceed with a general represen-
tation theory. It is clear, moreover, that even when T is
continuous the general observable #€.%’(H ) cannot be ex-
panded in terms of irreducible tensorial operators in either a
norm convergent or a weak convergent sense. This is because
each irreducible tensorial operator is of finite rank. The limit
of such operators in either the norm or the weak topology is a
compact operator. Thus, unless observable # is compact, it
cannot be expanded in terms of irreducible tensorial
operators.
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Inverse scattering. 1V. Three dimensions: generalized Marchenko
construction with bound states, and generalized Gel’fand-Levitan equations
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This paper represents the final installment in a series on the solution of the inverse scattering
problem for the Schrédinger equation in three dimensions. The potential is constructed from a
given scattering amplitude without assuming its existence, even in the presence of bound states.
For exponentially decreasing potentials, properties of the Jost function and of the regular
solution are derived that are sufficient to establish the triangularity of the kernel on which the
generalized Gel’fand-Levitan (GL) equation is based. Other generalized GL equations, for
nonzero reference potentials, and a nonlinear equation are derived, and for central potentials
they are shown to reduce to the well-known radial equations. The contents of the series of papers

is summarized.

PACS numbers: 03.65.Nk

1. INTRODUCTION

This paper is the third in a series of papers," (referred
to in this paper as II and III) on the inverse scattering prob-
lem for the Schrédinger equation in three dimensions, with a
potential for which no assumption of spherical symmetry is
made. In Sec. 2 we discuss four Hilbert problems for opera-
tor-valued functions with operator-valued solutions. The re-
sults there found are needed for the construction of a poten-
tial if there are bound states and for the construction of the
Jost function.

Section 3 completes the construction of a potential from
a given scattering amplitude that is not known to be associat-
ed with an underlying potential, in the presence of bound
states. Theorem 3.1 therefore generalizes Theorem 3.1 of 111
to the case with bound states. It shows that the miracle, as
defined in I, is a necessary and sufficient condition for the
existence of an underlying local potential even when there
are bound states. Together with the other assumptions listed
for the Class ./ in Sec. 3 of I11 it therefore serves as a charac-
terization of admissible scattering amplitudes. (However,
the theorem does not determine the asymptotic fall-off of the
potential.)

In Sec. 4 the Jost function is constructed from the given
S matrix by solving a Hilbert problem as in Sec. 2. The result
is stated in Theorem 4.1. In preparation for the generalized
Gel’fand-Levitan equation the Jost function is then expand-
ed on the basis of the spherical harmonics, after a similar
expansion of the scattering amplitude. It is shown that if the
potential decreases asymptotically exponentially then the
spherical-harmonic coefficients of the scattering amplitude
behave near k = 0 as in (4.13). As a result the coefficients of
the Jost function in general behave as in (4.25), though we
have not been able to rule out the “accidental” possibility of
exceptions if the rank of the coefficients of an infinite set of
linear equations is finite and small enough.

The regular solution defined in II is examined in Sec. 5.
On the basis of the results of Sec. 4 we find that its spherical-
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harmonic coefficients behave near k = 0 as in (5.2), a fact

that for central potentials is well known and easily provable
for a large class of potentials irrespective of their asymptotic
fall-off. Here, however, a definition of the regular solution by
means of a boundary condition is lacking and (5.2) has to be
established via the scattering amplitude. The result is Theo-

rem 5.1.
The properties of the regular solution found in Sec. 5

allow us in Sec. 6 to establish the triangularity of its three-
dimensional Fourier transform that had been assumed with-
out proper foundation’ in Sec. 8 of II as a basis for the gener-
alized GL equation. Two versions of this equation are de-
rived. Their kernels are expected, in general, to be
distributions.

In Sec. 7 we formally derive generalized GL equations
for comparison potentials other than zero, and a generalized
nonlinear GL equation. Section 8 contains the reduction of
the generalized GL equation to the well known radial equa-
tions for central potentials. Section 9 gives a summary of
what has been accomplished in the series of papers II, III,
and the present one.

2. THE HILBERT PROBLEMS

In this section we shall prepare both the construction of
the Jost function and of an underlying potential, if it exists,
from a given scattering amplitude in the presence of bound
states, by means of the generalized Marchenko equation. It
turns out to be necessary for the latter purpose to formulate
the Hilbert problem for operator-valued solutions, just as for
the Jost function, instead of for vector-valued solutions as in
Sec. 4 of 11. We therefore pose first four different relevant
Hilbert problems. Let % the class of linear operators on
L3S?.

Hilbert Problem H (S ): Suppose a function S (k ),

R— 7, is given and for almost all & it has the following
properties*: SS*T =SS = 1;S(—k)=S*k); 0SQ =S,
(S — 1)eSL *(R). Find a function F (k ), R—#, with the fol-
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lowing properties:
(a) F(— k) =S"(k)QF (k)Q; (2.1)
(b) (F — 1)eSL *(R);

(c) F (k) is the boundary-value of an analytic function®
F(k), C*—4, holomorphic in C*;

(d)for Imk>0, lim ||F(k)—1| =0.
|k |-+

Hilbert Problem H }(S): This is identical with H }(S),
except that (d) is replaced by: for Im k>0,
lim, | _o||F (k)| = 0, and (b) is replaced by: FESL *(R).

Hilbert Problem H ) (S): Suppose S (k ) is given as in
H }(S); also given is a set of n pairs, each consisting of a
positive number «,,, and a finite-dimensional subspace #°,,
of L*S?), m = 1,...,n. Find a function F (k ), R— %, with the
properties (a), (b), and (d) of H }(S), as well as

(c) F (k) is the boundary value of an analytic function
Fk), C*—4%, meromorphic in C* with simple poles at
k = ix,, and residues I "™ there such that® Ran I'"™ = ¥, .

Hilbert Problem H?(S): This is identical with H }(S),
except that (b) and (d) are replaced as in H J(S').

Problem H (S ) is solved by the generalized Marchenko
equation. We state the result in the form of

Lemma 2.1: Suppose that 4 (k;0,6 ') is such that the self-
adjoint operator % on L (R, X S ?) whose kernel is given by

G(aB:6,0") =Gla+B:6,0)

f dk kA *(k; — 0,8 )e™* @+ F)
(2 s (2.2)
is compact, and so is the operator &' whose kernel is
G'laB;6,0'y= — G(— a—f3;,6,0"); suppose further that
the function G (a), R— %, defined by the kernel G (@,6,6 ), is
in SL %(R) and that neither & nor & has the eigenvalues

+ 1.ThenH (1 — (k /2mi)4 )hasauniquesolution F (k ) giv-
en by

Flk)=1 +J da ¢*°E (a),
(0]

where for @ >0, E (a) is the unique solution in SL (R , ) of the
integral equation

E(a)=Gla)Q + fo“’dﬁc(a +BIEB)Q. 2.3)

Furthermore, (2.3) is solvable by iteration, [¥ (k)] ™' has no
singularities in C*, and (F ~' — 1)eSL }(R).

Proof: The proof of the first part is entirely analogous to
the corresponding part of Theorem 3.1 of I1I and need not be
repeated. The proof of the convergence of the iteration (Neu-
mann series) is contained in that of Theorem 2.1 of III. We
need only prove the last part.

Consider the equation for a > 0,

Ea)=6| —a)Q+r dBG(—a—B)EB)Q. (2.3)

By the definition of %" and the first part of Lemma 2.1 this
equation has a unique solution E (@)in SL*R,)if &’ does
not have the eigenvalue — 1,andif ¥ = (9 '), does not have
the eigenvalue — 1 either then the function F (k ) obtained
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from E {a) by
Flk)=1 +J da e*E (a)

sglves the Hilbert problem H (S *). Therefore
(F 1)eSL 2(]R)andF (k )isholomorphicinC*. Furthermore
it satisfies the equation
F(—k)=8(k)QF(k)Q, (24)
whereas F (k) satisfies (2.1), the transpose of which reads
F(—k)=QF(k)Q(S*)k). (2.1)

Multiplying (2.4) by (2.1') and using the unitarity of S yields
F(—k)F(—k)=QF(k)F(k)Q.
The left-hand side being holomorphic in C™ and the right-
hand side in C* allows us to conclude by an operator gener-
alization of Liouville’s theorem that FF = 1, since both F
and Ftend to 1 as |k |— o in C*. This concludes the proof.
Corollary: Under the hypotheses of Lemma 2.1 the only
solution of H 3(S) is the trivial one, F = 0.
We now want to solve H | (S). For that purpose we con-
struct the operator /7 (k ) as defined in Sec. 4 of I11, by means
of k,, and 7, m = 1,...,n. Then define

Sk )= Q [T (k)] 'QS (k MT(— k) (2.5)
and pose H (S ) (where red stands for reduced). If S has the
properties stated in H § (S ) then so does S ™. Next construct
G ™ from S ™ as stated in Lemma 2.1. If " and & are

compact, neither has the eigenvalue 1, and G () €SL *(R),
then the equation

Ered(a) — Gred(a)Q + J:odﬁ Gred(a +ﬂ)E red(ﬂ )Q

(2.3")

has a unique solution in SL *(R_ ) and by Lemma 2.1 the
function

Fk)=1 +J daE *a)e (2.6)
(o]
is the unique solution of H } (S ™). The function
Fik) =11 (k)F™(k) (2.7)
then solves H | (S).

The function F (k )is, in fact, the only solution of H },(S').
Suppose there were two solutions. Then their difference 4
would solve H %(S }and IT ~* would solve H $(S ™). Hence by
the corollary to Lemma 2.1, 4 = 0. Thus we have proved

Lemma 2.2:if 9™ and ¥ ™ are compact, neither has
the eigenvalue 1, and G ™“eSL *(R), then H , (S ) has the
unique solution F = ITF ™, where F™* is given by (2.6) in
terms of the unique solution in SL ¥R, ) of (2.3").

Corollary: Under the hypotheses of Lemma 2.2 H°(S)
has only the trivial solution F = 0.

We now take the Fourier transform of (2.1) in H }(S').
Defining

E(a)z;l;fw dke *[F(k)—1] (2.8)
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we obtain
E(a)=QE(—a)Q+ G(a)Q
+| a6a+pEBR (2.92)
together with the ;eo;uirement that for a <0
El@)=i3 ™™ (2.9b)
me1
The system (2.9), in which G (@) and «,,,5%°,, = Ran I'™,

m = 1,...,n, are given, is equivalent to the demands made in
H!(S)on

Fk)y=1+ fm da E (a)e™. (2.6')

That is, if and only if E€SL *(R) and it solves the system (2.9),
F(k)of (2.6') solves H.(S).

Suppose that the homogeneous system consisting of
{2.9b) (in which «,, and #°,, = RanI", m = 1,...,n, are giv-
en) and the equation

El)= QE| —a)Q+f dBGla+BIEB)Q (2.92)

had a nontrivial solution. Then the system (2.9) would not
have a unique solution. Hence if S satisfies the hypotheses of
Lemma 2.2 that lemma would be violated. We have there-
fore proved

Lemma 2.3: 1f S is such that G ™‘eSL *(R) and ¥ "¢ and
& ™" are compact operators without the eigenvalue 1, then
the only solution of the homogeneous system {2.9'a) and
(2.9b) [in which «,,,,5%°,, = Ran I, m = 1,...,n, and G (@)
are given]is E (@) =0fora>0,and " =0, m = 1,...,n.

We remark that Lemma 2.3 will be crucial for the con-
struction, and there is no analog of it if the Hilbert problems
are formulated for vector-valued solutions rather than oper-
ator-valued ones.

3. CONSTRUCTION WITH BOUND STATES

Let us now pose H (S, ) for the family of $ matrices S,
corresponding to shifted potentials, i.e., with xeR?,

S, (k;0,0") = S (k;6,8 )0 = 0, (3.1)

As a result of this x dependence &7, will depend on x (see
Sec. 4 of III) and so will /7, (k ), but not x,,,. We define

2.(a) =%f dk e~ [IT (k) — 1]

which is explicitly given by (4.7) of I1I for @ < 0, while 12, (@)
= 0 for a > 0. Then (2.7} leads to the relation for @ >0

E.(@)=ET%e) + deﬁ' 0 (a—BETYB) (3.2)
and for ¢ <0

E,(a) = 2,(a) + fwdﬂ 2, — BE™B)

in which E, is related to F, and E © to F = by (2.8).
Let us suppose now that for all x the operators % = and
&7 are compact, neither has the eigenvalue 1, and that

(3.2)
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G *eSL *(R), so that H } (S ) has a unique solution construc-
table via Lemma 2.2 by (2.3"). As a result E, solves the sys-
tem (2.9). Define

d

I'la)=(4—-2—0V)E,(a), (3.3)
da

where @ is regarded as a multiplicative operator. Application
of the operator 4 — 29 /3a 8-V to (2.9) leads to the system

L la)=Q0l (- a)Q+ G (a)Q7,
+ [ aea+arpI0 (3.4a)
and for a <0
(@)= i STme (3.4b)
where, by (3.2) and (3.2')
7, =20V[E,(0—)—E(0+)]
= —20V[EF0+)—02,(0-)] (3.5)
and
I = (4 — 2, 6-V)'™. (3.6)
[The derivation of (3.4a) uses the fact that

4—29 696.(a)= 6.4 +2-2-6v),
oa da

an integration by parts, and that (2.9a)implies Q7" Q= 7"
if G, (a) is continuous at @ = 0.] Multiplying (2.9a)by 2~ on
the right and subtracting (3.4a) we obtain

Fua)=0F\(— 0 + J dB G, +B)F.18)0,

(3.7a)

where

F.(@)=T,la) - E, ()7, (3.8)
and similarly from (2.9b) and (3.4b) for a <0

Fua)=iy Time, (3.70)

]

with

T = Tm _ pimigr (3.9)

Having solved H }(S.) we know 7™ and hence the ranges of
IV It ,m=1,..,n. Lemma 23 then 1mp11es that the only solu-
tion of the system (3.7) is F =1V Tim =0, Multiplying these
equations by* 1 we obtain in detall fora<Oanda>0

(A 2 ai e.v)nx(e,a) = fde "y (@"E, (@,6,0"),
a
(3.10)
(4 — 2,0V )7m(8) = f 6" 7,0 ")6,6")
(3.11)
where
7.(6.0) = fde 'E,(0,0,6°)
7r8) = fde 170,60,
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774(0)

fd@ " 7.6,8)

= —20.V[n=46,0 +) — 2,(6)],

n.0)= Jdﬁ "2,(0—,6,6"),

and 7" (6,0 '),E (a,0,8"), [6,0°), and £2, (@,0,0 ') are the
kernels of the operators 7" ,E, (a), I, and 2, (a),
respectively.

Suppose now that the miracle occurs i.e., that 77, () is
independent of 8. We then define

Vix)=7".(0)= —20V[7°%60,0 +)—02,6)].(3.12)
Then (3.10) and (3.11) become for @ <0 and a >0

4-29 09 _vilp.@e)=o, (3.13)

da

[4 —2«,,0:V — V(x)]57(@)=0. (3.14)
Furthermore

7.lk) =F (k)i
satisfies the equation

Vel — k)= S1k)Qy. (k) (3.15)

obtained from (2.1) by multiplication by 1. Equation (3.13)
implies that ¢¥(k;6,x) = 7, (k,0 Jexp(ik6-x) satisfies the Schro-
dinger equation. That it has the correct asymptotic form,
with the function A (k;6,6 ) as its scattering amplitude, is
shown as (3.19) of I1I was derived. Eq. (3.15) shows that it
obeys the required relation between incoming and outgoing
wave solutions.

The constructed function ¥(k;6,x) is meromorphic as a
function of k in C™*, with simple poles at k =
m = 1,...,n, and its residues there are

e) =3 YL (= O tx)

because the range of I ! is spanned by Y 2( — 8) e ~“** (see
Sec. 4 of Il and Sec. 5 of I1). If ¥ (x) has the needed regularity
[say, (2.1) of IT] then it follows that each u?, (x), is in L *R>),
and (3.14) shows that, since the characters Y? ,b =1,...,N,,,
are linearly independent, each u%, (x) is a bound-state eigen-
function of the Schrédinger equation with ¥ (x). Comparison
with (5.8) of II shows that the functions u® (x) are linearly
independent and have the asymptotic form (5.5) of II.

We have therefore proved the generalization of Theo-
rem 3.1 of III to the case with bound states.

Theorem 3.1. Suppose a given unitary
S(k) =1 — (k /2mi)4 (k) satisfies the Levinson theorem ap-
propriate to N bound states [(5.3) of II] and that 4 (k;6,0) is
the boundary value of a meromorphic function with 7 simple
poles. Construct the NV,, characters, m = 1,...,n, IN, =N,
as in Sec. 5 of I, and /7, as in Sec. 4 of I1I, S, by means of
(3.1), and S5 by (2.5) from S, . Suppose that the resulting
Ared (27rt/k) (ST — 1)eo” [where .7 is the class defined
in Sec 3 of I11; however, we have to add the condition that
G, (a;6,0") be continuous at @ = 0]. Then the equation

J’ dﬂ Gred(a +B),']red )

red(a) G red
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(in which G "¢ is constructed from A ° asin Lemma 2.1) has
a unique solutlon 7L (R, XS ?). Suppose further that
these solutions are miraculous in the sense that (3.12) is inde-
pendent of 6. Construct 7, from 773" by (4.8) and (4.8') of I
[i.e., (3.2) and (3.2') multiplied by 1] and define

P(k;0,x) = ™0 + f dan,(a,0)e*'«+ o

and
¢""’(6,x) (ml(e Je K%

Then v(k;0,x) and ¢'"™(6,x) satisfy the Schridinger equations
(4 + k&2 — Vx)gk6,x) =0,
[4 — &5, — Vix)]¢™(6x) =

where V(x)is given by (3.12). Furthermore, the outgoing and
incoming wave solutions are connected by

Y — kBx) = j do' S*k; — 6,0 k0 x)

and the asymptotic form of #(k;6,x) is given by (3.19) of I1I. If
V (x) satisfies {2.1) of III then ¢'"8,x) is of the form
PY6,x) = z YZ (—6)u,(x),
=1
where the N,, functions u2, (x), b = 1,...,N,,, are linearly in-

dependent bound-state eigenfunctions in L (R?) of the
Schrodinger equation with ¥ (x) and 3¢ such that*

ll‘im & [x|ub (x) = c¥? (%).

This theorem characterizes the “admissible” scattering
amplitudes, but it does not give a sufficient condition for the
existence of an underlying potential in a particular class of
functions. While it is not hard to show that if k4 (for fixed 8
and 6°) is absolutely integrable as a function of k and three
times differentiable as a function of 8 ' then ¥ (x) decreases as
|x|~? at infinity, it will require much more work to prove
sufficient conditions for the potential to be L '(R?) or in the
Rollnik class.

Asasecond remark we note that if the potential satisfies
the hypotheses of Lemma 2.1 of II [the crucial one of which
presumably is that VeL '(R%)] then by (3.8) of II the large-k
behavior of 4 (k;6,0) is dominated by a function f(7) of
7=k (6 — 8'). For such a function the integral

fdef dk k2| f(7))? fde|9 6|3

x [aren g,
where§:=

(0 —6°)/18 — 6’|, is always divergent. Conse-
quently, if 7 || (k )||, €L }(R) then the associated potential
cannot satisfy all the hypotheses of Lemma 2.1 of I1; presum-
ably it cannot be in L '(R%). It is therefore important to start
with an amplitude such that k4 *cSL }(R) as stated in the
definitions of class .« (Sec. 3 of III) but such that
ll~4 ||£L *(R).®

An interesting point that emerges in the construction is
that the analyticity of the forward amplitude (or of its trace)
in C* was never used in the inversion procedure, except to
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obtain the bound-state eigenvalues and characters. For this
connection between bound states and scattering data to exist
the potential has tobein L ', and indeed, as Sec. 5 of II shows,
more and more further restrictions on ¥ have to be imposed
if there are bound states of high multiplicity. It is not known
what would happen if construction were attempted with an
amplitude whose trace is not the boundary value of an ana-
lytic function holomorphicin C*, and with bound-state data
that are independent of the scattering data. A plausible con-
jecture is that if the miracle occurs, a potential will emerge
butitwillnotbein L '. The alternative, that in such a case the
miracle could not occur, would imply a quite surprising con-
nection between the nature of solutions of the generalized
Marchenko equations and analyticity of the trace of the
amplitude.

4. THE JOST FUNCTION

Suppose an S matrix S (k) is given and it satisfies the
Levinson theorem [see Sec. 5 of I} for n bound states of
degeneraries N,,, m = 1,...,n. We then find the bound-state
eigenvalues «,,,, m = 1,...,n, and the characters Y,’Zm((?) as
shown in Sec. 5of IL. Let Y} (—6),b=1,..,N,, spanF’,,.
We now pose the Hilbert problem H ! (S) as stated and
solved in Sec. 2. If the solution of this problem is F (k ) then we
define the Jost function by

J(k)=[F(k)]™" (4.1)
According to (2.7) correspondingly
J{k)=J k)T (— k), 4.2)

where J ™ = (F™%) ™', and hence the operator J (ix,,) has a
nullspace equal to #7,,, which includes the space spanned by
the residue of #(k;0,x) at its pole at k = ix,,, for all values of x.
Theonly questionis whether [F (k )]~ hasany singularitiesin
C™. It follows from Lemma 2.1 that the Jost functions J (k)
satisfies the relation

J(—k)=QJ (k)OS (k) (4.3)

and that it is holomorphic in C*. We state the result in the
form of

Theorem4.1. If thescattering amplitude 4 (k,8,0 ') satis-
fies the hypotheses of Lemma 2.2 and neither ¥ ™ nor & ™
has the eigenvalues + 1 then the Jost function J (k ) is given
by (4.1) in terms of the unique solution of the Hilbert prob-
lem H!(S),J* — 1isin SL%R), and J (k) is the boundary
value of an analytic function J (k ), C*— %, holomorphic in
C* such that for Im k>0

lim |J(k)—1]=0.
[k | roo

Furthermore, J (k ) is singular at Kk = ik,,,, m = 1,...,, in the
sense that J (ik,, ) has a nontrivial null space equal to 77,,.

We note that Lemma 2.1 of III gives sufficient condi-
tions on the potential for & and & "% to be compact and
for %™ to be in SL *(R).

For later purposes we will require certain properties of
the expansion coeflicients of the Jost function on the basis of
the spherical harmonics. For the latter (normalized) we shail
use the simplified notation Y, (6 ), in which capital L denotes
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the pair (I,m), I = 0,1,2,..., —I<m<I. As a preliminary we
start by defining expansion coefficients of the wave function
¥lk;0,x) as a function of 6. (We emphasize that no assump-
tion is made that the potential is spherically symmetric.)
Define

Yo lhox) = fde ¥ (6 10ik:6.%), (4.4

which exists for all k and x if V'satisfies (2.1) of II. It follows
from the integral equation (2.3) of Il and the expansion of the
plane wave*

Ylk;6.x) = e =4r ¥ iji(k [x|)Y,(6)Y E(%), (4.5)

where j,(z} is a spherical Bessel function, that
Y, (kx) = 4mij(k |x|) Y HZ)

1 R ek lx =l

e d’y V), (k)
T |x —y]

This equation can be solved by Fredholm methods analo-
gous to those used in Sec. 2 of II. Since

-
(1 + [z
one easily finds that if D (0)£0, where D (k) is the modified
Fredholm determinant [(2.18) of IT}, and if ¥ is such that

17:2)<C (4-6)

jd 3 [V ix)| x| < oo (4.7)
then as k—0
¥, (kx)=0(k'). (4.8)

If V'is such that 3¢ > O for which
fd 3x |V (x)je™ < o (4.9)

then (4.7) holds for all /, and hence so does (4.8). What is
more, one readily proves that if (4.9) holds then ¢, (k,x) and
Y(k;0,x) are analytic functions of k for real k %0, and includ-
ing k = 0if D (0)#£0. More precisely than (4.8) one can prove
that for each L 3C such that

Vel 29, (k) < € Lk T,

where || - || denotes the L *(R’) norm.
As a next step we define similar expansion coefficients
for the scattering amplitude in its dependence on 6 and 6 ':

(4.10)

A, (k)= fde do' Y, (6)Y*.(6)4 (k;6,6').  (4.11)

It follows from formula (3.1) of II for the scattering ampli-
tude that

A ) = = (=) [ VY 20k Ll (),
(4.12)
One then easily proves by means of (4.6) and (4.10)

Lemma 4.2: If the potential satisfies (2.1) of IT and (4.9)
for some € > 0 and if k = O is not an exceptional point, then
forallLand L', 4,, .(k), as a function of k, is analytic on the
real axis and 3C,,. such that

A (k) <Cye [l |47 (4.13)
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for all real &.
We note that in the spherically symmetric case
A,; =Ounless L =L’ and then (4.13) is a well-known re-
sult for exponentially decreasing potentials.
Corollary: On the assumptions of Lemma 4.2
a’l
k"
We now translate these results to the Fourier transform
of kA, the function G (a;0,0 ') defined in (2.1). If we define

Ay (k)lkeo =0 forn<l+1'. (4.14)

Gy () fdode'YLw)Yz:(e')G(a;e,e')

_—i=1

27 f dk ke, ., *(k)

and
n 1 ® n
PiL =;j da a"G,, (),

then (4.14) immediately implies
Lemma 4.3: On the assumptions of Lemma 4.2,

pi. =0forallng<i4+ 1" (4.15)
We now return to the Jost function and define
Qk)=Jk)—1 (4.16)
and
2, .k) =Jd0d0' Y, (0)Y*.(0)%k;60,0') (4.17)
as well as the Fourier transforms
Fla)=— f dk e~k ), (4.18)
27 V-
L) = f dk e~ %, (k). (4.19)
27 J -
We translate (4.3) into the equation
L)@~ QL (~a)=G(—a)
+[ #6(-a-p26) (4.20)
Expansion on the spherical harmonics yields
(— l)lfL'L(a) — (= I)I'KL’L( —a)=G, . (—a)
+3 [ 6L (—a-p1LLuB)
L” — &
Multiplying by a" and integrating we obtain
(-0 "= (=1)'IFf ., =pis
n—1 ~1 1" n—1'"—1" -1
+ Y > Yy ety (4.21)

I"=0 m"= —1" s=0
by shifting variables of integration, using the binomial theo-
rem, and defining

rg., =—1'-f daa".? . (a) (4.22)
nJ_ .

The upper limits on the sums in (4.21) originate from (4.15).
For each fixed n and L, (4.21) constitutes a finite set of equa-
tions for I} ., withs<nand!/’<n. Define #, to be the set of
allI"'}., with!'"+n<l ForI'}. e#, (4.21) reduces to the
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following sets of homogeneous equations: For 0<r<min
(21',1 — 1), r even,

L I—1"—1—r

—1— )
D S P =0; (4.23)

i

1Zo mZLi1"  s=o
forl' + 1<ngi =1,
(=1 — (=11,

n—{"—1 " n—{1"—1"—1
= Y > pia-Tpe;  (423b)
1"=0 m"= —1" s=0
and forn <min(/ — 1", 1"+ 1),/ +1' 4+ nodd,
re., =o. (4.23¢)

For afixed value of /, /' may be allowed to run from O to « in
{4.23a). Therefore (4.23a) make up an infinite set of homo-

geneous equations for the (finite number of) members of .#/;.
The set of p’s that would allow them to have nontrivial solu-
tions is at most exceptional. In the generic case we may con-

clude that (4.15) and (4.20) imply that
r;, =0 forn<i-1" (4.24)

We note parenthetically that for n>/ + /', with
r=n—1—1',forr>0even, (4.21) becomes

=1+ " 1" —1+r (414
r—s s
D JD W e o o
1"=0 m"= —1" s=0
I o M
= —Prr >

which for fixed 7 and / is an infinite set of inhomogeneous
equations for the finite set of I"} ., . This implies that unless
the set of p’s is, again, exceptional, no solution for I"'§ ., ¢4/,
exists. It follows thatin general Eq. (4.13), withan S (k )thatis
analytic at k = 0, will have no solution that is analytic there.
Thus not even (4.9) assures analyticity of J (k) at k = 0.

From (4.24) and the inversion of (4.19) we conclude

Lemma 4.4:1f A (k ) is such that (4.13) holds, then every
solution of (4.3) is such that neark =0

L k)=0(k"), (4.25)
where n = max (0,/ — /’). [Here &, , is defined by (4.16) and
(4.17) in terms of the solution J (k) of (4.3).]

Consider now

g, (k,0) = f d6’' Y*(6')%k:6,6") (4.26)
and calculate
Jas .ol =am S 8 clku ¥ER k)
L'<L
+ fde 2, (k,0)E, (k,8.x), (4.27)

where

E (k8x) =" —4r 3 I'Y,.(0)Y . (R))y (k |x])

<L ,
It follows from (4.25) and (4.26) that the sum on the right of
(4.27)is O[(|x |k )'] as k—0. It is easily seen from (4.6) and the
analyticity of E, that E; = O[(|x|k)'*']. Since by Theorem
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4.1, L (k)eSL(R), it follows that

f dk Jd& 12, (k.07 < w0,

which implies that
lim k& zfde 12, (k,6)|* =0.
k +0

Asaresult the integral in (4.27) is O[(|x |k )] and therefore, as
k—0

Jde 2, (k,0)e* " =0 [(|x|k)']. (4.28)

5. THE REGULAR SOLUTION

As in II we define the regular solution of the Schro-
dinger equation by®

¢=Jy (5.1)

or more explicitly,

& (k;6,x) = Jde ' J (k6,6 Wik;6' x). (5.1

It therefore satisfies the integral equation

& (k;0,x) = e*?* 4 Jde' Yk:0',0 e

1 d3 eik\xfyl

ar )T
Its spherical-harmonic projection

Vv (k;6.p).

b (k) = fde Y1 (6)6 (k:6.x)
consequently solves

¢, (k.x) = 4mif (k |x|)Y ¥(x) + Jd@ g, (k,0 )0~

eik ]x — vl

- 4# d% V()6 (ky).
T |x —yl

By (4.6) and (4.28) the inhomogeneity here is O [(|x|k )] as
k—0. It then easily follows that if kx = O is not exceptional,
and if V satisfies (4.9) then

o, kx)=0(k"). (5.2)

It follows from (5.1), (4.3), and (3.16") of 11, and the uni-
tarity of .S that

¢(— k;0.x) = (k; — O.x). (5.3)

This, together with the analyticity of /i in C*, implies that ¢
is an entire analytic function of k {for all x and almost all 8 ).
It can thus be expanded in a convergent power series in k:

¢ (kbx) = 3 k"C,(6.%) (5.4)

n=20
whose coefficients C, are functions of 8 and x. The result
(5.2) then implies that in general

J.de an¢ (k§6’x)
ak "

for all /> n. The words *“in general” are intended to say that
we have not been able to rule out the possibility that if the

Y.(6)=0 (5.5)

k=0
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scattering amplitude is exceptional (5.5) may fail.

The result (5.5) is well known for central potentials. Eq.
(8.5) shows that in that case ¢, (k,x) differs from the regular
radial function &, (k,|x|) by a factor of k /, and ¢, is known to
be entire analytic. However, in order to prove this, and hence
(5.5), in the case of a central potential no requirement as

strong as (4.9) is needed. Since ¢, (k,|x|) can be defined direct-

ly by means of a boundary condition, its analyticity can be
proved by means of its Volterra equation. In the noncentral
case no such direct definition of ¢, (k,x) is known and (5.5)
has had to be proved by the circuitous route of Sec. 4, via the
intermediary of the scattering amplitude’s property (4.13).
This property requires, in the central case too, the exponen-
tial decay (4.9) of the potential.

Note that since ¥, ( — 8) = — 1)'Y, (8), the definition
of ¢, (k,x) shows that it may be written in the form

¢L(k’x) =k 1¢L(k 2’x)’
where ¢A . is an entire analytic function of k 2. Now we may
choose such linear combinations of ¥ (€ ) to form Y, (8)
that k 'Y, (6 ) is a homogeneous polynomial of degree / in the
three Cartesian components of the vector k8 = (k,,k,,k5). It
follows therefore from (5.2) that ¢ (k;6,x) is an entire analytic
function of each of the Cartesian components of k6
separately.

Let us look at the integrability of ¢ as a function of k on
the real line. Let a be in L %(S?). Then by (5.1)

(a6 — ¥%) = (a(J — 1)(¥ — &°))
+ (@ — 1)¢°) + (aly — ¢°)),
where ¢° is defined by (4.5). Since by Theorem 4.1 (J 7 — 1)
eSL %S %), by Lemma 2.4 of II, and since ¢° is uniformly
bounded, each of the three terms on the right-hand side is

square integrable as a function of k. Therefore for each fixed
aeL %(S?)

Ja a6 tex) — vk < o 56

the inner product being in L %(S ?). This may be stated by say-
ing that, as a function of k, ¢ — ¢° is weakly square integra-
ble: (¢ — ¥°)eWL *(R).

We also note that it follows from (5.1), Theorem 4.1,
Lemma 2.3 of II, and Lemma 2.4 of II, that for any fixed
acL *(S?) the function {a,¢ )(k ) is an entire function of expo-
nential order |x|. We shall summarize all of these results in

Theorem 5.1: Suppose that V satisfies the hypotheses of
Lemma 2.1 of I, of Lemma 2.4 of II, and of Theorem 4.1.
Then there exists a “regular solution” ¢ (k;0,x) of the Schro-
dinger equation in R? given by (5.1) with the following
properties:

(a) ¢ satisfies the symmetry (5.3);
(b) as a function of &, (¢ — ¥°)eWL *R),

where 1, is adefined by (4.5), # — ¢ is regarded as a function
R—L (S, and WL }(R) is defined by (5.6);

(c) for all fixed x and almost all fixed 6, ¢ (k;0,x) is an
entire analytic function of k, and for each fixed acL *(S?),
(a,¢ ) is of exponential order |x|.

If furthermore, ¥ satisfies (4.12) for some €> 0, then
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(d) in general each expansion coefficient of ¢ as a func-
tion of 6 on the basis of the spherical harmonics satisfies (5.2)
near 0, or equivalently, ¢ satisfies (5.5);

(e) under these conditions ¢ is an entire analytic func-
tion of each Cartesian component of k@ separately.

The meaning of “‘in general” is explained below (5.5)
and below (4.23¢).

6. THE GENERALIZED GL EQUATION

As in {5.1) of III we define the Fourier transform of
¢ — ¢° in its dependence upon k

glx,0,a) = 1 J.w dk e = *[yO(k;0,x) — & (k;0,x)],
e (6.1)

where 9° is defined by (4.5). This Fourier integral exists for
almost all 6 and « (and all x) in the WL ? sense, by Theorem
5.1, so that for each x, and each acL %S ?), fd6 a*(6)
g(x,0,a)eL *(R). Furthermore, (5.5) implies that for all n and
all/>n

fda fdﬁ a"q(x,0,a)Y, (@) =0, (6.2)
and (5.3), that
qlx, — 0, — a) = q(xre!a)‘ (63)

It follows from (6.2) and (6.3) that g(x,6,a) is a Radon trans-
form. If we define the three-dimensional Fourier transform

h(xy) = (1/27)3f dk k Zjde
0

~ kO [yYO(k;0,x) — ¢ (k;6,x)] (6.4)
then g is the Radon transform of i;,
gix,0,a) = J.d 3 8la — Bp)h (x.p). (6.5)

Since there is no assurance that (1, — ¢ )L %(R%), 4, as afunc-
tion of y, is generally not square integrable and may be a
distribution.

It follows from (c) of Theorem 5.1 and the Paley—Wie-
ner theorem'® that for every aeL (S ?) the function of a

fd@ a*(@)q(x,0,a)

has support in the interval { — |x|,|x]|):
%]
& (k;0,x) = °(k;0,x) — da e**g(x;0,a) (6.6)
— |x|
in the weak L * sense. It then follows'' from (6.2) that the
support of & {x,y) is in the ball |y|<|x|. [Alternatively, this
conclusion may be reached by combining (c) and () of Theo-
rem 3.1 and using the Paley—~Wiener theorem for each of the
three Fourier integrals with respect to the three Cartesian
components of k6.] This establishes the “triangularity” of
K (x,y) that had been assumed in II on insufficient grounds.
The generalized GL procedure may now be based en-
tirely on # (x,y), or else on g(x,8,a). The former is very much
simpler and more elegant, but it has the drawback of dealing
with kernels that may be distributions. The arguments of II,

Secs. 7 and 8, lead to the generalized GL equation for
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x| >yl,
i () = hoxy) — f

2| <ix]

d? zh (x 2)hofzy), (6.7)
which is (8.4) of IL. The kernel Ay(z,p) is given by

Ffz.y) = f (k.2 d (o — p°) Plkp)*, (6.8)

which is more explicitly written out below (8.5) of I1, but
where in our present notation

Mk)=QU(kVTk)]™'Q—-1. (6.9)
The partial differential equations satisfied by h, and repre-
sentations of the potential, are given in Sec. 5 of I1L.

One may also obtain an equation for ¢ by taking a par-
tial Radon transform of (6.7) [since (6.7) holds only for
[¥| < |x]]. Defining

| dvhiesisia o5 =g z0a)
Y < |x
we find from (6.7) for |a| < |x|

gix.6.a) = ¢ (x.6.a) — f

lz| <|x|

dzh (x,2)g1x, (2,6,c).
Furthermore, since ¢° can be written in the form
ghy(2,6,0) = f do'% . (0',6"z0,a),

and

fd 32k (x,p) f62) = fdﬁq(x,e,ﬂ VfB),

we obtain the generalized GL equation for ¢(x,6,a), for
la| < |x],

q(x,0,a) = de "% \,0",0'x;6,a)

x|
_ f 40 f_ | dBalx6' )% (6" B,
(6.10)

which replaces (8.3) of II.'?
The partial Radon transform % , is calculated by
means of the formula (for a<|x|)

F k66 x|,a) = j

¥ <[x}

_ 2n{|x|* —a?)'/?

T k|ox8|
XJi k(x| —a?)'"?16 x 6|1,

where |0 X0'| =[1 — (6-0')*]'/2and J, is the Bessel function
of order one. Thus

U (0 B:0a)=(2m)? f “dk k? fd&”
0
Xefkﬂ/(kea"|x|,a)M(ke' 6")
fde e "M, (6',0")
n—l

X F i, ,0-6",|x|,a), (6.11)

where M and M, are the kernels, defined in (8.1) and (5.22)
of I, that enter the spectral function.

d’y Sl — @-p)e*®”

ika6-9’
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7. OTHER GENERALIZED GL EQUATIONS

We shall derive a generalization of the GL equation that
leads from a given “reference potential” to another poten-
tial, and a generalization of the nonlinear GL equation.

Let us write Eq. (7.8”) of I in the form

¢V(k)=w""¢ k)
and

8" k)= 0" (k) = 0" (") ¢ ¥ k),
so that if

k)= (k)
then

C()WO{Q)VO)‘I — (L)WV-

It follows that ©*" = (©"") ™' and hence
" = ", (7.1)

Writingw =1 — h we therefore have

AW = hWO };'ov_};'woﬁ’(w
or,since ["°= — A%, ifwewritew ™' =1+,
WY = h wo ivo + /,‘l' Wol'V()_ (7.2)

Now, # *°(x,y) = O for |y| > |x|, and hence / *°(x,y) = O for

I¥]> |x|. Consequently {7.2j reads explicitly
Ry = B ey) ~1"0xy)

+ J d3z h "ox,2)[ ¥ Oz,p)
Iyl <izl <|x|

and implies that 2 *¥(x,y) = 0 for |y| > |x|, and hence

"V =0for |y| > |x|.

The completeness for W reads, symbolically,

6=J‘¢ deW¢ WTszV ¢Vde¢ VT(wWV)f (73)
or

[(wWV)'f]fl — wWVJ¢ Vde¢ VT’
whereas the completeness for ¥ reads

5= Jé Ydp¥$ " (7.4)
so that

Q)WV—_—(UWV ¢ Vde¢ Vi
and therefore

[(wWV*)‘i’] -1 _ a)WV

—0""| ¢ d " —p" )" (19)

If we write explicitly
Bt = [8 7 0x)d 1p" k) = p" (k116 * ko) (7.6
then (7.2) implies that for |y| < |x|

A% (xy) = h Yixy) — J d3z E " (x,20h ¥iz.p).
12| < |x| (7 7)
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The solution of the Schrédinger equation with the po-
tential W is given by

8% (k8x) = ¢ ¥ (k,B,x) — j A%y K%V (x ) ¥ (k69),

(7.8)
from which we obtain the equation
[Ac — 4, — Wx) + V)R (x)

= 8% — y) [V (x) — W(x)). (7.9)
Thus,

Viuy— W)= —2limé do

€0 Gu>0
X 6-V, ki (u + 1€6,u — 1€0). (7.10)

The generalized nonlinear GL equation is obtained
similarly by concluding from (7.3) that

@) @)1 = 67 dp e
and subtracting (7.4),

oy 5= (6" ap”
Explicitly, this reads, for |x| > |y|,

F Y xp) = i Hxy) — f

Jz} < ¥

pV) ¢ V‘!’.

d3z " (x,2h V¥ (v,2)*.

(7.11)

It must be noted, however, that if K is a distribution this
equation may not make any sense.

8. CENTRAL POTENTIALS

Suppose that ¥ (x) = ¥ (|x|). In that case h (x,p) can de-
pend on X and j only via X-§ and we expand

x|l beg) = 3 YL Y EOIK, (] ), (8.1)
Eq. (5.7") of III then becomes for s <
i -L) vk —o
XY
(8.2)
and K (t,5) = O for s > . Eq. (5.9) of III implies that for all /

— 2—53—K,(s,s) = V{s). (8.3)
Js

Alternatively, if we wish to regard K, (z,s) as satisfying a par-
tial differential equation even across its discontinuityat = s
then this equation is

2 2
2 eyt -L) vk
_ —26(1——s)%K,(s,s), (8.4)

which in view of (8.3}, is identical with the result of inserting
(8.1)in (5.7) of I1L
We define the functions ¢,(k,s) and ¢ J(k,s) by the
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expansions
_ (ik ) - u
¢ (k,0,5) = ; IFTTEST ¢k, |x)Y 2(0)Y, (%), (8.5)
ik@.x __ (lk )[ 0, * £ ’
e = ;_———|x|(21+ I @7k, |x|)Y F(0)Y,(X). (8.5')
Then (5.5') of III leads to
¢i(k,t) =@ {lk,t) — Jl ds, K,(t,5)p {"(k,s). (8.6)

The generalized Gel’fand—Levitan equation (6.7) is easi-
ly seen to lead to

K,(I,S) = g,(t,s) - J:du K,(t,u)g,(u,s), (87)

where g, is defined by the expansion

x| [plhoxy) = 3 Yo (R)Y 2 (lg (x|, Iy (20 + 1)1 2
(8.8)
so that

gilts) = [69(kid o, — o ), (8.9)
where d(p, — p{) is defined by the expansion

dip—p°)k,6,8') =3 Y, (6)YE(0)d o, — p)k)
L
(8.10)
Equations (8.3), (8.2), and (8.7) are the well-known equa-
tions'? for the inverse problem of angular momentum /.

We also note that the relation (5.1') together with the
expansions

Yk,O.x) = (1/k [x|)Y i, (k,|x|) Y E(0)Y, (%),  (8.11)

J(k,0,8')=> f(k)Y,(6)YE(6), (8.12)
and (8.5) lead to

ik, |xl) = (21 + 1k ~ " fi(k )y (k, | x]). (8.13)

From this we may conclude'* that £ is the well-known Jost
function for the angular momentum /. Equation (8.12) may
be replaced by

J(k,6,0")—86,0) = (1/4m) (21 + 1)
{

X [fi(k) — 1]P,(6-6"). (8.12)

Thus the three-dimensional equations reduce to all the
well-known ones for central potentials. The question wheth-
er h and J are functions rather than distributions is related to
the question of the convergence of the expansions in (8.1) and
(8.12). A similar reduction of the generalized Marchenko
equation for central potentials does not appear to be possi-
ble. This is not surprising in view of the fact that the radial
Marchenko equations deal with Jost solutions.

9. SUMMARY

Let us refer to the mapping of a potential  as a function
R*—R (with varying restrictions needed for various pur-
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poses) to the scattering amplitude A4 as a function

R X 82X S ?-C, defined by the Schrédinger equation, as .# .
The series of papers I1, I1I, and the present one, have dealt
with its inverse, .# ~ !, leading from 4 to V. The following
aspects of # ! have been considered:

(1) Reconstruction,

(a) uniqueness,

(b) reconstruction procedure;
(2) Construction,

(a) existence,

(b) uniqueness,

(c) construction procedure.

By (1) I mean the reconstruction of the underlying potential
if the given scattering amplitude is known to be associated
with one. The uniqueness questions (1a) and (2b) are an-
swered by Lemma 3.1 of II (which is not new). Two alterna-
tive new reconstruction procedures have been given: a gener-
alized Marchenko equation and a generalized Gel’fand-
Levitan equation.

If there are no bound states [which can be ascertained
from the scattering amplitude by means of the Levinson
theorem, (5.3) of II] then the reconstruction proceeds via the
generalized Marchenko equations, a linear integral equation
whose kernel was proved to be compact (Theorem 2.1 of ITI).
If there are bound states then their eigenvalues and charac-
ters (which here take the place of the norming constants in
one dimension) are constructed from 4 by a method given in
Sec. 5 of II. The reconstruction via a generalized Marchenko
equation is then accomplished by Sec. 4 (Lemma 4.1) of III.

In the generalized GL method it is first necessary to
construct the generalized Jost function from the given am-
plitude. This is done via Theorem 4.1 of this paper by solving
a generalized Hilbert problem by means of a generalized
Marchenko equation (Lemma 2.2 of this paper). This leads to
the spectral function, (7.13) of I [(6.9) of this paper], for the
“regular solutions.” For potentials with exponential fall-off
generalized linear and nonlinear GL equations are estab-
lished *“in general” in Secs. 6 and 7 of this paper. In contrast
to the generalized Marchenko equation they can by expected
to have noncompact kernels that are distributions. On the
other hand, they are integral equations on finite domains.
Reduction of the generalized GL equation for central poten-
tials to the well-known radial GL equations is given in Sec. 8
of this paper.

If an amplitude 4, R XS *X S *—C, is given and is not
known to be associated with a potential, there is a nontrivial
existence or characterization problem: to characterize those
functions A that are in the range of .#". A partial answer is
provided by the construction procedure, as given by Theo-
rem 3.1 of I1I if there are no bound states, and by Theorem
3.1 of the present paper if there are. The essential character-
izing property is the miracle, as defined in these theorems.
However, the problem of characterizing the functions whose
pre-images under .# are potentials in certain specific rel-
evant classes, such as L 'nL 2 or the Rollnik class, is still
open.'
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The following new results have emerged as incidental
effects of the solutions of the inverse problem. The bound
states of the Schrédinger equation in R have received a new
characterization (Sec. 5 of II); a set of generalized Hilbert
problems for operator-valued functions has been solved (Sec.
2 of this paper); a Jost function and a “regular solution” of
the Schrédinger equation in R? have been constructed and
their most important properties have been established (Secs.
4 and 5 of this paper).

Note added in proof: 1 am indebted to Professor Y. Saito
for pointing out to me that the equation four lines from the
bottom of the left-hand column of p. 1713 of IT is in error and
should be replaced by
(6 —y9)VV x +y)

1— (69
As a result the proof of Lemma 3.2 of IT is invalid. A modifi-
cation of this proof by means of Holder’s inequality leads to
the following replacement of Lemma 3.2: If the assumptions

stated in Lemma 3.2 of II are made, and in addition it is
assumed that 3C,, and u such that for all keR?

[V (k)| <Cylu? + [k )71,

where Vis the Fourier transform of ¥, then for all r>4,3C,
such that for all feL #(S %)

| akkasiz <cir,

where ||-||, is the L,-norm.

This form of Lemma 3.2 {and its corresponding change
in the corollary stated in II) suffices for all subsequent
results.

I am also aware of some misprints in III. The lower
limits on the k-integrals in the equations on lines 7 to 10 from
the bottom of the right-hand column on p. 2192 should all be

— . Equation (A3)is valid for 0 < a < 1. The equation four
lines below (A3) should read

@' —6"6—6")=(2—16+6u
— 16 —8'|*(1 — u?)cos® ¢,
and similarly in the integral in the next line. In line 6 from

below in the same column, it should be O (|a* — 1|**~ '), and
in line 4 from below, a*>b2.

V’(x’y’g) =
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®Ran stands for the range of the operator.

"By ||+||, we mean the Hilbert-Schmidt norm on L %(S'?).

*Equation (3.12) may be used to obtain a representation of the potential that
is the generalization of (4.11) of I with D = 1 for no bound states. Howev-
er, note that the right-hand side of {4.11) of II should be multiplied by 2,
because of the discontinuity of 7{a) at @ = 0. I am indebted to Dr. L.
Trlifaj for pointing this out.

°As noted in ITI we are no longer using a notation in which operators act to
the left. Therefore, (5.1) is (7.1) of II, but our present J corresponds to J
there.

'9See, for example, K. Chadan and P. C. Sabatier, Inverse Problems in
Quantum Scattering Theory {Springer, New York, 1977}, p. 36.

''D. Ludwig, Commun. Pure and Appl. Math. 19, 49 (1966); Theorem 4.9,
p. 69.

"2Equation (8.3) of I, which was obtained by taking a full Radon transform,
is incorrect, and so is (8.7) of II, which is based upon it.

!3See, for example, R. G. Newton, Scattering Theory of Waves and Particles
{(McGraw-Hill, New York, 1966), pp. 614 and 615, Eqs. (20.6}, (20.9), and
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A sharper upper bound on the spin-flip cross section is found by applying the variational
calculus with three equality constraints and unitarity. These are the total cross section, elastic
cross section, and the forward slope. Unitarity of the partial waves provides the inequality

constraints.
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I. INTRODUCTION

In two previous papers' we extended the application
of the variational calculus to problems in elementary particle
scattering™* to cases with spin. The results of Ref. 1 on the
upper bound of the spin-flip cross section were applied to
7+ p scattering to find numerical solutions.” We are in the
process of applying these results to other spin {-spin O cases.
The solutions we found show that the bound gets weaker as
the energy increases.

It can even be larger than the elastic cross section. Con-
sidering that the input is the total cross section, the result is
still an improvement on the input. At low energies there is no
difference between the elastic and total cross sections. How-
ever, at large energies, adding the elastic cross section as a
third constraint should improve the bound.

In this paper we add the elastic cross section to our
constraints. The results are not altogether trivial. With two
constraints the inelastic class / *7 ~ had no contribution.
Now it may contribute. Partially inelastic classes / * B ~ and
I~ B * could contribute before only to saddle points, but not
to the maximum. With three constraints they can contribute
to the upper bound.

In Sec. I we write the expressions for the spin-flip cross
section, total cross section, elastic cross section, and the for-
ward slope. Using these quantities, as well as the partial
waves, we write the Lagrange function. The maximum con-
ditions are found by taking the second derivatives of this
function. In this section we also define four classes according
to the elasticity of the partial waves.

In Sec. III the forms of the partial waves in these four
classes are found. Because of the existence of the third con-
straint the possibilities are Jarger and the expressions a little
more complicated. The existence of the third /-independent
Lagrange parametery makes it possible for the maximum
conditions to be satisfied in all classes. As we already men-
tioned before, this was not the case with two constraints.

In conclusion we summarize and discuss our results.

Il. CONSTRAINTS, LAGRANGE FUNCTION, AND THE
FOUR CLASSES

For simplicity we define G, 4,, E, and S instead of o,
o', of anddA /dt|,_,.

“Research supported by the Natural Sciences and Engineering Research
Council (NSERC).
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ok QA+ o o
G_?;O'SF—Z—_—ZI_'_I e, —a_V+irn, —r_ )]
(1)

A(,=%a"=z[(l+1)a,+ +la, ], )

k? 2
E=Eoﬁ=z[(l+ Va, , >+r, H+1a _*+r_%)
(3)
k dA
2 —_— W+ D[+ Va,, +la,_ ] (4
57 dr 1202 (I+ D[ + L, , 1@
Here o, is the spin-flip cross section, o7 the total cross sec-
tion,o” elastic cross section, 4 the imaginary part of the scat-
tering amplitude, d4 /dt |, _ , the forward slope, k the c.m.
momentum, and a, , ,a, ,r,, ,,_ the imaginary and real
parts of the partial waves.
The inequality constraints of unitarity are
—a;,. —n, >0, (5)

vy =a,_ —a;_ —r;_ >0 (6)

S =4k

u,=a,;,

The problem is to maximize G subject to constraints
{2)-(6). The Lagrange function is

L=G+ad,+yE+pS+ Y+ Wu + Yluw,.
(7

To preserve notation of the previous work we called the
Lagrange parameter of the new constraint E,y. As before,
A,2>0,,>0 from the theory of inequality constraints and the
factors (/ + 1) and / are chosen for convenience. We also
define the frequently appearing combinations

=2 p_2A+Y (8)
2+1 20+1
We now differentiate L with respect to a,. ,a;_,r, and
.
oL
da,,

(B+v¥—A))a;, — Ba,_ +%[a+l(l+1)ﬁ+/iz]=0' (9)
aL
da, _

Day, —(D+y—~wpha,_ —la+1{+1)8+p]=0.
(10}

=0 gives

= 0 gives

B+y—A) . —Br_ =0. (11)
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JL
ar, _
Dry, —(D+y—p)r,_ =0. (12)
As in the case with two constraints we define four classes
according to whether a pair of amplitudes f; , , f; . are both

elastic, both inelastic, first one elastic and second inelastic,
and vice versa:

= 0 gives

17 ={llu,>0p,>0}, 4, =0,u4,=0, (13)
I*B~ = {l|u;>00, =0}, A, =0,u,>0, (14)
I B ={l|lu;=0p,>0}, A,20,u,=0, (15)
B B~ ={l|u, =0y, =0}, A,>0,u,>0. (16)

For a fixed value of / a pair of amplitudes f; , ,f,_ belongs to
one and only one of these classes.

To find the maximum conditions we also take the sec-
ond derivatives of L,

2
OL _B+y—ARi+1), (17)
daj,
J3L
—_———= —BD(2I+ 1), 18
T @+1) (18)
2
L
9L o4 B +y—A), (19)
1+
L
——— = — BD(2/+ 1), 20
o @+ 1) 20)
J*L
=2(D — , 21
=0y 1)
L
=21(D +y —pu,). 22
=Dy =) 22)

For a maximum we have from the negativeness of the second
variations

B+y—4,<0, (23)

D+ 7y —u,<0. (24)
IIl. FORMS OF THE PARTIAL WAVES IN DIFFERENT
CLASSES

ClassI *I ~:Inthisclass A, = 0,4, = 0. Hence Egs. (9)
and (10) become

(B+7va,, —Ba,_ +ila+i(l+1)8]=0, (25
Da,, —(D+vja,_ —jla+i{l+1)B8]=0.  (26)
Unless 2 + ¥ = 0, we have 27)
1
a, =a_=——[a+ll+1)B]. (28)
2y
From unitarity
o<—-;—[a+1(1+1)ﬁ]<1. (29)
14
From maximum conditions (23) and (24) we find for this class
B + 7<0, (30)
D + y<0. (31)

Since ¥ is / independent only partial waves with / values that
satisfy (30) and (31) can contribute to the solution. We also
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note that in the absence of the constraint E this class did not
contribute. Equations (11) and (12) become for this class

B+, —Br,_ =0, (32)

Dry, ~(D+pr_ =0. (33)
ri, andr,_ willsatisfy these two equations only if the deter-
minant vanishes. In this case

Y= —2. (34)

We note that when the determinant of (32) and (33) van-
ishes, that is when y + 2 = 0, the inhomogeneous Egs. (25)
and (26} are consistent. That is,

B+y B

D D+y

is satisfied.

In this case the real and imaginary parts of the partial
waves must satisfy

= -1 (35)

(B—2a,, —Ba, +ila+l(l+1)8]=0, (36)

(B—2)r,, —Br,_ =0, (37)
a; _af+ _rf+ >0, (38)
a, —d_ —r_>0. (39)

When the determinant does not vanish
ry =r_ =0 (40)

Class I * B ~: Inthis class A, = 0, u, >0. Equations (9}~
(12) become

(B +vla,, —Ba, +ila+1{{+1B]=0, (41)
Da;, —(D+y—pla,. —4la+Il+18+u]=0,
(42)
B+, —Br,_ =0, (43)
Dri, —D+y—mr_ =0. (44)

Forr,, andr,_ tobedifferent from zero the determinant of
Eqgs. (43) and (44) must vanish. This condition gives

W(B+y)=vy+2) (45)

This is an equation between ¥ and /. Since ¥ is /-independent
only certain / values can satisfy this equation. When the de-
terminant of Egs. (43) and (44) vanishes the other two deter-
minants in Egs. (41) and (42) must also be zero; i.e.,

B+y B a+I(l+1)8

= = . (46)
D D+y—u a+I(l+1)8+u,
This equation gives either
y+2=p,=0 (#7)
or
a+!l(l +1)8 +y=0. (48)

Sinceintheclass/ *B —, 4, = 0, thefirst case is similar to the
class I 1 ~ except that v, = 0. The second possibility
[{{ + 1) = — (a + y)/B can be satisfied at most by two [ val-
ues and at most by one positive integer / value if &, § and ¥
are such that the right-hand side is a positive integer.

In the first case the equations satisfied by the partial
waves are identical with Eqs. (36)—39), except that (39) is
now an equality.
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In the second case they are

(B+7v)a,, —Ba,_ —y=0, (49)
(B+¥r, —Br,_ =0, (50)
a, —aj, —rj, >0, (51)
a_ —a_ —r_ =0. (52)
When the determinant is different from zero
r,=r_=0.
Inthisclassv, =a,_ —a}_ —ri_ =0.

Except for the special values of / that might satisfy Eq.
(45) we have in general

v,=a,_ —a_ =0.
Hence
a,_ = N0
(i) Ifa,_ =1, from Eq. (41) we find for q, ,
1
a,, =———|B—-lla+i{l+1 . 53
- Ty 7! il +181} (33)
Equation (42) gives
2
= a1+ 18+ 271, (54)
+v
We now impose the unitarity condition
0<a,, <1

on Eq. (53). Together with the maximum condition (23) this
gives

2B<a + I{1 + 1)B< — 2y. (55)
The maximum condition (24) imposed on {54), together with
4, >0, Eq. (55), and B + ¥<0, gives

> —2 (56)
and
a1+ 18<22 . (57)
24y
(ii) If @, =0, we find from Eq. (41)
1
a, = — la+1(+1)8]. 58
I+ 5B +7) 7+ 18 (58)
From Eq. {42) we find
2+y
=T I+ 1)8]. 59
e B+y[a+ (/+ 18] {59)

The unitarity condition
O0<aq,, <1

imposed on (58) together with the maximum condition (23)
gives

O<a +1{{ + 1)B< —2(B + 7). (60)
The maximum condition (24) imposed on (59), together with
#,>0,
Eq. (60}, and B + y<0 gives
Y +220 (61)

and
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a+1(l+l)ﬂ>—£—;& {62)
2+y

Unlike the two-constraint (4,,S ) case, we can not sum the
contributions of partial waves we found to G, 4,, E, and .S
explicitly using the sums of powers of integers. This is be-
cause of the presence of ¥ next to B in the denominators of
(53) and (58). However in applications to numerical problems
there is no difficulty in forming finite series and we did not
find much difference in using the closed form of the series or
summing a finite series with a few terms.’

Class I B *: In this class 4, >0,u, = 0. Equations (9)-
(12) become

B+y—Ala, —Ba,_ +ia+1{{+18+4,]=0,63)

Da,, —(D+v)a,_ —ila+!l+1)B]=0, (64)
(B+y—A,)r, —Br_ =0, (65)
Dry, —{D+y)r,_ =0. (66)

Forr,, andr,_ tobedifferent from zero the determinant of
Eqgs. (65} and (66) must vanish. This condition gives

AP+ =nr+2) (67)
This is an equation in ¥ and /. Since ¥ is / independent only
certain / values can satisfy this equation.

When the determinant of Eqs. (65) and (66) vanishes the

other two determinants in Egs. (63) and (64) must also be
Zero; i.e.,

B+y—A4 _ B _ __a+1(l+1)B+,1,. (68)
D D+y a+1{+18
This equation gives either
y+2=4,=0 (69)
or
a+l(l+1)p+y=0 (70)

Sinceintheclass! “B *,u, = 0, thefirst case is similar to the
class I *I ~ except that u, = 0. Again, the second possibility
(70) can be satisfied at most by two / values, and only by one
positive integer / if — (@ + ¥)/B is a positive integer.

In the first case [Eq. (69)] the equations satisfied by the
partial waves are identical with Egs. (36)~(39), except that
(38) is now an equality.

In the second case [Eq. (70)] they are

Da, —{D+vje,_ +ly =0, (71)
Dry, —(D+ ) =0, (72)
a, —d, —r, =0, (73)
a_ —a_ —r_ >0. (74)

When the determinant of (65) and (66) is different from zero
ey =rn_ = 0.

Except for the special values of / that might satisfy Eq. (67)
we have in general

u,=a,, —al, =0
Hence
a —/1
l+ =
\O

I. A. Sakmar 607



(i) Ifa,, =1, from Eq. (64) we find for q, _
1

= D—} Il+4+1 . 75
a_ D+7{ la+1(+ 181 (75)
Equation (63) gives
2+y
Ay =" Il+1 2y]. 76
! D+y[a+ (+ 1)B+2y] (76)

We impose the unitarity condition
0<a,_ <1
on Eq. (75). Together with the maximum condition (24) this
gives
2D<a + I{1 + 1)B< — 2y. (77)
The maximum condition (23) imposed on (76}, together with
A,>0, Eq. (77), and D + <0 gives
Y2 —2 (78)
and
BD
2+
(i) Ifa,, =0, from Eq. (64) we find for a, _

a+ 1+ 1)B< y—;/. (79)

1
a_. = —m{a +I{+ 1)8}. (80)

Equation {63) gives

2

A= ==Y gy 114+ 18] (81)
D+y

We impose the unitarity condition

0<a,_ <1

on Eq. (80). Together with the maximum condition (24) this
gives

0<a + I{l + 1)B< — 2(D + 7). (82)

The maximum condition (23) imposed on (81}, together with
4,20, Eq. (82), and D + <0 gives

¥ +2>0 (83)

and

BD
a+l{l+ 18> —————v. (84)
24y

The remarks about summing the series of G, 4, E, and §

with the partial waves given by their formsintheclass/ *B ~
apply also to the class I "B *

Class B * B ~: In this class neither A, nor g, is zero. As
before we have to solve Egs. (9)—(12). We also note that the
determinant of the homogeneous equations (11) and (12) is
the same as the determinant of the inhomogeneous equations
(9) and (10). If this determinant does not vanish the solutions
of Egs. (11) and (12} are trivial:

r,. =0 r_=0

Since in the class B "B —, u; = 0 and v, = 0 we have
/ 1 /! 1
a, = and aq,_ = \
0 0

This leads to four possibilities:
(i) Whena,, =a,_ =0,
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a+l{I+ 1B +4,=0, a+I{{+1)B +u,=0.
Hence

Ay= —{a+1{+1)3}>0,
(85)
w = —{a+1{{+1)B}>0.
Obviously this case does not contribute to G, 4, E, or S.
(i) Whena,, =0,q,_ =1, Egs. (9) and {10) give
A, =2B— [a+I{+1)B]>0, (86)
p=2D+9)+ [a+1(+ 1810, (87)
With Egs. (23) and (24) we also find from (86) and (87)
a+I1{{+1)8 + y<B, (86a)
a+!(l+1)8 +y>—D. (87a)

The analysis of these inequalities as functions of / is the same
as in the two-constraint (4,5 ) case.y=a + (/| + 1) isa
parabola in the variable / with its extremum at /= — | The
sign of 3 determines whether the extremum is a maximum or
minimum. B and D, as defined by Egs. (8), are respectively
monotonically increasing or decreasing functions, asymp-
totically approaching 1.
(iii) Whena, , =1,a,_ =0, Egs. (9) and (10) give

Ay =2B+7)+ la+1{I+1)8]>0, (88)
i =2D— [a+1(l+1)3]>0. (89)
With Eqgs. (23) and (24) we also find from (88) and (89)
a+l(l+ 1B +y>—B, (88a)
a+1{{+1)8 +y<D. (89a)

{iv)Whena,, =1,a,_ =1, Eqgs. (9)and (10) give

Ar=p, =2y + [a+1{+1)B]>0. (90)
With Egs. (23) and (24) we also find from (90)

a+ I+ 1)8 +y>B, (90a)

a+ 1+ 15 +vy>D. (90b)

We note that this case does not contribute to G even though
it contributes to 4, E, and S.

(v) Finally there is a fifth case for the class B *B ~. This
is when the determinant of the homogeneous equations (11)
and (12) vanishes. In this case the remaining two determi-
nants of Egs. (9) and (10) also must vanish. We can then write

B+y—4, B a+!{{+18+4,

D Dty-pm  a+ll+1B+p
(91)

These equations are satisfied for
Ay=p =2+ (92)

In this case Eq. (9) is proportional to (10) and Eq. (11) propor-
tional to (12). The partial waves are given by the solutions of
the following set:

Da,, +Ba, —ila+I+18+2+7]1=0, (93

Dr,, +Br,_ =0, (94)
a ., _a12+ —r12+ =0, (95)
4_ —a_ —r_ =0 (96)

The solutions of these equations are
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La+i(l+18+7+2

a,, =— le+!{l+18+7v+D—-B], (97)

4 [a+I1(+1)B8+7v]D
_la+i(+18+7+2

- ! —D],

e ar e g e g T Bty E-D] 98)
» _ 1 a+li+1B+y+2 B )

* T 16 [a+,(,+lw+y]zpz[a+1(1+l)ﬁ+r+0 Bl[B*—(a+I(I+18+y—DV], (99)
2 1 a+ll+1)8+y+2 .

ri- =g [a+l(l+1)ﬂ+y]2B2[a+l(l+1W+7+B—D][D —(@+1(+1)8+y—B)]. (100)

Here because of the positivity of 4, and i, and Eq. (92)

¥ +230.
Unitarity imposed on (97) and (98) give two possible domains both fora,, and a, . They are
<a+1{+ 1B+ y<2, 101
<1 (+18+y (101)
—2<a+1{l+1 — . 102
4+ 18 +7< 1 (102)
The contributions of ¢, , ,a,_ ,r,, andr,_ to A, S and G are given by
1 L
A(,=—4—2[a+l(1+1)ﬂ+y+2](2I+1)
L,
i s e B, i+ - — LA, 41 (103)
= AL+ P~ L]+ Lol + Lo+ 2) = Ly = D LAL, + 1),

-lz|-

LZ @+ 1+ 1B+y+2)(l+ )2+ 1)= ﬁslﬂ[lq(l.z 1L, +2) — (L — DLA(L, + 1)]

+%[L§(Lz UL, + 2P — (L — IPLAL, + 7], (104

1

{2 A—[a+ 1+ 18+ 7IPH2d+ 1) =

X [LofLy + 1L, +2) —
2
_ 2 2
>3 [L3L + 1L

Becauseintheclass B * B ~ both partial waves are elastic, the
contributions of the amplitudes (97)-(100) to E are equal to
their contribution to A, that is Eq. (103),

L,

E=%2(a+l(1+1)3+}’+2)(21+1). (106)

This completes the discussion of the forms of the partial
waves in all classes.

Solutions are found by fitting 4, E, and S with partial
waves from different classes. Three Lagrange parameters a,
B, and y are determined by these three conditions. However,
the choice of partial waves from different classes is not trivial
and has to be made systematically. In general when A4,, E,
and S are fitted the partial waves will have the required form,
but will not satisfy the conditions [like (101) and {102) for
instance] imposed by unitarity and maximality. These condi-
tions have to be tested after the constraints are fitted. If solu-
tions exist they will satisfy these conditions. Those partial
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8
(Ly = DLHL, +1)]
2+ 2 — (L, = 1’LHL, + 1)) (105)

r

waves that do not satisfy the required conditions have to be
discarded. We refer the reader to Ref. 5 for the applications
to 7% p, as well as the 7~ p and KN cases that will be
forthcoming,

IV. CONCLUSION

We applied the variational calculus in a systematic way
to scattering problems with spin to extremize one quantity
(in this case G ) with other quantities as constraints (3 in this
case). The unitarity of the partial waves is taken fully into
account, treating the unitarity as inequality constraints. The
single series form of G, 4,, E, and S in terms of real and
imaginary parts of the partial waves is crucial for the ap-
proach used.

For the spin 4—spin O particle scattering there are two
partial waves f; , , f;_ belonging to the same / values {except
I = 0). This makes it possible to study all possibilities by con-
sidering four classes in which both partial waves are elastic,
inelastic, one elastic the other inelastic, and vice versa. Since
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one or both of the /-dependent Lagrange parameters A,,u,
vanish in some classes, the partial waves have well defined
forms in each class. Moreover, the unitarity and the maxi-
mum condition put lower and upper limits on the quantity
a + I(/ + 1)8 that appears in partial waves.

Numerical solutions are found by fitting the given con-
straints with partial waves from different classes, which have
the prescribed forms of each class and also satisfy the condi-
tions imposed by unitarity and maximality. At high energies
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where 4, and E differ appreciably three constraints should
restrict G much better than two constraints.
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Building things in general relativity
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In the context of general relativity, there is a sense in which certain objects cannot be
constructed, using reasonable matter, from normal initial conditions. An attempt is made to
capture this sense as a definition. The implications of such a definition, along with some related

results and open questions, are discussed.

PACS numbers: 04.20 — q

1. INTRODUCTION

Certain solutions of Einstein’s equation in certain con-
texts are commonly regarded as unphysical,' on the grounds
that they represent systems which could not be “built from
ordinary matter and initial conditions.” A prominent exam-
ple is the solutions representing white holes.” Can one in fact
pin down any precise sense in which it is actually true that
certain objects cannot be built within general relativity?

A suitable definition might have direct application to
such issues as cosmic censorship,® or the energy—entropy
conjecture of Bekenstein.* But it could also have other rami-
fications. The solutions representing white holes, of course,
manifest a number of surprising features peculiar to general
relativity. What other unexpected features lic before us in the
theory? It would seem to be difficult to find even a line of
attack on so broad a question. Yet one line would be to
search for other solutions satisfying the definition of “‘un-
buildable.” As a second example, one might hope to learn
something by turning such a definition on other theories.
Consider electromagnetism. No analogous notion seems to
present itself naturally there, i.e., Maxwell’s equations are
normally taken as the sole conditions on the fields. Can this
difference be traced, for instance, to some structural differ-
ence between the theories themselves?

We here provide some preliminary ideas and results on
these issues.

A tentative definition can be formulated as follows. By
an initial-data set we mean a three-dimensional manifold T
with positive-definite metric ¢,, and symmetric tensor field
Pas» Such that the mass and momentum density of matter,
given by the constraint equations

B=4A — P Por +P"07) T =Dy (p* —p"g® ), (1)
satisfy the energy condition

p> (I, (2)
where D, is the derivative operator, and &% the scalar curva-
ture, of g,,- Let I = (T, gy, Pop) and I = (T",q;,,p2, ) be
two such initial-data sets. Think of I as representing the “as-
sembled building materials” and of ' as the ““final configura-
tion to be built”. Accordingly, we say that I’ can be built
from I, I-I', if, given any compact subset C' of T, there
exists a space-time with Cauchy surfaces §$ and S’ such that
(i) the induced data on S coincides with that of 1, and the
induced data on a compact subset of S’ coincides with that of

*Supported in part by the NSF, under Contract No. PHY 78-24275.
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C'inI’, (ii) S’ is everywhere to the future of S, and (iii) the
space-time satisfies the energy condition

T,,t°t°>0 (3)

for all future-directed timelike vectors ¢ “ and tAb, where T, is
the stress-energy by Einstein's equation.

The restriction to a compact subset of S '—physically,
the restriction to building only finite objects—is imposed to
avoid some awkward issues involving boundary conditions.
This restriction implies in particular that “can be built from”
will in general be time-reversible in the appropriate sense.
Note that this is not an initial-value formulation: Nothing
playing the role of an equation of state has been specified.
The manipulation of the stresses—which are entirely at our
disposal—is the mechanism by which one would “build” I
from 1. But this arrangement, we claim, is physically appro-
priate. After all, the process of building a log cabin, say, from
a forest consists exactly of applying judiciously chosen
stresses.

The idea would be to find a large class of initial-data
sets—consisting of almost all—such that any in this class
can be built from any other. These would represent the “rea-
sonable initial conditions”. The remaining initial-data sets
would represent the “unbuildable objects” including, pre-
sumably, the holes, and perhaps various other
configurations.

2. OTHER THEORIES

It is convenient, in order to gain a general idea of what
this definition means and how it operates, to consider first
some analogous, but simpler, arrangements.

Consider the theory of test stress-energies. An initial-
data set / consists of fields 4 and J  on Euclidean 3-space T,
subject to the energy condition (2). We write I—I " if, given
any compact subset C' of T, there exists in Minkowski
space-time a conserved stress-energy field 7, satisfying the
energy condition (3) and two parallel flat spacelike Cauchy
surfaces, S’ to the future of S, such that the data induced by
T,, on Sis that of 7 and the data induced on some compact
subjset of S "isthaton C "in/ . Thatis, we consider the case of
general relativity, but with no gravitational field.

First note that, were the energy conditions omitted
above, we would have immediately that I—I ' always. This
follows from the fact that, locally, any conserved stress-ener-
gy in Minkowski space-time can be written as 7%

=V, V,R“"" where R “"*" is any tensor field having the
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algebraic symmetries of a Riemann tensor. But this potential
can be adjusted arbitrarily from one Cauchy surface to the

other.
Since there are no white holes in the absence of gravita-

tional fields, one might have though that we would still have
I—]’ always even with the restriction to reasonable matter,
in the sense of the energy conditions above. Unfortunately,
this fails. The physical reason is that conservation of total
energy-momentum now comes into play, since the energy
condition requires that matter not travel faster than light,
and so not come in from spatial infinity. This observation is
made precise by the following.

Lemma: Let, in Minkowski space-time, 7" ** be symmet-
ric and conserved, satisfying the energy condition (3) every-
where, S and S’ be Cauchy surfaces with S’ to the future of S,
and C’ be any compact subset of §'. Then the total energy-
momentum on / ~(C')nS'in S exceeds thaton C' in S’ by a
future-directed timelike or null vector.

The proof is easy. Contract V, T°° = 0 with any con-
stant, future-directed timelike vector field and integrate, by
parts, over I ~(C'\n I *(S'). The boundary termson Sand C’
give the two total energy-momenta, while that on the null
boundary between the Cauchy surfaces is non-negative, by
(3). As an example, let T havex = O and J° = 0. Then, by the
Lemma,/—I " onlyfor I' = I.

This lemma can also be used to illustrate why it is con-
venient to “build” only compact regions of the final configu-
ration. Suppose, in the definition above, compactness of the
region C ' of S’ were omitted. Then, for I any initial-data set
with g vanishing nowhere, and 7’ any set with z' of compact
support, we would have I-41'. The energy condition im-
poses, in a sense, a remnant of an initial-value formulation.

It is easy to avoid these difficulties associated with con-
servation. For I = (T\u,J “)and I' = (T"’,u’,J ¥) initial-data
sets, we say that I has sufficient energy-momentum for I if,
given any compact subset C' of T/, there is a compact subset
C of T such that the total energy-momentum on C exceeds
that on C’ by a future-directed timelike vector. This condi-
tion, in short, guarantees that the lemma will represent no
obstruction to building.

So, provided we demand that there be sufficient energy-
momentum, is it then true that always /-1 '? The answer, as
it turns out, is still no. Consider first initial data for a null
fluid, i.e., J* = pv®, with >0 and v ° constant and unit. It
follows from the lemma that the only conserved T, in Min-
kowski space-time satisfying the energy condition (3} and
inducing on a flat slice this data is that corresponding to
evolution of the data as a null fluid. That is, we recover, for
this degenerate choice of data, a full initial-value formula-
tion. Now consider data I consisting of two separated pieces
of null fluid going in opposite directions, i.e., / = yuv®in one
region and J* = — pv” in another, with these two regions
separated by a 2-plane orthogonal to v°. Again, the only evo-
lution is that as a null fluid. But for this 7 the total energy-
momentum is strictly timelike. Hence, there is sufficient en-
ergy-momentum for 7’ consisting, say, of data for a small,
static, spherical fluid ball. Yet, while there is sufficient ener-
gy-momentum, we do not have I—I’.

It seems likely that such examples—in which 7 consists

612 J. Math. Phys., Vol. 23, No. 4, April 1982

of certain arrangements of regions of null fluid—are unsta-
ble, in the sense that certain strategically placed but arbitrar-
ily small amounts of non-null matter will permit I—I' for
reasonable /. Further, it seems likely that these are the only
remaining counterexamples. Thus, we may conjecture that,
whenever I has sufficient energy-momentum for /', and [ is
“not regions of null fluid” in a suitable sense, then /—7'. One
precise version of “‘not regions of null fluid”—perhaps some-
what stronger than necessary—is to demand that (2) be a
strict inequality wherever u #0. The physical idea of the
proof would be to use some of the matter of the initial-data
set 1 to construct rubber bands to collect the matter into a
confined region, forming eventually a static spherical fluid
ball. Then, reversing this procedure, one would reconstruct
from the fluid ball a given compact region of the initial-data
set /’. Unfortunately, translating this idea into a full proof
seems to be difficult. In any case, it appears to be the case
that, subject to these caveats, anything can be built from
anything in the theory of test stress-energies.

The discussion above illustrates the impact of sources
on the notion of building. As a second example, to illustrate
the impact of radiation, consider electromagnetism. Let an
initial-data set J consist of vector fields £° and B?, the latter
divergence-free, in Euclidean 3-space T. Write I—I ' if, given
any compact region C' of T, there exists in Minkowski
space-time a solution of Maxwell’s equations (possibly with
nonzero charge-current), together with flat parallel space-
like Cauchy surfaces, S’ to the future of S, such that the data
induced on S by the Maxwell field is that of I and the data
induced on some compact region of S is that of ' on C".
Stated in this way, it follows immediately that any initial-
data set can be built from any other in electromagnetism.
Indeed, the most general Maxwell field is the curl of an arbi-
trary vector potential. One merely adjusts that potential
smoothly from the value determined by the data on S to that
on S'. Thus, there are no additional conditions over and
above the field equations to be imposed in electromagnetism.
There are no “Maxwell white holes” to be argued against on
other grounds.

Of course, the key difference between general relativity
and electromagnetism is that there is nothing in the latter
analogous to the energy condition in the former. One can
force a closer analogy—at sacrifice of physical content—by
modifying the electromagnetic case as follows. Demand, of
the charge-current vector for the Maxwell field in Min-
kowski space-time, that it be future-directed timelike or null;
and correspondingly demand of each initial-data set
that p = D, E “ be non-negative. That is, one deals with
charges having only one sign. What now happens is similar
to that of the case of test stress-energy. The lemma is re-
placed by an analogous statement, with analogous proof, but
with “total charge” replacing “total energy-momentum”.
We say that I = (T ,E % B °) has sufficient charge for
I' = (T",E“,B®)if, given any compact subset C ' of 7" there
exists a compact subset C of T'such that the total chargeon C
exceeds that on C’. There appears to be nothing in the elec-
tromagnetic case analogous to the “regions of null fluid” in

the case of test stress-energies.

So, in view of the remarks above, one might suspect
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that, provided I has sufficient charge for 7', we shall have
I—1I'.Butthis,too, fails. Forexample, let ] ' be the initial-data
setwith E'*=B'“=0.LetThave E°= E,* + E,’and
B°= B+ B,°. Let E,“ be the Coulomb electric field of a
small spherical charge distribution, of total charge g, cen-
tered at the origin, and B, = 0. Let E,°, B, represent two
plane waves, on either side of the origin, directed toward the
origin. That is, in Euclidean coordinates, let B,® = f (x%)z%,
where f'is a non-negative rapidly increasing function of its
argument, vanishing at zero, and E,* = f{x?) §°or — f(x?)§°
for x negative or positive, respectively. Now, I clearly has
sufficient charge for I’ and yet, we claim, I’ cannot be built
from I. A sketch of the proof follows. Suppose, for contradic-
tion, that /—/'. Choose, for the compact region C' of T’ on
which the data of 7' is to be reproduced, a ball of large radius
r centered at the origin. Let £ ¢ and B “ be the resulting elec-
tric and magnetic fields in space-time (so, e.g., these must
vanish in C'), and ¢>r, the time-separation between the two
slices. Next note that, for £, B “ any solution of Maxwell’s
equations with vanishing sources, we have

< (E°E, +B°B,) + D,(™(E, B, + E,B,) = J°E.,
!
)

where J ¢ is the current density of E ¢, B “. Now choose

E- B such that E “ vanishes on T ' B “ vanishes outside of
C’onT’,and B “is a positive multiple of zin C '. Integrating
(4) over the region of space-time between the slices, we obtain

f(Ean, + B"Ea)=f JE,. (5)
T (T.T]

But, by our choice of fields, the left side is bounded below by
essentially f(¢ %) while, since the charge-current must be fu-
ture-directed timelike or null, the right side is bounded
above by essentially ¢g. This contradicts our choice of f.

The physical idea behind this example is clear. One
wishes to expunge the fields from the region C’ of size r at
some time ¢. This is to be done by manipulating a total charge
q. But, with no efforts at manipulation, the field strengths
will grow very quickly in time, because of the imploding
plane-waves with strength determined by f. With only finite
charge available, no manipulations can succeed at any future
time over the plane waves.

The key to this example is the presence, on 7, of incom-
ing radiation of increasing intensity. This suggests that we
shall always have /—I ', provided I has sufficient charge for
I’, and each satisfies suitable boundary conditions. This is
true. Given/,I’, and the compactregionC ' of T, assemble a
sufficient amount of charge of I into a large spherical ball of
uniform density. Next, hold this charge in this configura-
tion, and the remaining charges of I fixed, for a sufficiently
large time that the radiation incident on the ball (from the
initial data on [ in the asymptotic region) becomes small.
Then, distribute a small amount of charge about the surface
of the ball to cancel out any future incoming radiation. The
result is that, after some finite time, the field inside the ball
will be maintained as the static electric field of the uniform
charge distribution. Finally, just reverse this process to re-
construct the data to be produced on the region C' of T".
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3. DISCUSSIONS

We now turn to the central issue—that of providing a
suitable definition of ‘‘buildable objects” in general relativ-
ity. The definition of the Introduction should serve this pur-
pose, provided that two additional conditions, as suggested
by the examples of the previous section, are appended.

First, the example of electromagnetism suggests that
there should be imposed boundary conditions on the initial-
data sets considered. Otherwise, it seems likely, the defini-
tion would not capture the intended meaning, for a rather
benign final configuration could not be built from an initial
configuration with strong incoming radiation. Fortunately,
the formulation of such a condition should pose no difficul-
ties, for there are available several definitions of asymptotic
flatness at spatial infinity.’

Second, the example of test stress-energies in Min-
kowski space-time suggests that there should be imposed on
the initial-data sets a condition reflecting “sufficient energy-
momentum”. That some such condition is appropriate even
in the presence of curvature is illustrated by the following
observation. Let / be any initial-data set with vanishing
sources, and /' any set with sources somewhere nonvanish-
ing. Then, as an immediate consequence of a theorem of
Hawking,® I cannot be built from /. The problem, however,
is that it is by no means clear how a suitable condition is to be
formulated: The “total energy-momentum of the matter,”
which plays the central role in the case of a test stress-energy,
is normally regarded as undefined in the presence of gravita-
tion. One possible line of attack would be to make use of
Witten’s expression’ for the total energy-momentum of an
isolated system, an expression which separates naturally into
field and matter contributions.

As an illustration of this issue, we given an example of a
simple, natural question one would wish to be able to answer.
Let I be initial data for a static spherical fluid ball of matter,
of total mass M, and /' data for asimilar ball of mass M ', with
M'> M. Can I’ bebuilt from I ? That is, can a large star be
built from a small star? Intuitively, one would expect not,
and indeed one can prove not with the additional condition
that the intervening space-time be spherically symmetric.
But the full question apparently remains open.

Finally, we remark that there is in fact a result to the
effect that “white holes cannot be built from ordinary mat-
ter”. Let J be initial data for a static, spherical fluid ball
{“‘ordinary matter”), and /' data with a past trapped surface
(“white hole”). Then I’ cannot be built from 7, for if so the
corresponding solution of Einstein’s equation would violate
a singularity theorem.®
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We make a quantitative comparison between the pure-nonsoliton part of the inverse scattering
method of Belinskii and Zakharov (BZ) and the homogeneous Hilbert problem of Hauser and
Ernst (HE), these being two independent representations of an infinite-dimensional subgroup %~
of the Geroch group K of invariance transformations for spacetimes with two commuting
Killing vectors. An explicit formula for the BZ representing matrix function G4 ) in terms of the
HE representing matrix function u(¢ ) is derived. It is shown how certain solution generating
techniques (e.g., Harrison’s Backlund transformation, HKX transformation, generation of Weyl
solution from flat space, generation of n-Kerr—-NUT solution from n-Schwarzschild) can be
derived directly from the BZ formalism, including the soliton part in some cases, thereby
bringing our understanding of the BZ formalism up to the level of the more fully developed HE
formalism. A technical point which needed to be resolved along the way was how to analytically
continue the complex matrix potential F (¢ ) across a quadratic branch cut and onto the second
Riemann sheet. Finally, we consider how the subgroup .7 CK represented by the BZ and HE
formalisms can be enlarged either by simple limiting transitions or by relaxing boundary

conditions.

PACS numbers: 04.20.Cv, 02.30. + g

1. INTRODUCTION AND PRELIMINARY

The “inverse scattering” technique is an attractive and
powerful formalism for solving certain systems of nonlinear
partial differential equations of mathematical physics. The
essential feature of the method is to write down an overdeter-
mined system of linear eigenvalue equations (a so-called L-A
pair) whose integrability conditions are the given nonlinear
system. Then methods of functional analysis can be applied
to generate new solutions of the linear system from old, and
hence new solutions of the original system from old. Most if
not all of the partial differential equations which are known
to yield to the inverse scattering method also exhibit other
remarkable phenomena such as an infinity of conservation
laws, Bicklund transformations, Bianchi diagrams, and
nonlinear superposition principles.’

In the case of Einstein’s gravitational field equations
with two commuting Killing vectors, there are two rival in-
verse scattering methods found independently by Belinskii
and Zakharov’ (BZ) and Hauser and Ernst>~* (HE). The lat-
ter provide an explicit representation of the infinite-dimen-
sional Geroch group® K of invariance transformations
(strictly speaking, a large subgroup %", of K°) and was de-
rived initially from the earlier representation of the associat-
ed Lie algebra given by Kinnersley and Chitre’'® (KC). The
HE formalism has been developed and applied in a series of
papers,>'! some of the highlights of which are the follow-
ing: reduction of certain ingenious solution-generation tech-
niques of Kinnersley and coworkers (e.g., flat space—Weyl,’
Schwarzschild—Kerr,'® HK X transformation'?} to relative-
ly simple problems in complex-variable theory>*; a proof of
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Geroch’s conjecture® that the K group is (multiply) transitive
on the space of solutions in a certain well-defined sense®; and
recognition that Harrison’s Backlund transformation'*'* is
contained in the K group.'' Belinskii and Zakharov® sepa-
rate invariance transformations into “soliton” and “nonsoli-
ton” parts, these ideas being taken from the theory of certain
nonlinear wave equations (or their elliptic counterparts) in
quantum physics.' Subsequent papers'’ have concentrated
almost exclusively on the pure-soliton BZ transformations
which are permutable Béacklund transformations and have
been shown to be closely related to the Harrison and HKX
transformations. '

It is apparent at a glance that the HE formalism and the
pure-nonsoliton part of the BZ formalism are qualitatively
similar: both reduce the nonlinear field equations to an ho-
mogeneous Hilbert problem (HHP) or regular Riemann
problem in complex functional analysis. However, the prob-
lem of providing quantitative mathematical formulas con-
necting the two formalisms is far from straightforward even
though the exact relation between the respective eigenfunc-
tions F (¢ ) and P(4 ) is known'® (see Appendix B). What is
needed is an explicit formula for the BZ representing matrix
function Gy ) (scattering data”) in terms of the HE repre-
senting matrix function u(¢ ). The result [Eq. (2.35) below]
shows how a particular transformation in one formalism can
be written in the other.

In Sec. 3, we show how to solve the BZ homogeneous
Hilbert problem for four special classes of G4 ) matrices.
They are (A) Harrison’s Bicklund transformation,'>'* (B)
the null generalized HKX transformation,'>'® (C) genera-
tion of the general Weyl or Einstein-Rosen solution from
flat space,” and (D) B-group'® generation of the nonlinear
superposition of # Kerr-NUT particles from n Schwarzs-
child particles. The first three examples can be directly com-
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pared with the corresponding calculations in the HE formal-
ism. The fourth case, however, is quite different and belongs
in the pure-soliton framework.

Before the explicit relation (2.35) connecting G4 ) to
u(t ) can be constructed, it will be necessary to make precise
the assumptions about gauge, analyticity properties, and
boundary conditions used in the BZ formalism. In particu-
lar, the boundary condition, Gy(ec) = I (unit 2 X 2 matrix) in
Ref. 2 will be dropped as it is unnecessarily restrictive, and
the requirement of symmetry of G4 ) will be replaced by a
more complicated symmetry condition in order to achieve
internal consistency. The chosen boundary conditions, etc.,
were motivated by the corresponding conditions chosen by
Hauser and Ernst. Hauser and Ernst have also studied the
analyticity properties of the F(t) potential in the complex ¢
plane.*” In order to understand the analyticity properties of
the corresponding BZ eigenfunction (4 ) in the complex A
plane, we need the exact form of the analytic continuation of
F (t)across a quadratic branch cut in the ¢ plane and onto the
second Riemann sheet. This problem is solved in Appendix
A using some powerful ideas in Ref. 5.

With the boundary conditions and other assumptions
inSec. 2, thesolutions of the HHP’s for given u(z ) or G4 ) are
guaranteed to be unique. However, some of these conditions
can be relaxed with the result that the solutions are no longer
unique, but may depend on some arbitrary “constants”
which are actually arbitrary functions of the spacetime co-
ordinates. One must then substitute the class of solutions
admitted by the HHP’s directly into Einstein’s equations
and/or the equivalent eigenvalue equations in order to see
which are genuine gravitational solutions (the final solutions
may be unique or contain some integration constants). The
mixed soliton and nonsoliton transformations of Belinskii
and Zakharov® are an example of this phenomenon where
the functions y,(4 ) and y,(A4 ) or their inverses are allowed to
have poles in the regions of the A plane where they would be
required to be analytic in the case of a pure-nonsoliton trans-
formation. It is not clear, when the rules have been so
changed, whether the pure-soliton and mixed transforma-
tions are in K itself or some larger group.'” In fact, the 2n-
soliton transformation is necessarily in K because it is identi-
cal (up to some gauge and trivial transformations) to the 2n-
fold Harrison transformation'® which is known to be in K."'
In Ref. 16, we also proved that the (2n — 1)-soliton transfor-
mation is the product of 2n — 1 Harrison transformations
and the Kramer-Neugebauer involution'® in any order. In
Sec. 4, we discuss the possibility of including the Kramer—
Neugebauer involution in a suitable analytic continuation of
the subgroup %", CK represented by the HE formalism.

In Sec. 4, we also discuss more straightforward analytic
continuations of .#”, which can be represented in the HE
formalism by relaxing boundary conditionsat? = o . A sim-
pleexampleis thes = oo limit of the null (and nonnull) HKX
transformation which was calculated in Ref. 16 by exponen-
tiating the appropriate limiting infinitesimal transforma-
tion. In the HE formalism, the null HKX transformation
with finite s is represented by a u(t ) matrix with a simple pole
att = sinside the closed contour L. The limiting HK X trans-
formation can be derived from an HHP with u(¢) = 7 and
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X _{t)=0(t)as t— o0, and an additional parameter can be
incorporated by also allowing u(t) = O (¢ ) as t— . Asin the
case of the BZ soliton transformations, the solution of this
modified HHP involves an arbitrary matrix function of the
space-time coordinates which must be determined by substi-
tution into Einstein’s equations. By taking limits of more
complicated transformations as singularities of u(¢ ) go to in-
finity, it is clear that u(¢ ) and X _(¢) can be allowed to have
virtually any type of singularity at = «, including branch
points and nonisolated essential singularities. The special
boundary conditions at = o on u(t) and X_(¢) chosen by
Hauser and Ernst are thus seen to be not necessary for the
preservation of Einstein’s equations but have the convenient
property of guaranteeing uniqueness of the solution of the
HHP for given u(t) and input F(z).

The gravitational field equations in the presence of two
commuting Killing vectors, which are reducible to the Ernst
equation'® for a complex potential &, are applicable to many
problems both within and outside the general theory of rela-
tivity. For example, they apply to stationary axisymmetric
vacuum fields,? cylindrical wave fields,' the interaction re-
gion of colliding plane waves,?* electrostatic and magneto-
static Einstein—-Maxwell fields,?’ classical nonabelian gauge
theories,” self-dual Yang-Mills fields,?® and are closely re-
lated to the principal chiral fields.”® The largest body of lit-
erature applies to the case of stationary axisymmetric vacu-
um gravitational fields, but most of the results in one theory
can be shared with the others.?’ In this paper, we wish to
treat the stationary axisymmetric and cylindical wave cases
together, keeping in mind that there is a simple complex
coordinate transformation that maps one case onto the oth-
er. Also, many of the references already cited (e.g., some of
Refs. 3, 4, 7-9, 11, 15) consider extensions of the theory of
the K group or solitonic methods to stationary axisymmetric
electrovac Einstein—-Maxwell fields, but only the vacuum
case will be treated in the present paper.

The canonical form of the metric of stationary axisym-
metric space-time is”*°

ds’ = fygdx"dx® — &*" (dp* + dz?), (L.1)
A,B=1,2,f1, [ — (1o} = — p°, wherex', x,p, and z are
time, azimuthal, radial, and axial coordinates, respectively,

and f,; and I are functions of p and z only. A change of
variable,

a=ip, B=1, (12
(and change of sign of ds® to preserve signature — 2) puts the

metric in the form appropriate to cylindrically symmetric
gravitational waves:

ds’ = — fpdx*dx® + &' ( — da® + dB?). (1.3)

Here, /1, fo2 — (f12)* = @, f, 5 and I" are functions of  and 8
only, and x', x?, @, and B are axial, azimuthal, radial, and
time coordinates, respectively. The coordinates a and £ are
to be identified with the fields a({,7) and £ (£,7) of Ref. 2.
When the BZ formalism is under consideration, we shall use
the metric form (1.3) exclusively (Sec. 3D excepted), whereas
in the HE formalism, we shall use (1.1) and (1.3) interchange-
ably.?” The function I', which can be calculated from £, by
quadrature, will play no further role in this paper.
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When a particular solution of the elliptic (stationary
case) or hyperbolic (wave case) field equations governing £,
is given, a number of other important auxiliary potentials
can be calculated. We refer the reader to the literature, espe-
cially Refs. 3-5, 7-10, and 16, for the field equations and
defining relations for potentials and Refs. 2, 13-16, and 28
for pseudopotentials and eigenfunctions. We use the matrix
notation,

_ _ 1n fxz _ f —fw
8=/ = (21 fzz) - (—fw Sfo? _sz_l) '
(1.4)
and so g is symmetric and
detg= —p* or a’ (1.5)

The SL(2)-tensor notation used extensively in Refs. 7-10 and
16 will not be used here except for brief appearances in Secs.
3B and 4. From the real matrix potential g, one can construct
a complex matrix potential,’

H, H
H=(H,)= (H“ '2), 1.6)
A 21 H22 (
[see Eq. (A2)] for which
g=ReH or f,, =ReH,;, (1.7)

and H,, — H,, = 2iz or 2if3. The 11 component of H is the
complex Ernst potential,'®

E=H, =f+iy. (1.8)

The inverse scattering technique is applicable to this
problem because it is possible to construct a complex matrix
potential (“eigenfunction”) F (¢ )*~>-12162% which is a nontri-
vial function of three variables, {p,z,t ) or (a,5,t ), by solving a
simple linear partial differential equation, Eq. (A1) (or non-
linear characteristic equation'® or Riccati equation'®). This
was originally introduced in Ref. 9 as a generating function
of potentials,

F(t)=ie+tH+t*HY + 3H% + ... (1.9)
[cf. Egs. (A6a,b)], where
0 1
€= (_1 0). (1.10)

Hauser and Ernst used F(¢) as their basic field variable and
determined some of its analyticity properties in the complex
tplane (t may be called a “spectral parameter.”) There is the
important result:

Theorem (Hauser and Ernst®): In a (p,z) domain con-
taining the origin (0,0) for which & is an analytic function of
(p,z)andf #0, thereisaunique gaugefor F (¢ )suchthat F (¢ }is
analytic in the whole complex ¢ plane and

1 0
F(t) (O t) is analytic at t = oo, (1.11)

except for two quadratic branch points of index — }, joined
by a cut, at the zeros of

S(t)=[(1 —22z)> + 4t %], S(0)=1. (1.12)
We shall call this gauge “special HE gauge” asin Ref. 11. A
change of gauge [see Eqgs. (AS5) and (A8)] introduces (p,z)-
independent singularities in the finite ¢ plane and/or at
t = 0.** If & is analytic and f #0 at a point (0,z,) of the z
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axis, but not at (0,0), we assume that the regular point has
been brought to the origin by a translation, z—z — z,. If & is
singular and/or f = 0 along the whole z axis, then the mini-
mally singular form of F(z) may be quite different [see Eq.
(4.27) below and Ref. 4]. Analytic continuation of F(t)in
special HE gauge across the branch cut and onto the second
Riemann sheet will reveal (p,z)-independent singularities at
t = 0 and in places that depend on the functional form of
& (0,z). The exact functional relation between the two values
of F (¢ ) on the two Riemann sheets [we write F (¢ ) for the sec-
ond sheet] is calculated in Appendix A.

Belinskii and Zakharov use a different matrix potential,
V(4 ) = Y(a,B,4 ), and different spectral parameter A whose
relations to F (¢ ) and ¢, respectively, are discussed in Ref. 16
and Appendix B here. Note that the complex A plane maps
onto the double-sheeted Riemann ¢ surface which is the do-
main of the function,

S(t)=[1-2B) -4’2 S(O)=1  (112)

We restrict attention to (@, ) domains for which |3 | >a >0
so that the image of the circle |4 | = « is the finite line seg-

ment along the real axis of the ¢ plane joining the zeros of S (¢ )
traced in both directions and not passing through r = 0. The
A-values, A and @?/A, map to the same t-values, but on differ-
ent Riemann sheets. Appendix B gives the exact functional
relation between ¥(4 ) and P(@?/4 ).

Finally, we wish to discuss briefly the homogeneous
Hilbert problem (HHP) posed by Hauser and Ernst to pro-
vide simultaneously an explicit representation of a large sub-
group (%", of Ref. 5) of the Geroch group K and a practical
method of generating new solutions from old. The reader is
referred to Refs. 3-5 for a more detailed treatment, and Ref.
11 for notations and conventions.”®

The transformation group %", CKisisomorphic to the
Lie group of 2 X 2 matrix functions u(¢ ) of a complex variable
t, subject to the conditions:

det u(t) = 1; (1.13a)
u(t) isreal for real 4 {1.13b)
u(t) isanalytic in a neighborhood of = ; (1.13c¢)

1 0 1 0y . )
(0 t“) u(t)(o t) is analytic at f = 0. (1.13d)

The group product is the usual matrix product. Next, draw a
simple closed contour L in the complex ¢ plane enclosing all
the singularities of u{t ) and symmetric about the real axis.
The interior of L is denoted L, and the exterior L_. Then
choose a particular gravitational solution £, ; or equivalent
solution & of the Ernst equation'® and calculate the F (¢ ) po-
tential in special HE gauge. Restrict the (p,z) domain to a
region sufficiently close to (0,0) so that the two quadratic
branch points of F(¢) and the cut joining them lie wholly in
L_.So F(t)is analyticin L + L, and u(t) is analytic in
L+L_.

A new solution &', together with associated potential
F'(t)in special HE gauge, which is the transform of & under
the element of %", represented by u(t ) can be calculated by
solving the following homogeneous Hilbert problem: deter-
mine a matrix function X _{¢) analyticin L + L _ and a ma-
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trix function X | (¢ ) or, equivalently, F'(t) = X _ {t )F (¢ ), ana-
lyticin L + L such that

X_(6) =X (¢ )F(t)ult)F ()~

=F'(t)u(t)F{t)" " {1.14

The boundary conditions are
X, 0 =1 F'(0)=/ie, (1.15a)
X _(t) isanalyticat t= oo. (1.15b)

The solution exists and is unique.’

A consequence of the use of special HE gauge is that the
above construction of the transformation group %", is inde-
pendent of the contour L: henceforth we drop the subscript
Lon %", .Infact, itis sufficient to specify that F'(r jor X , (¢)
be analytic in the whole ¢ plane except for two branch points
joined by a cut at the zeros of S (¢} and satisfy conditions
{1.15a)and(1.11)and that X _(¢ ) be analytic at the two branch
pointsof S (# )and atr = oo . This construction does not admit
gauge transformations in K of the form (A5) (except for
&—& + i, Y, real constant). Also, as already mentioned,
a larger subgroup of K can be represented by relaxing the
boundary conditions at t = « (see Sec. 4).

2. THE HOMOGENEOUS HILBERT PROBLEM OF
BELINSKII AND ZAKHAROV AND THE FORMULA FOR
Go(4) IN TERMS OF u(f)

The pure-nonsoliton part of the inverse scattering tech-
nique of Belinskii and Zakharov? is a representation of a
subgroup of K (at least as large as J%") in the form of an
homogeneous Hilbert problem qualitatively similar to that
of Hauser and Ernst.** In this section, we determine the
exact quantitative relationship between the BZ and HE for-
malisms, but first we must set up the correct boundary con-
ditions for the BZ HHP and establish the analyticity proper-
ties of the BZ eigenfunction ¥(4 ). The spectral parameter 4 is
related to ¢ by the quadratic transformation discussed in the
first paragraph of Appendix B.

The respresenting matrix in the BZ formalism is a non-
degenerate (i.e., possessing an inverse) 2 X 2 matrix function
G4 ), which is a function of @, B, and 4 such that, when
written as a function of @, 3, and ¢ using (B3a,b) is a function
of tonly,”" and is real for real z. We shall not use the BZ
conditions,?

Gold ) Gylw) =1, (2.1a,b)

as the former will be incompatible with our choice of gauge
and the latter is unnecessarily restrictive: instead, we shall
derive alternative conditions from first principles. We shall
in future write G| ) for this representing matrix, with the
understanding that ¢ is given by the right-hand side of Eq.
(B1). Gy(t ) may have (@, )-independent singularities any-
where in the complex ¢ plane, but not branch points at the
zeros of S (¢ ). Choose an (@8 ) domain with |3 | > @ such that
G\t ) is analytic on the circle |4 | = a, to be denoted 1.2 Let
the interior of I" be denoted I',, exterior I,.

The BZ eigenfunction ¥(4 ), a functionof ¢, 8, and A or ¢,
is related to F(¢) by'®

WA )=1"'S(t)Re F(t), (2.2)

is symmetric,
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for |4 | <@, and its analytic continuation to |4 |>a is deter-
mined in Appendix B. In particular,

Y(0)=g=ReH. (2.3)
We impose special HE gauge on F(t). As a result, $(4 ) is

analytic everywhere in I, and on I'". Furthermore, condition
(1.11} implies
1 0

W) (0 A=Ay

where A, is the zero of A * + 284 + a®in I, and 4, is the
other zero in I',. If & is sufficiently well behaved at

(@,8) = (0,0) = (p,z), then a similar condition holds at

A = A,. Condition (2.4) will 1ater necessitate a boundary con-
ditionon Gyft) at t = oo (i€, atA =4,,):

b () e (s

The BZ HHP is to find x,(4 ) analytic and nondegener-
atein I’ + I'; and at A = « and y,{4 ) analytic and nonde-
generate in I + I,, such that, on I,

) is analyticat A =4,, (2.4

0
t) is analyticatt = oo. (2.5)

X:iA) =%~ )G 1), (2.6a)
where
GA) = YA Gt WA )" (2.6b)

We use a prime to denote transformed variables. The new
metric g' and eigenfunction ¥'(4 ) in special HE gauge are
given by

VA )=xAWA), & =1'(0)=x,(0 (2.7a,b)
In addition to the HHP, Belinskii and Zakharov also
impose an auxiliary functional relation,

g = X.la*/A Jgxald ), (2.8)

" denoting matrix transpose, which is compatible with the
HHP and our choice of gauge. [1t will be seen to be related to
Eq. (75) of Ref. 4.] The transpose of Eq. (2.8) is

g =l Jgx,la*/4)". (2.9)

Now put A = 0in Eq. (2.9) and compare with Eq. (2.7b): we
find

Xi{oo) =1 (2.10)

This the boundary condition at A = o that we shall use. Itis
intended to replace the BZ conditions (2.1b) and y,(«) = I,
which are more restrictive. In fact, we do not require G } or
X4 ) to be analytic at A = «, and so the HHP is not neces-
sarily “canonical.”?®

The mixed soliton—nonsoliton transformations? are so-
lutions of a generalization of the above HHP in which y,(4 )
is allowed to have poles at specified points, A = p{s,),.....¢ls,, ),
in I, and so, from Eq. (2.8), x,(4 ) is degenerate at
A =v{s,),-...v(s,)in I"| [see Egs. (B3a,b)]. The solution of this
generalized HHP is not unique and it is necessary to resort to
the differential equation? for ¥'(1 ) to identify the residues of
X4 ) at the poles in I',. The pure-soliton transformations, as
yet the only case discussed in any detail in the litera-

ture,>'>'® are the special cases of the mixed transformations

for which
Golt)=1, xild)=xal4). (2.11)
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Before discussing the determinant of Gt ), we must re-
call from Ref. 2 that the BZ formalism does not guarantee
the relations

det V') =A2+20A +a’=A/t
(2.12a,b)

for the transformed solution. In fact, it is well known that
Egs. (2.12a,b) do not hold in the pure-soliton case and so
could not hold, in general, in the mixed soliton—nonsoliton
case. In any case, however, a “physical” metric and eigen-
function satisfying a/l of the field equations and eigenvalue
equations can be constructed from the rescalings®'®:

detg =da?,

g, = aldetg)”'’g, (2.13a)

Uy, = (A /2)'(det )Y = (det xo) Ty 0.
(2.13b)

It is easy to see that Eqs. (2.12a,b) hold in the pure-nonsoli-
ton case provided

det G,(t) = 1. (2.14)
We shall show that condition (2.14) can be imposed on Gt )
without loss of generality in all cases. The nonmatrix HHP,

0,A)=0,(A)det Gyt), O,{)=1, (2.15)
6, , analytic and nonvanishing in I, ,, respectively, has the
unique solution,

1 ( DA }
6. .(1)= — — | =—=—LdA'}, Ael,,,
2t) CXP[ 2m'fr,1'—,1 2
(2.16a)
where
D(A)=Indet Goft) =D (a*/A) (2.16b)

[note that no branch cuts of D (4 ) intersect the circle I" ]. The
change of variable, A '—a*/4 “, in Eqs. (2.16a) yields the
functional relation,

el(az/ﬂ. ) = 02(0)/02(/{ ).
Define

(2.17)

Goft) = [det Gyft)] ~'°Gyft), G(A) =1 )Golt Whid)~",
(2.18a,b)

XA =6,"" i), Xald)= 67" xald ),(2.18¢,d)

andobservethatdet G,t) = 1 = det G {4 ). Thenthe HHPfor

the pure-nonsoliton or mixed cases can be rewritten in terms
of barred quantities:

X ) =X )G (A), (2.19a)

V() =Xl Wit ) = 6,” A W), (2.19b)

g =Xila’/2)gx.lA)" = 6,7 ""}0)g". (2.19¢)
In the pure-nonsoliton case, we must identify

02(4) =detx,,(4), (2.20)
and so

detXi.(d)=1, & =gp, Vd)=v50)

{2.21a,b,c)

In the mixed or pure-soliton cases, we must still use Egs.
(2.13a,b) with barred quantities on the right-hand sides. In
these cases, Egs. (2.19a,c) imply
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[4 = vsi)][A = visy)]... [A — s, )]

[4 —pls)][A = pls)]...[A — ps,)]
(2.22)

in agreement with Eq. (5.16) of Ref. 16. In future, we accept
condition (2.14) and drop the bars.

We now turn to the determination of the correct sym-
metry condition on the representing matrix Gt ). This will
be deduced from the HHP (2.6a,b), the auxiliary relation
(2.8), and the following functional relations which are
proved in Appendices A and B:

A=det¥,,(A)=

Fit)=iF(t)h(t), (2.23)
Yla*/h) =2 "'gedb(d A (), (2.24)
where
_( -t =
0= Ly ) 223)

andf=Re &,y =1Im &, evaluatedata =0, f = (2¢)~".
Thematrix 4 (¢ )obeystherelations (A12). InEq.(2.23), F (¢ )is
the value of the analytic continuation of F (¢ ) on the second
Riemann sheet. [The validity of these relations depends on
analyticity of & (a,/3 ) at the origin (0,0), which can be brought
about by a time translation, S—£ -+ constant (or axial trans-
lation, z—z + constant, in the stationary case), if & is analyt-
ic at at least one point of the axis.]

Now, use Eq. (2.6a) to eliminate y, in Eqgs. (2.8) and (2.9)
and replace A by a’/4 in the latter: the results are

g = Xa(a’/4)G (@*/2 x4 )T, (2.26a)

g =X’ /A)8G (A) xa(A ). (2.26b)
Comparison of these two equations gives

Gla*/A)g=gG(A)" (2.27)

Next, use Egs. (2.6b), (2.14), (2.24), and (B14) and observe
that g and P(4 ) can be cancelled from the final equation [re-
member that G,(¢) is unaffected by the replacement,
A—a?/A]. The result is

h(2)Golt )h (2 )_l = Gyt ]A]- (2.28)
From Eqs. (A12), this can be written

[Golt)r ()] = — 1, (2.29)
which itself implies

tr[Go(t )a (1)) = tr[h (2)Go(t )] = 0. (2.30)

Since the product of a traceless matrix with € in either order
is symmetric and vice versa, it follows that Eq. (2.30) ex-
presses the required symmetry condition on Gt ).

We are now in a position to establish the exact relation-
ship between the BZ nonsoliton and HE formalisms. Start
again with Eq. (2.14a) and use Egs. (2.7a), (2.6b), (2.24), and
{B14) to obtain an equation in which g, P(4 ) and their trans-
forms can be cancelled out. The result is

h'E)Gt)h(e) ' =1, (2.31)

where £ () is calculated from Eq. (2.25) with primed varia-
bles. This equation, which can be written

h(E)=h(t)Golt)™" = Golt)h(t), (2.32)

isin fact a formula for the transformed Ernst potential £’ on
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the axisa = 0 = p, according to Eq. (2.25). It is an important
formulainits own right and, incidentally, shows that G, ) is
a genuine representation of %" in that the group product is
represented by the matrix product. An alternative interpre-
tation of Eq. (2.32) is that it provides a formula for Gt ) in
terms of the initial and final values of the Ernst potential on
the axis, thereby demonstrating the transitivity of %~ on the
space of solutions analytic at and near (2,3 ) = (0,0). Already,
Hauser and Ernst have derived just such a formula for their
representing matrix u(z )’:

%', i ( - l) 0
(&', Du(t) P =0,
where & and &' are to be evaluated at @ = 0 = p,
B = (2t)" ' =z Indeed, Eq. (2.33) has already been used in
the derivation of Eq. (2.25) in Appendix A.

By expressing &’ as the subject in Eq. {2.33) and sepa-

rating into real and imaginary parts, we get from Eq. (2.25)
the equivalent formula,

B(t) = ult ) (t)ult)~", (2.34)

inagreement with Eq. (A 15) which was derived directly from
thedefinition(A11)of4 (¢ ). Finally, comparison of Egs. (2.32)
and (2.34) reveals the desired relationship between Gt ) and
u(t):

Golt) = ult ) (¢ )ult) 'R ()"

(2.33)

(2.35)

Clearly, conditions (2.5), (2.14), and (2.30) [or (2.29)] on Gt )
are satisfied identically.

Now, if one wishes to calculate the transform of & and
F(t)underanelement of ¥ C K represented by (¢ ), one can,
in principle, substitute Eq. (2.35) into Egs. (2.6a,b) and solve
the BZ homogeneous Hilbert problem. However, a serious
difficulty arises with a large class of u(¢ ) matrices for which
the HE HHP can be solved explicitly in closed form. These
u(t ) matrices have only poles and/or quadratic branch
points'' and represent finite products of null generalized'®
HKX transformations'? and Harrison transformations.'*'*
The HE HHP can be solved without a detailed knowledge of
the analytic behavior of F ( p,z,t ) or & ( p,z) and the resulting
expressionfor F'(¢ )isarational functionof F {t )and the values
of F(t) and possibly some of its z-derivatives at the singular
points of u(t ). The same methods will not work for the BZ
HHP in its present form because of the appearance of 4 (¢)
which depends on the analytic behavior of &(0,(2¢) ') in the
complex ¢ plane. In the next paragraph, we provide an alter-
native formulation of the BZ HHP in which 4 (¢ ) does not
appear.

Substitute Eq. (2.35) into Eqgs. (2.6a,b) to give

XA ) = Xald WA Jusle (2 Juule) ™ T ()7 1A ) (2.36)
Define
Y(A) = )ult pbid )~
= XalA A Jult (A )"
Then, from Egs. (2.36) and (2.24),
Y(A) = x:\4 )gedla®/A Jut fbla®/A )" '(ge) =" (2.37b)

The new form of the HHP is expressed by equating the right-
hand sides of Egs. (2.37a) and (2.37b). Also, in terms of the

(2.37a)
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matrix function Y (4 ), the auxiliary relation (2.8) reads

g =Y(@/A)gY(A)" {2.38)

Observe that all the factors in Eq. (2.37a) are analytic in
I'; — {A,} except u(t) and all the factors in Eq. (2.37b) are
analyticin I, — {4,] except u(¢). [Conditions (1.13d) and
(2.4) guarantee that Y (4 )is analyticatboth A = 4,,4,.] This
fact allows the new HHP to be solved in closed form for the
u(t ) which have only poles and quadratic branch points as in
Ref. 11. [Of course, the HHP (2.6a,b) can be solved by the
same methods in a large number of cases where both F (¢ ) and
Gt ) are specified.] In Sec. 3, we derive the Harrison and
HKX transformations from the HHP (2.37a,b) by methods
comparable to those of Ref. 11, and we also generate the
general Weyl (Einstein—Rosen) solution from flat space us-
ing the original form (2.6a,b) of the BZ HHP.

The unknowns X, () and X _(z) in the HE HHP can be
expressed in terms of the BZ unknowns y,(4 ) and x,(4 ) by
the following symmetric relations:

X.(t)= =2 [ = Xl AT — ige

+ x4 Nah ~ ' — ige)], (2.39)
X (t)= 2 [~ YR AT~ ige)

+ Y(@¥/A )@~ — ige)], (2.39b)

Aerl, in (2.39a), no restriction on A in (2.39b). These equa-
tions show directly that X (¢) is analytic in the region I, of
the A plane, and X _{¢) is invariant under the replacement
A—a®/4 and hence is analytic at the branch points of S (¢ ) in
the ¢ plane. The inverse relations are

Y2ld)=ReX,(t)—A 'ImX_(r)ge, Ael,, {2.40a)
xi@*/A)=ReX,(t)— (A /a}) Im X (t)ge, A€l (2.40b)
YA)=ReX_(t)—A " 'ImX_(t)ge, forallA. (2.40c)

These five relations, together with Eq. (2.35), allow the BZ
HHP to be deduced from the HE HHP and vice versa. In
particular, the auxiliary relations (2.8) and (2.38) are immedi-
ate consequences of Eq. (75) of Ref. 4 and vice-versa. Thus
the restriction on the gauge of ¥'(4 ) implied by (2.8) is com-
patible with the original gauge restrictions on the potentials
of Ref. 8. If mixed soliton—-nonsoliton transformations are
under consideration, X, , (4 ) and ¥ (4 ) in the above formulas
should be replacedby 4 ~'/?*x, ,(4 )and4 ~'/?Y (1), respec-
tively, where 4 is given by Eq. (2.22).

There is an important qualitative difference between
thegrouprepresentationsdenoted by u(r )and Gyt ). First, u(z )
can serve as a representing matrix for an abstract Lie group
which exists independently of solutions of Einstein’s equa-
tions, whereas Gt ) cannot: condition (2.30) explicitly in-
volves the Ernst potential & through 4 (¢ ). Further, since
G, ) is uniquely determined in terms of the initial and final
solutions by Eq. (2.32), it follows that G,(¢ ) does not faithfully
represent the multiple transitivity of the ¥ -group. We can
say that Gt ) faithfully represents a simply transitive factor
group in which each element is an equivalence class of mem-
bers of % which transform any initial solution to the same
final solution. The equivalence class for each G(¢) can be
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expressed by solving Eq. {2.35) for u(): the result is
u(t) = Gy(t)""*{[cos O (¢) + [sin B (¢)]A (2)},  (2.41)

where 6 (¢) is an arbitrary function of ¢, real for real ¢, and
analyticin L + L_ and at t = «, and where

Golt)"? =D ~"[I + Gy(t)), (2.42a)
D = det[I + Gyft)] = 2 + tr Gyt). (2.42b)

The transformations in ¥~ which preserve asymptotic
flatness in the stationary axisymmetric case can be identified
from Eq. (2.33) which expresses &'(0,z) in terms of & (0,z)
and u(¢). A simple calculation shows that a necessary and
sufficient condition for preservation of asymptotic flatness up
to a NUT parameter is

1 O 1 0\ . .
(O z“) u(t)(o t)lsanalytlcatt=0. (2.43a)

According to Egs. (2.35) and (2.25), an equivalent statement
is

1 0 1 0
i i =0. (24
( 0 - ,) G,lt) (O t) is analyticat t = 0. (2.43b)

The definition of asymptotic flatness assumed here is given
in Appendix B of Ref. 16. It must be emphasized how trivial-
ly easy it is to identify asymptotic flatness preserving trans-
formations in terms of representing matrices. This powerful
feature allows the investigator to work confidently with
more general transformations in %" since it is easy to recog-
nize combinations of the latter which preserve asymptotic
flatness (e.g., even number of Harrison transformations) and
to identify members of %7, if any, which map a given asymp-
totically nonflat solution to an asymptotically flat solution
(e.g., single Harrison transform of the “stationary C
metric”).

3. EXAMPLES

In this section, we investigate the BZ homogeneous Hil-
bert problem (2.6a, b) or its alternative form (2.37a, b) in four
special cases: (A) Harrison’s Backlund transforma-
tion,'*'*'® (B) the null generalized HKX transforma-
tion,'>'® (C) generation of the general Weyl (Einstein—-Ro-
sen) solution from flat space,” and (D) generation of the
nonlinear superposition of # Kerr—NUT particles from the
superposition of # Schwarzschild particles using the B
group.'? The first three examples have already been treated
in the HE representation (Refs. 11, 3 and 11, and 4, respec-
tively) and it is instructive to compare the calculations. Also,
Hauser and Ernst have generated Kerr-NUT from
Schwarzschild using their integral-equation representation
of the B group.® In Sec. 3D, we discuss the B group from the
standpoint of the BZ and HE HHP’s and we find that the BZ
representation of the n-Schwarzschild—n-Kerr-NUT
transformation is different from the others, being of pure-
soliton type.

A. Harrison’s Backlund transformation

Let us solve the BZ HHP written in the alternative form
of Eqs. (2.37a, b),
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WA Jule hid )~
= Xl Jgedla®/A Jult fla®/A )~ '(ge) (3.1)

1

() (L) e

Theunknowns arey’(4 )analyticin I, and obeying condition
(2.4) and x,(4 ) analytic in I"; and obeying condition (2.10).
Write
A—p)A—p)=A2+(2B—-s""N +a°
=A{st)" (s — 1),
with u, = uisel,, i, = v{sjel",. Since u(t ) appears linearly
and homogeneously in Eq. (3.1), the quadratic surd

(1 —s/t)~"/2 cancels out and so u{t ) can be replaced by the
rational matrix function,

1 —c[1452 " —p)d —p,
N A )

for

(3.3)
which has poles at A = 0, 0 and a vanishing determinant at

A=ty

Now,¥'(4 Jv(t )¥(4 )~ 'isanalytic throughout I, (includ-
ing A = A, and 4 = u,) except for the origin A = 0 where it
has a simple pole with residue,

0 - csaz) . (f’,,)
' “l= s — Sk 34
o e P VI [T M Y
Similarly, x,(4 Jgew(@®/A Ju(t Wb(a®/A )~ (ge) ™" is analytic
throughout I', (including A = 4, and A = i,) and grows lin-
early as A— 0, say ~ed, where

e—'CS(O O)
T\ o/

It follows that
YA (e WA )" = x4 Jgedla®/A it (@ /A ) '(ge) !

= A4 ! +B+cs,1( 0) =Z(1), (3.5)

0

1 0
where 4 and B are matrices depending only on (a, ), to be
determined.

From Eq. (3.5),
' _ /‘L T
VY(d)= A= A Z(A VA Jev(t) e, (3.6)
A
A)y= — ZA Zanni
XM= = e Z R

Xv(t) P /A)g™!, (3.7)

where we have used the identity (B14). The right-hand side of
Eq. (3.6) must not have a pole at A = u, in I'; and the right-
hand side of Eq. (3.7) must not have a poleat A =y, in I'}.
Since v(? ) is degenerate at A = u, and 4 = u,, the conditions
that the respective residues vanish reduce to the following
column-vector equations:

Zpiien) () =0, 53

Zu lgediu) (§) =0. (39)

Christopher M. Cosgrove 621



These equations provide only four equations for the eight
unknown entries in 4 and B. Since 4 is given by either side of
Eq. (3.4), we have

a(f)=m(_,)-o

[recall Eq. (1.4)]. A fourth column-vector equation can be
deduced from the requirement y,( o) == I. Taking the limit
as A— oo of the right-hand side of Eq. (3.7), we find

D =(1)rell o)seioly)
B(l =\ +cs {0 ge(0) 0
¢ 1
= (l +cs ) ’
where ¢ = Im & . In deriving Eq. (3.11), we have used Eqgs.
(B8b), (B5), (A6b), and (1.8).
The solution of Egs. (3.8)—(3.11) for the matrices 4 and

B is now a straightforward problem in linear algebra. The
result, after some rearrangement, is

(3.10)

(3.11)

¢ 'ImT 0 {0 O
= (Im[(l — isE)T) csf) ge + csa (1 o) ’

(3.12a)

B=( —c 'ReT c! )

—Re[(1 —ics&)T) 1+ csy
0 0
—c(l —2s8) (1 O) , (3.12b)
where the complex pseudopotential T is defined by

T=Tyn/Ty, {3.13a)

TlDl) _ ., o .
(T(N) = —p)” U+ i, ge)tb(,uz)(l) . (3.13p)

Hence, from Eqgs. (3.6), (3.5}, and (3.3), the solution of the
HHP is

W(A)= — [sld —po)d —p1)] “‘{A +AB +csh 2((1) 8)}

1 c[l+s47'A —puy)d —pu)l
ti(l)( . Ha)l H )
c 1
(3.14)
The limiting form of this equation as A—0 gives the trans-

formed metric

f’ll f,IZ
'=1'(0)= , 3.15
¢=vo-( 1) .
where
fa=—(/)Im T, (3.16a)
2= —(/es)Im[(1 — ics& )T ] + fo, (3.16b)

I

— (I/s)Im[(1 — ics&)?T ] + 2cfo(l + csy)

+ (1 — 25B). (3.16¢)
It can now be shown directly that Eqgs. (2.8) [or (2.38)] and
(2.12a, b) are satisfied identically.

Itis not difficult to obtain the transformed complex F ()
potential from ¥’(4 ) and g’. The relevant formulas are in
Appendix B. Restrict A to the open disk I, so that 4 = u(t),
oy = ps), gty = vls). We find

'
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T(N; = Fls) + cFyls), T(D) = Fyls) + cFy\ls), (3.17)

, t —c”'T ¢! )
F(t)*t____;(c(s_t)t—'_(l—icsZ’)T 1 —ics®

1 est™!
xFi )(c‘ ! 1 ) ’

in exact agreement with Refs. 11 and 16.

The principal difference between the derivation of Eq.
{3.18) here for the Harrison transformation and the deriva-
tion of the same equation in Ref. 11 [Eq. {3.21)] arises from
the fact that each singularity of u(¢) or v(t ), or degeneracy of
u(t ), in the ¢ plane corresponds to two singularities in the 4
plane, one in I',, the other in I',. Thus the number of un-
known coefficients to be determined in the BZ HHP is exact-
ly double the number in the HE HHP. The same comment
applies to the product of several Harrison transformations,
including confluent cases such as the null HKX transforma-
tion which is the product of two Harrison transformations
with same s parameters.'"'® Thus the HE HHP leads to
shorter computations in these cases. An additional advan-
tage of the HE formalism is the use of complex potentials
which also often lead to shorter expressions.

(3.18)

B. The null HKX transformation

In Ref. 11, we solved the HE HHP for the u(z) given by
the following SL{2)-covariant expression,

ut)=ug(t)= — €'y + [at /(t — 5)1q"qs, (3.19)

where a, s and ¢* (4 = 1, 2) are real constants, a being a

canonical group parameter for fixed s and ¢*. [In SL(2)-ten-
sor equations, €*® = € = €, is the index raising and lower-
ing operator, e.g., ¢z = ¢"€xp, ¢' = €'¥¢y, and, in particu-
lar,e5" = — €'y = §%.] The result was the null generalized

HKX transformation,'!!¢-*?
FIAB(t) = [FAX(t)
achDFAC(s}[GDX(s’ t)—sls — t)vlfux] }g (t)
1 — ag"g"G gls, s) e
(3.20)
where
tS
Ganlss 1) = —— €05 + SO E L 0F 00, (21)
s—1 s —1
gaplt) =upg,(t) or gt)=ult )y~ (3.22)
[recalig(t) = — g"5(t), g45(t) = €g(t), and Eq. (B14)]. This
transformation preserves modified special HE gauge® since

u(t ) is analytic at and near t = « but does not satisfy condi-
tion (1.13d), except when g' = 0. The factor g,(t) on the
right-hand side of Eq. (3.20) is a gauge function since

glt)[ = — g"p(r)] satisfies conditions (A8). If this gauge
function is deleted [i.e., gx5(f ) = €xg or g(t ) = 1], the result-
ing transformation is denoted the “extended” HKX trans-
formation.'® This transformation is of pure-soliton type and
the close relationship between certain pure-soliton and pure-
nonsoliton transformations is discussed at the end of this
subsection.
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In order to derive the null HKX transformation (3.20)
from the BZ nonsoliton formalism, we must abandon SL(2)
covariance and insist on special HE gauge and condition
(1.13d). These requirements can be met by multiplying the
u(t) of Eq. (3.19) on the left by*°

1 —b 12
b=( ), b=i(q)—. (3.23)
0 1 1+aqlq2
The resulting representing matrix is
_ aq'q’t alg')’s
1 ') — 1 +aq'¢?)t —
) = bult) = ( +a(q;;23( s (1+ qql)(Zt 5)
_ gyt 14949
t—s t—s
(3.24)

This #(t ) has asimple pole at t = sand hence, when written as
a function of A, it has simple poles at A = u, = u(s)in I, and
A =, =v{s)in I'| as in the preceding subsection.

We take the BZ HHP in the form (2.37a, b) and observe
immediately that ¥ (A4 ) must be analytic everywhere except
for simple poles at A = p,, , only. Thus

YA)=Y(w) 1+/1C +-2 |

—H2 A—p,
where C and D are matrix functions of (a, £ ) to be deter-
mined, and, from the boundary condition {2.10),

Y(w)= — ei(0)e = (b~ ). (3.26)

The HHP now reduces to the problem of writing down and
solving eight linear equations for the eight unknown entries
in Cand D.

We shall not show the details of the calculation, but
only how the required number of equations can be written
down, for thereafter the completion of the calculation is a
straightforward problem in linear algebra. [Compare with
the calculation of R, in Eq. (3.4) of Ref. 11.] First, equate
the residues at A = u, on both sides of Eq. (2.37a) and the
residues at 4 = g, on both sides of Eq. (2.37b). We obtain
expressions for the matrices C and D in terms of the column
vectors

(3.25)

1

q q' )
Xal2)biu,) (q2(1 + aqlqz)) v Xaler)ged(u,) (qz(l +ag'@)’
respectively. To obtain linear algebraic equations for these
column vectors, express X,(4 ) and x,(4 ) as the subjects in
Eqgs. (2.37a, b), respectively, and take the appropriate limits
as A—p,, p,, respectively. The final results are

C=-_9% (mI + u,” 'nge Te -
S — ) MRt 1y ngelblu,)aq” edlu,)
(3.27a)
a 1
D= [ —nl + pu,” 'mge]
S‘ltl _#2) m2 +’l2 lu2 lp(/“l)
X qq”ed(u,) " 'ge,
(3.27b)
where
m=1— —%#2__ gTediu,)" " biu,)q, (3.282)
Sty — o)
n=— ——— qTedlu;) " "gediu,)g, (3.28b)
Sy — pa)
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q= (Z) ae=(—g% 4" (329)

This completes the determination of ¥'(4 ):

¢ + b ]\p(/i Ju(e) b
—p2 A—p
(3.30)

Reversal of the trivial transformation represented by Eq.
(3.23) yields*®

Pid)= [1+ + fy ]tW Ju(e)='. (3.31)

Equation (3.20) for the transform of the complex F (¢ ) poten-
tial can now be obtained from Eq. (3.31) by a straightforward
application of the formulas of Appendix B [see also Egs.
(6.15)—(6.37) of Ref. 16].

It is instructive to compare this pure-nonsoliton trans-
formation with the pure-soliton “extended” HKX transfor-
mation'® for which

Wid) = (b—‘)f[1+ -

C
A—p,

, C D
Vald) = |1+ 5=+ 5 |Wa),
and Gyt ) = I = u(t). This is precisely the BZ two-soliton
transformation in the limit where the two poles of x,(4 )in I,
coalesce to form a double pole at A = u,. The quantity in
square brackets must now be interpreted as A ~'/?y,(4 ) and

so, from Egs. (2.13b) and (2.22), we have

(3.32)

A—pu, C D
Xild) =x.l4) = I+ +
1 X2 A—p, A—py A—p
=TI+ C+D+u,—p | w2—u)C
= =
A—p, (A — )
(3.33)

We see that the only difference between the pure-soliton and
pure-nonsoliton versions of the null HKX transformation is
the trivial transformation of Ref. 30 and a different choice of
gauge. Itisjust the singularities of the gauge functions which
are manifestin 4 ~'/?y,(4 )in I",. The only significant differ-
ences appear in the statements of the respective HHP’s and
the actual details of the derivations: in the pure-nonsoliton
case, C and D are uniquely determined from the HHP; in the
pure-soliton case, a partial fraction expansion of the form
{3.33)is the starting point and C and D are determined by Eq.
(2.8) and the differential equations for the Y4 ) potential,’
aq”q® being the constant of integration. More generally, a
similar relationship can be established between the 2n-fold
Harrison transformation with s = s,, s, ..., 5,, (pure-nonso-
liton) and the BZ 2n-soliton transformation for which y,{4 )
has poles at A = ul(s,), pls,), ..., p(s,,) in I,. However,

(2n — 1)-soliton BZ transformations contain as a factor the
Kramer-Neugebauer involution'® which is not in % but
may be obtainable as some sort of fanciful limit of pure-
nonsoliton transformations in ¥ —see Sec. 4.

The extended HKX transformation can also be derived
from a slight modification of the HE formalism which close-
ly parallels the BZ pure-soliton derivation. The representing
matrix is

u (t) =glt)ult) =1, (3.34)
but the contour L is drawn so that the pole in u(z } and g{z ) at
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t =sisoutside L, i.e,, in L _. The HHP takes the simple
form

X_(1)=X_(t)=F()F(t)"", X, 0=1  (3.35)

in which X (¢)is analyticin L, and X_(¢)is analyticin L _
and at ¢ = oo except for a simple pole at r = 5. The general
solution is

stN

F'(t)= [1+ :]F(t), (3.36)

where / is an arbitrary complex matrix function of (p, z).
Equation (A7a)shows that NVis traceless and degenerate, and
Eq. (A7b) leads to a formula for N * in terms of N. However,
to completely determine N up to two constants of integra-
tion, it is necessary to substitute Eq. (3.36) into the differen-
tial equations (A1) and (A2). Not surprisingly, this is a some-
what lengthier derivation of Eq. (3.20), whether with

g(t) = u(t)" "' or g(t) = I, than the derivations above and in
Ref. 11 where the HHP’s had unique solutions.

C. Generation of the general Einstein-Rosen or Weyl
solution from flat space

Kinnersley and Chitre® have shown that the abelian
subgroup of K generated by the y,,*), k=0, 1, 2, ..., maps
flat space to the general Weyl solution

E=f=¢% Xptp X tX.=0 (3.37)
for which y ( p, z) is analytic at and near (0, 0). More recently,

Hauser and Ernst* generated the Weyl solution from flat
space using their HHP with

1 0
)= f(f)k, k_:( )’
ut)=e 0 _1

where£ (¢ )isanalyticin L _,onL,andat? = c«,and obtained
the contour integral expressions, Egs. (3.47a, b} below. In
this subsection, we shall do the corresponding calculation in
the BZ formalism and obtain the cylindrical-wave counter-
part of the Weyl solution, the Einstein—-Rosen solution.?’
From Egs. (2.35) and (A22), the BZ representing matrix

(3.38)

is
Glt) = e*!", (3.39)
where now £ (t) = £ (¢ (4 ) is analytic on and near I and at

A =A,,.FromEq. (A20)and Appendix B, the (4 ) potential
for flat space is

1 0
W)=(0 124284 +a2). (3.40)

Sinced(4 Jcommutes with G,z ), itfollowsthat G (4 ) = Gyt ).
The BZ HHP (2.6a, b) can be reduced to a nonmatrix HHP
by the substitutions,

Xiid) =exp[29,(A k], X.(4)=-exp[27,4 k], (3.41)

where 77, ,(4 ) are nonmatrix functions of @, 5, and A analytic
inI" + I'y ,, respectively. The HHP takes the form

A =mA) +E(A), 1) =0. (3.42)
The unique solution is

== L[ EEAD e er 3.43

Ti2A) 27Tl'J;* 1 — 4 dA’', Ael,, (3.43)
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from which we obtain the transformed solution

1 O
¢ =expl20nl( ) 2), (3.442)
1 0
V= eplad kI e o) B4

This result is in agreement with Egs. (3.37) and (A24) written
in (@, B) coordinates with

X =700), B(t)=2n,4) — n,(0). (3.45a,b)
Let us now deduce a contour integral for 3 () in the cut

complex ¢ plane, the branch cut as usual joining the zeros of
S (¢). First, from Egs. (3.43) and (3.45b),

T ﬁfr [,1'1_/1 - z'—laZ/,t]gw Ll

Aels.

(3.46)

Next, deform the circle I"to a simple closed contour I’ lying
inside /" such that the annular portion of I, between I ' and
I" does not contain any singularities of £ (¢ (4 ') or the points
A" =A,ord " = A.Thechangeofvariabled ' = u(t ymapsthe
contour I" " to a negatively oriented (clockwise) contour L ' in
the cut ¢’ plane which encloses the cut itself but no singulari-
ties of & (¢ ') nor the point ' = ¢. Since the integrand has no
residue att’ = oo, the contour L ' can be replaced by a posi-
tively oriented contour L such that the cut lies in the exterior
L _ and all the singularities of £ (¢ ) and the point ¢ ' = t liein
the interior L . The result of the transformation is

v=— [ £ 4 (3.47a)
2mi Jo t'S(t')
_ (SR g e
2aiJe S’y t'—1t

in exact agreement with Ref. 4. By differentiating under the
integralsign, onecanreadilyshowthatyandf (¢ )/S (¢ )satisfy
the cylindrical wave equation and that Eq. (A25)in (a, )
coordinates holds.

Blt)= (3.47b)

D. Generation of the nonlinear superposition of 7 Kerr-
NUT particles from n Schwarzschild particles using the
B group

The B group of Kinnersley and Chitre'? is represented
by

_( cos 6 (t) t“sin&(t))
“O=\_isingl) cos6r) )
where @ (¢ )isanalyticin L + L _ and att = «. It wasshown
by KC to map flat space to itself, Schwarzschild to Kerr—
NUT, and the Zipoy—Voorhees solutions** with integer &-
parameter to generalizations of the Tomimatsu—Sato solu-
tions,*’ to be called the KC solutions. Hauser and Ernst have
generated Kerr from Schwarzschild using contour integra-
tion methods® but the same results can be obtained directly
from the HE HHP. We shall show that, more generally, the
nonlinear superposition of n Kerr-NUT particles (4n pa-
rameters: mass, angular momentum, NUT parameter, and

(3.48)
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position on z axis for each particle) can be generated from the
superposition of n Schwarzschild particles (2n parameters)
using the HE representation of the B group. This is not nec-
essarily the best method of calculation: the general n-Kerr-
NUT solution can be generated more easily from flat space
by applying 2n Harrison transformations'®?* or the BZ
2n-soliton transformation.”

The HE HHP can provide a rational explanation of the
fact that the infinite-dimensional B group generates only a
finite number of arbitrary constants in these cases. First, the
F(t) potential of the input Weyl solution (n-Schwarzschild,
Zipoy—Voorhees) must not be put in special HE gauge, but
the unique gauge for which

B(t)=Posalt) (3.49)

as discussed in Appendix A. [Equation (3.47b) gives £, (¢ )
when reL _, special HE gauge when €L | .] The ¢-plane sin-
gularities of B, (¢ ) all lie in L _. Second, before specializing
the harmonic function y, a short calculation shows that

G(t)=F(t)u(t)F(t)"! (3.50)

is even in §'(¢) and is in fact analytic at the branch points of
S (¢). The y-potential for n Schwarzschild particles is the
Newtonian potential of » rods with {(mass)/(length) = 1/2 in
geometric units and with endpoints atz =z, + «;, i = 1,
2,...,n,&; > 0,0n the z axis. (A Zipoy—Voorhees particle is the
limiting case where & rods coincide.) The formulas for y and
Bodd(t } are

S yip X 1 (3.51)
= n , .
X iglz x; + 1
n x;(1 — 2tz;) — 2x;0y; — S{t}
Boaalt)= Y 4In (3.52)

A0 x (1= 2ez,) — 26,09, + S(t)

where (x;, y,} are prolate spheroidal coordinates for each
particle defined by

C‘) — (2Ki)—l[p2 tz—z + Ki)z]l/z
+26)7 [P+ 2 — 2z — k)] (3.53)

positive for x;, negative for y;. The key property is that G (¢ )
and G (t)™' are analytic throughout L _ except for simple
poles at

t=Mz; + &) "'=5,, 53052, (3.54)

when these numbers are distinct, and poles of higher multi-
plicity when there are coincidences.
From Egs. (1.14) and (3.50),

X, (t)=X_()G(t)"", (3.55)

of which the left-hand side is analytic in L , and the right-
hand side is analytic in L _ except for the aforementioned
poles att =s,,...,5,.. It follows that X _ {¢) is a rational func-
tion of ¢ of the form, when the s; are distinct,
2n tA4.
X (t)=F@)F@) ' =1+ Yy ——,

i=1 t—SJ-

(3.56)

the 4; being complex matrix functions of ( p, z) to be deter-
mined. When 6 of the s; are equal, a sum of partial fractions
appropriate to a pole of order & should be included in X, (¢).
Finally, the requirement of analyticityof X _{t} = X_(t)G (¢)
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atthe pointst = s,,...,5,, in L _ gives 4n column-vector equa-
tions for the 27 unknown matrices 4,, uniquely determining
the latter. The final solution does not depend on the detailed
behavior of the function 8 (¢ } but only on the values of & (¢ ) at
t = $,,...,55, (and derivatives of orders up to § — 1 when 8 of
the s; are equal).

The above discussion will assist us in determining how
the B group is represented in the BZ formalism. We shall
remain in the context of stationary axisymmetric fields.
First, since 4 (¢) is given by Eq. (A22) for all Weyl solutions
when the gauge obeys Eq. (3.49), it follows from Egs. (2.35)
and (3.48) that

Got) =1, x(h)=xald). (3.57)

Clearly, the transformation is of pure-soliton type. Since the
function @ (z ) has disappeared from the problem, thearbitrary
constants generated by the transformation will not appear
now as values of 6(t) at t = 5,,...,5,, but as integration con-
stants. From Egs. (2.13b), (2.40a)}, and (3.56), we see that

4 7 '"2y,(A ) has poles at

A= sy spitlSy,) 0 T,

(3.58)

A =vs\}y.¥sy,) In I,

simple if the s; are distinct, nonsimple otherwise. But x,(4 )
itself cannot have simple poles in I, for then 4 ~'/2y,(4 )
would have quadratic branch points according to Eq. (2.22).
Thus x,(4 ) has double poles at A = ufs,),...,uls,,)in I', when
the s; are distinct, and poles of double the previous order
otherwise. It then follows that (4 ) is analytic throughout
r,.

The preceding paragraph identifies the n-Schwarzs-
child to n-Kerr—NUT transformation as a special case of the
4n-soliton transformation in which the poles of x,{4 )in I,
are all of even order. When the s; are distinct, the full trans-
formation factorizes into 2n extended HKX transforma-
tions,'® whose ¢* parameters must be chosen appropriately.
For example, two of these special extended HKX transfor-
mations map Schwarzschild to Kerr—NUT, four map double
Schwarzschild to double Kerr—-NUT,?” two of rank zero and
two of rank one'>*® map Zipoy—Voorhees § = 2 to the full
KC & = 2 solution. '

Only 2n of the 4n integration constants in the 4n-soliton
transformation can be chosen independently as there are
only 2n values of 8 (s;). Also, since the n-Schwarzschild solu-
tion is the general szatic 2n-soliton solution (meaning 2»-
soliton transform of flat space), the general 4n-soliton trans-
form of the n-Schwarzschild solution with same s-param-
eters will be a special limiting form of the 6n-soliton solution
or 3n-Kerr—NUT solution in which the 6r s-parameters co-
incide in threes. This latter solution may be interpreted as
the nonlinear superposition of n KC § = 3 particles in which
each particle has six of its eight allowed degrees of freedom
(including NUT and z position}. We need to reduce the six
degrees of freedom to four in such a way that each KC 8 = 3
particle reduces to just a Kerr—-NUT particle.

It was claimed in Ref. 16 and will now be proven that »-
Schwarzschild transforms into #-Kerr—-NUT under 22 of the
special extended HK X transformations for which
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¢'=(1,0) (type I), (3.59a)

or ¢g'={0,1) (type II). {3.59b)
(The type I transformations are precisely the original HKX
transformations of Ref. 12 and type II can be obtained from
type I by interchanging the tensor indices 1 and 2.) A conse-
quence of Eq. (6.46) of Ref. 16 is that these special HKX
transformations factorize into two BZ one-soliton transfor-
mations of which the first maps static solutions to static and
the second maps static to stationary. Let the static-to-static
BZ transformations be denoted type I or type IT according to
the type of the HK X transformations. Since BZ pure-soliton
transformations commute exactly, we may perform the 2#
static-to-static transformations first, choosing the type so as
to cancel the Schwarzschild particles one by one and eventu-
ally leave flat space. Then the remaining 2# static-to-station-
ary transformations will map flat space to the nonlinear su-
perposition of # Kerr—NUT particles.

The explicit transform of the general Weyl solution un-
der the type I and type 11 BZ transformations is easily calcu-
lated from Eq. (5.19) of Ref. 16. The results are

type I BZ: ¥ =a~ 'u(s)e?,
type I BZ: ¢* = a ™~ 'v(sje?,

(3.60a)
(3.60b)

where a = i p. Consider the case where the Schwarzschild
rod singularities are nonoverlapping and take them one at a
time. Suppose a given rod connects z =z, — k = (25,) "' to
Z =z, + k = (25,) ! along the z axis, with ¥ > 0. Three cases
need to be distinguished:

Case I: 0<(2s)7"<(25,)7 "
Case2: (2s)) '<0<(2sy)7 %
Case 3: (25,)" ' <(25,)7 ' <O.

The correct choice of BZ or HKX type depends on the value
of ( p, z) and the location of the branch cut joining the zeros
of S (z) in the ¢ plane. To remove this ambiguity, let the cut
intersect the real axis at points ¢ < min(s,...,s,, ) or

t> max(s,,...,5,, ) so that S (s;} > O for all j. A straightforward
calculation now shows that the selected Schwarzschild rod
singularity can be cancelled out by applying the following
types of double BZ transformation:

Case I: typelats=s, and type Il at s = s,;
Case2: typellats=s ands=s,;
Case 3: typellats=s andtypelats=s,,

s = (2z)7 . The corresponding types of double HKX trans-
formation map the Schwarzschild particle to Kerr—NUT as
required rather than to KC 6 = 3. The applications of the B
group in Refs. 3 and 10 belong to Case 2. Additional cases
can be introduced by changing the sign of some of the x, in
Eq. (3.51) (negative mass particles) and/or replacing some of
the x; by +y,.

4. LIMITING TRANSITIONS AND RELAXATION OF
BOUNDARY CONDITIONS

We have already remarked that the boundary condi-
tions at f = oo chosen by Hauser and Ernst are not necessary
for the preservation of Einstein’s equations, but have the
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convenient property of guaranteeing uniqueness of the solu-
tion of the HHP. For example, there are many transforma-
tions in J¥” represented by (¢ ) matrices with some sort of
singularity at ¢ = s, say, in L __, which have well-defined lim-
its as s— oo . Simple examples which can be treated by ele-
mentary methods are the s = oo limits of the Harrison and
HKX transformations (and products thereof) for which u(z)
and/or X _(¢) have, respectively, quadratic branch points
and poles at t = 0. Here, we shall discuss the s = « null
HKX transformation, which preserves asymptotic flatness
as for finite s.

A formula for the s = o0 null HKX transform of F(t)
can be obtained by simply puttings = o in Eq. {3.20). {Actu-
ally, in Ref. 16 it was shown by direct exponentiation that the
s = oo nonnull HKX transformation is given by essentially
the same expression.*”) The formula can be substantially
simplified by observing that the limiting forms of Egs. (A1)
and (A7a,b) imply that

Fyploo) = F hyg, (4.1)

where F, is a complex vector function of ( p, z) or (a, #) and
hg is a real constant vector, in any gauge for which F,g(t ) is
analytic at ¢ = . Similarly, the generating function

G ,pls, t ) defined by Eg. {3.21) is well defined as either s or z or
both tend to infinity, the limiting forms being

G pls, ) = — S(s)Fyq()F *hy, (4.2a)

Gploo, t)=€,5 + 2rFy F¥g(t)h,, (4.2b)

Gaploo, o) =€45 + Gpyloo, ) =g4hp + Gh hg,
(4.2¢)

wherer = (p2 + 2%)"/? = (B* — a?)''?, Gis a complex scalar
function of  p, z) or (@, B ), and g, is any real constant vector
satisfying gxh ¥ = 1 (i.e., g4, — g1, = 1). [We choose a
( p, z) domain and branch cut so that S (t)/t—2r as t— o : if
the cut is a straight line segment, thenz<Oorf< — a.]
From Egs. (A1) and (A7b), the vector F,, and scalar G satisfy

VF, = —(i/2r)[zVH ,x +p6HAX IF%, (4.3a)
VG =F*,VF* = (i/2r)[(2* — p*)VHyy

+2pzVHy, JF¥F7, {4.3b)
F*, =r \zF, + if xF%), {4.4a)
G*=G —ir \fyyF*F". (4.4b)

With the aid of Egs. {4.1) and (4.2b,c}, the limiting form
of Eq. (3.20) reduces to

F,AB(I):FAB(I)+2ktrFAFXFXB(t)/(1 - kG), (4.5)

where k = alg*h,)*/(1 — ag*q"gxhy); k is the only essen-
tial parameter. Transformations of the form {4.5) form a one-
parameter Lie group and hence iteration does not lead to
further transformations.

It is not difficult to deduce from Eq. (4.5) an HHP
which admits Eq. (4.5) as a solution. It is more instructive, of
course, to see the HHP derived from the limit as s— oo of the
HHP for the finite-s HKX transformation. For this purpose
the form (3.35) of the HHP in which the pole at 1 = s is out-
side the contour L is more useful. The limiting form of Eq.
(3.35)as s— o is

X_(t)=X,(t)=F'@)F@)"", X, 0=1, (4.6)
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where X {¢) is analyticin L + L, X_{¢) is analytic in
L+ L_,and

X_(t)=0(t) as t—w. (4.7)

The u(t ) matrix is the unit matrix I. The general solution of
this HHP is

F'iplt)= (eAx —tN, X)Fxs(t ), (4.8)

where N2 is an arbitrary complex function of ( p, z). To
identify NV, %, it is necessary to go back to the differential and
algebraic relations satisfied by F (¢ ). Equation (A7a) shows
that N, % is null (i.e., det N = 0} and traceless (i.e.,
N s = Np,) and so we have the factorization,
N,?=N,N® From Egs. (4.1 and (4.8), the condition that
F' p(¢)be analytic att = oo requires that N *F, = 0, imply-
ing that N, is proportional to F,. However, this condition
canberelaxedasan O {f )termin F' ;(t Jcanbeabsorbedbya
change of gauge.

The differential equation {A 1) for F'(r ) implies that the
vector N satisfies

2ZVN, —2pVN,
= —iN*VH, —WN,N*YN, + N,Vz. (4.9)

This equation can be solved by first looking for a particular
integral proportional to F, and comparing with Egs.
(4.3a,b). The particular integral is found to be

N, = [2kr/(1 — kG))"*F,, (4.10)

where k is a real constant. Substitution of Eq. (4.10) into (4.8)
gives the s = oo HKX transformation (4.5).

This transformation can also be obtained from the pure-
nonsoliton part of the BZ formalism by relaxing conditions
(2.4) and (2.5). If conditions (2.4) and (2.5} are replaced by the
requirements that ¥(4 ) and Gt ) be analytic at 4 = A,, the
solution of the BZ HHP remains unique and the resulting
transformations are prodiicts of elements of %, the s =
HKX transformation (4.5), and the unimodular linear trans-
formation of Killing vectors. Consider the BZ HHP in the
form {2.37a,b) with

ut)=d or uwy(t)=d", (4.11)

d =d ", a constant matrix, det d = 1, and let ¥(4 ) be in
modified special HE gauge, i.e., $(4 ) is analyticin " + I,
and ¥,5(4,) = 2r{Re F,)}hg. The solution of the HE HHP
with u?,(¢) = d *, is simply a rotation of Killing vectors'":
flapg=d, XdB ]ffxy’ F'ipit)=4d, XdB yFXY(t) (4.12)
(note d,® = € d €). The method of solution of the BZ HHP

follows almost exactly the same lines as in Sec. 3B, so it is not
necessary to show details. The final result is found to be

2ntrF F, FZ (¢
F' plt) = d,,XdBY[Fn(t) i ol i 0] ]

m 4+ nG
{4.13)

where
m=d*,hg", n=d*,h,n". {4.14)

The transformation (4.13) is clearly the product of the trans-
formations (4.5) with k = — n/m and (4.12). The factor
(4.12) can be chosen to be the simple translation of Footnote
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30, but not the identity transformation for then » would be
zero.

The general solution of Eq. (4.9) leads to a two-param-
eter enlargement of the s = o HKX transformation. First,
by considering gauge changes in F{t) with g(¢) =0 {t)
as I— oo, the general solution of Eq. (4.3a) can be shown to be

Fe=gF, +bFV *h,, {4.15a)

a, b real constants, where F'j},, F},,..., are the coefficients
in the descending power series,

Fop(t)=Fyhg +t 7 Flip +t 2F G5 + -
which converges for |z | > (27)~' in modified special HE
gauge. [Equations (A1) and (A7a,b) lead to differential and
algebraic equations for the '}, and Eqs. (4.2a,b,c) imply
2rF*FY) = —gp — Ghy.] Substituting F 5™ for F, in the
right-hand side of Eq. (4.3b) and integrating gives

G'®" = g°G + 2abr[Fyhy F®¥Y — det F'']

+2b%rhyh FV, XFPZY, (4.15b)
The general solution of Eq. (4.9) is now
= 2r 172 {gen)
NA_(—ITF“—"’) F§, {4.16)

and the enlarged s = oo HKX transformation takes the form
2trF S F &R (1)

Flyplt)=Fpt)+ G )

(4.17)

reducing to (4.5) when a? = k, b = 0. This transformation
preserves asymptotic flatness and, in particular, maps fiat
space to extreme Kerr—-NUT.

The transformation (4.17) cannot be iterated as it stands
because F'{t} = O(t] as t— co. This can be repaired by the
gauge change,

F"p(t)=F X (t)gxalt), 84plt) =645 + (b/a)th,hy.

(4.18)
The limit as 1— « now gives
a~'Flgen ~26 taen)
Fro=2 24 i @G 4 19ap)
1 — Gleen 1 — Gle=m
h'y=h,+a’g,, g'4=8. (4.19¢,d)

The combined transformation given by Eqs. (4.17) and {4.18)
satisfies the HHP,

X _(ty=F"{t u(t)F(t)" ", (4.20)
X_(t)analyticinL + L _, F"(t)analyticin L + L, with

ult)=u's(t)= — €'y +(b/a)th*hy, (4.21)
and boundary conditions
X_(t)=0(t), F"t)=0(l) as t— w0, (4.22)

and, as usual, F " ,;(0) = i€ ;5. These transformations can be
iterated and do not close to form a finite-dimensional Lie
group but span an infinite-dimensional subgroup of K out-
side & which preserves asymptotic flatness. The product of
n such transformations satisfies an HHP of the form (4.20)
with

ult)=0(@"), X_(t)=0(@", F"t)=0(1) (4.23)

as t— oo, and with (¢ ) a matrix polynomialin ¢ of degree n. If
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u(t ) also hassingularitiesin L , then the solution of the HHP
is the product of an element of " and » transformations
(4.17)-(4.18).

The Harrison transformation also has a well-defined

limit as s— o0, namely
ot T —1 — {(h/h )t 1)
Fio=( e )
(4.24a)

—t ' —i&T
where T = F,/F,, and can be enlarged to have one continu-
ous parameter (b /a) by taking

T = F§"/F ), (4.24b)

It is a trivial matter to write down an HHP for this transfor-
mation in which

ut)=0('"?), X_(t)=0("'"?, (4.25)

as t— o0, the branch cut joiningt =0to ¢ = «. In Eq.
(4.24a), we have deliberately chosen a gauge such that the

5 = oo Harrison transformation can be iterated. The product
of two of the transformations (4.24) is identical to the trans-
formation (4.17)—(4.18) up to a translation

w—w + constant.*”

There is an important discrete involution due to
Kramer and Neugebauer'® which plays a major role in the
theory of the Geroch group and Bicklund transforma-
tions'®?® but which lays outside all existing representations
of K. This transformation, to be denoted (/), has the effect,

S =pf7", o =jy, {(4.26a,b)
V= —jo, & =pf ' —io, (4.26¢,d)

where j = v/( — 1) and the symbols are defined by Egs. (1.4)
and (1.8). [The complex conjugation operation of Eq. (A7b)
does not apply toj, i.e., i* = — i, j* =j.] A natural question
to ask is whether (7 ) can be obtained as some suitably defined
limit of a sequence of elements of %" as in the preceding
paragraphs. Such a limit, if it exists, would be rather con-
trived and probably not have much practical utility. We
shall conclude this paper by presenting an HHP for (7 }and a
one-parameter family of limiting transitions which work for
Weyl solutions but not for stationary solutions.

In Ref. 16, the (I )-transform of F () was calculated by
first calculating the transforms of F (¢ ) under Q'*'®** and
Q = (/)Q(I ) with theaid of Neugebauer’s commutation theo-
rem?® and the KC recurrence relations.® Using Eq. (A7b),
the result can be written,

F't)=(1 -2tz + 2jtp)_'/2[jt —'((1) 8) +A4 ]

ool )

1=(en e o)
“\gg _2p+jr) —iF

and &' is given by Eq. (4.26d). The (I )-transform of F *(¢ ) can
be deduced by taking the i-complex conjugate of both sides
of Eqs. (4.27a,b). If F (¢ ) is in special HE gauge, then F'(¢)is
analytic in the whole complex ¢ plane except for quadratic

branch points of index — | at the two zeros of S (¢ ) as well as

(4.27a)

where

(4.27b)
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att = oo, necessitating two cuts. This is an optimum choice
of gauge in this case as one of the conditions for the existence
of special HE gauge [namely, ' #0 on z axis near (0, 0)] is not
met;infactf’( p, z) = O ( p)asp—0Oforall points on the axis at
which the original solution is nonsingular.

The right-hand side of

—jt -1 o
0
(4.28)

is analyticin L _ and at t = « and so Eq. (4.28) may be
regarded asan HHP for theunknowns X _ (¢t Jand F'(¢ ). (Itcan
be interpreted in one complex dimension by writing
Jj= —¢€i,e = + 1, and later replacing € by ij.} With the
boundary conditions (A6a,b)on F'(¢ ) supplemented by either
Eq. (A7a) or the relation H',, — H',, = 2iz, the solution
(4.27) is unique except that €' is an undetermined function
of ( p, z). Equation {4.26d) for &’ can then be deduced from
either Eq. (A2) or (A7b).

Equation (4.28) suggests that a suitable candidate for
the representing matrix of the (/') transformation is

wit)=1—jey(S HT),

This conclusion is reinforced by the fact that if an element
geKisrepresented by u(t ) and its dual element § = (7 )g(/ ) by
(t), then

u(t) = wo(t Jult Juy(t).

X_(t)=(1 ~ 2tz + 2jtp)"12F "t )((1)

(4.29)

(4.30)

Equation (4.30) can be proved without difficulty from Egs.
(3.19a,b,c) of Ref. 16 which relate the infinitesimal 4%} trans-
formations® to their duals and Egs. (4.4)-(4.6) of Ref. 11
which relate the 4%} to their representing matrices. Further-
more, the representing matrix of the BZ one-soliton trans-
formation can be calculated by multiplying the (¢ ) matrices
of the respective factors in Eq. (5.28) of Ref. 16 [Harrison
transformation; (I ) transformation; translation, scaling, and
gauge transformations] and the result is, perhaps not sur-
prisingly, the unit matrix.

Let (J) denote the product of the involution ¥ —& ~!
(gravitational duality rotation through 7 radians) and the (/)
transformation. Since (/) has the effect, e’ = pe®*, on the
general Weyl solution, & = ¢%, it follows that if (J )€K, then
(/) must be in some analytic extension of the subgroup of ¥~
represented by Eq. (3.38). The effect of the subgroup (3.38)
on Weyl solutions is the linear superposition,

X — X+ 2 2B = 2B+ 80 (4.31)
where y and S (¢ ) are given by the right-hand sides of Egs.
(3.47a,b) with £ () = — ¥(0, (2¢)™"); note that ¢*'# ¥ is ana-

lytic and nonvanishing at and near the origin. The (/) trans-
formation represents a linear superposition of y with the
potential of an infinite cylindrical bar of line density 4 (recall
that the Schwarzschild “rod” has line density 1). If a piece of
the bar containing the origin is removed, say

2z, — K <Z <Z, + K, then the superposition is of the form
{4.31) with

e = k(x + 1)(1 —y3)'/2, (4.32)

where the (x, y) are prolate spheroidal coordinates [see Eq.
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(3.53) with z;, = z, and subscript / dropped] and is represent-
ed by

— o”'e) O — 2 —21 271/4
u(t)—( 0 0_({)), o(t) = [4k? —t 7H1 — 2tz,) 343.3)

Let this transformation be denoted (/. ); (J,)e*” when

K> |2o}. Now fix ( p, 2) and z, and let « decrease to |z,| and
thence to zero: we find ez*j—+p and so (J, }—{J ) as k—0 when
applied to Weyl solutions.

The (J, )-transform of a generic stationary solution also
has a well-defined unambiguous limit as k—0. The limit,
however, depends on z, and is different from the {J )-trans-
form for all z,. To prove this statement, it is sufficient to
exhibit a single counterexample. Now the (J, )-transform of a
slowly rotating solution,

& = e + iey + O (€, (4.34a)
Vilx =0, V% —4Vy-Vy =0, (4.34b)

€ small, can be calculated explicitly by contour integration.
First, contour integral expressions for ¥( p, z) and, more gen-
erally, F( p, z, t ) analogous to Eqs. (3.47a,b) can be written in
terms of y (0, z) and ¥(0, z), assumed to be analytic at and near
z = 0. Equation (2.33) provides an infinity of (¢ ) matrices of
the form u(t) = I + ev(t ) which map & ,,,, = e*¥ to

& = e** + iey. Then, to first order in €, the multiplicative
HHP (1.14) reduces to an additive boundary value problem
solvable by standard methods. The final results are

F(t)= [T+ €Y (1)) Fyenlt), (4.35a)
H=Hy,, +i€Y (O, (4.35b)
Y= — Y+(O)l2’ (4.35¢)
where
_ [t g0 e
Y.l = 27TiJLS—~t S(s)
iu(s) e
X (uz(s)e ~x ) )ds (4.36)

forzin L , . Inthese equations, Fy,,, (¢ )is given by Eq. (A24),
Hand Hy,,,, by Eq.(A6b), yand B (¢ )by Egs. (3.47a,b), u(f ) by
Eq. (B3a), and the contour L encloses all the singularities of
(0, (25)7).

The (J, )-transform of the slowly rotating solution (4.34)
is also given by Eqs. (4.35) and (4.36) with y, B(t), ¥, etc.,
replaced by primed variables, y’, 8'(¢), ¢/, etc., calculated
from Egs. (4.31), (4.32), and

¥'(0, (25)7") = F(s)(0, (25) ). (4.37)

When « > |z,|, the contour L encloses the two branch points
of o°(s) at s = }(z, + «) ™" and the cut joining them, to be
denoted C, (without loss of generality, take z,> 0). The cut
C,, joining the zeros of S (s), crosses the real axis on either side
of C,. To understand how Y’ _ (¢) varies as « decreases to z,
and beyond, view the complex s plane in the Riemann sphere
topology. When « < z,, the cut C, occupies the two semi-
infinite portions, — oo <5<z + )7, 4z — #) T '<5 < o0,
of the real axis, and C, passes between. The contour L takes
the form of two open infinite arcs enclosing the two parts of
C, in the positive sense, as well as the point ¢ and all the
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singularities of ¥(0, (25)~ '), and may be deformed to a clock-
wise contour L ' enclosing only the cut C, (as in Sec. 3C). As
xk—0, L (or L') and C, are pinched off at s = (2z,) ™' as the
two ends of C, close up the gap, and the integral takes the
limiting form

S t Y0, (25) Je W
Y= 21rj;~s—t S(s)
—ip Vis)e*¥
X ( e ) ds, (4.38)

where L ” is a “figure-eight” shaped contour which crosses
itself at s = (2z,) ' and encloses C,, Im 5 > 0, in the positive
direction and C,, Im s <0, in the negative direction.

As an application of Eq. (4.38), the simple solution

& =1+ ity (4.39)

¥, small constant, transforms under (J, ) in the limit as k—0
to

w=0,

1—cos(9, (4.40)
1+ cos @

to order ¥, where the spherical coordinates (r, € ) are defined
byp =rsin 6, z — z, = r cos 8. For each z,, this is different
from the (J )-transform, which is simply &' = 1,0’ = — ji,.
Equations (4.38) and (4.40) also hold when 2,<0 [in the case
2, =0, the cut C, joins s = i(z — ip) ' toico and Yz + ip) ™'
to —iw and L ” consists of two infinite lines crossing the
plane from left to right, one enclosing C,, Im s> 0, in the
positive sense, the other enclosing C,, Im s <0, in the nega-
tive sense]. The limits as z,— + oo are also well defined if
one compensates unbounded terms by additive constants in
o' and ¢' and by suitably adjusting the gauge of F'(¢ ). Under
this latter limit, the transform of (4.39) becomes

' =pF2r Yz, o= TF2r '"YInp. (4.41)

A somewhat different limiting transition can be carried
out by superposing a finite rod of length 2« and line density 4,
e = 2k[(x — 1)/(x + 1)]"/? (Zipoy—Voorhees § = 1 parti-
cle), and letting k— oo with the midpoint fixed at z = z,,. In
this case, the limiting procedure involves rather lengthy and
difficult asymptotic techniques and it is necessary to adjust
gauge and admit the translation w— + constant in order to
absorb terms of order In « in F'(¢ ). The limiting transform of
the solution {4.39) turns out to be (4.41) (upper sign if z, < 0,
lower if z;, > 0).

The limiting transitions discussed in the preceding
paragraphs do not succeed in obtaining the Kramer-Neuge-
bauer involution (') as the limit of some sequence of members
of . At this stage, the question of whether or not (/) is in
some analytic continuation of %~ (and therefore in K by defi-
nition) remains open. Nevertheless, the foregoing calcula-
tions are instructive in that they show for the first time how
large classes of solutions involving logarithmic singularities
along the entire z axis can be generated from flat space using
the Geroch group.

&' =p+2r "Yor, @ =7 "¢ln
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APPENDIX A: ANALYTIC CONTINUATION OF F(1) ONTO
THE SECOND RIEMANN SHEET

The complex matrix potential F ()
[ = F 5(t) = F(p, z, t)] of Kinnersley and Chitre®'* (KC)
satisfies the two partial differential equations
it
’t)

VF(t)= 5 [(1 —2ez)VH — 2t pVH JeF (1), (Al)
V =(3/3p,3/32),V = (8/8z, — 3/Jp), whose compatibility
is guaranteed by the differential equations for the matrix
potential H [ = H ,;, = H ,5(p, 2)],”*
VH =ip~'geVH. (A2)
In Eqgs. (A1) and (A2) we have used the notation,
S(t)=[(1 =262 + 4t %)
=[(1~2B) —4%a?1"? S(00)=1, (A3)
_ ( 0 1) A4
“\lo1 o (A4)
and g = Re His the 2 X 2 block of the metric {see Egs. (1.1}~
(1.5)]. If cylindrically symmetric gravitational wave solu-
tions rather than axially symmetric stationary solutions are
under consideration, one should replace the coordinates
(p, z) by (a, B), where a = ip, B = z, and perform the neces-
sary analytic continuations.
If Ft} is a particular solution of Eq. (A1) for given
g = Re H, the general solution is
F(r)=Fylt)glt), (A5)
where g(¢ ) is a rational matrix function of ¢t only, not of p or z.

Since some of the freedom in F(¢) is used up by the initial
conditions,

F(0)=ie, F(0)=H, (A6a,b)
and first integrals,

detF(t)= — 1/8(t), (A7a)

S(t)F*(t) = 2itgeF(t) — (1 — 2ez)F (t), (A7b)

F *(¢ )beingthecomplex conjugate of F (¢ *),g(¢ )isaccordingly
restricted to obey

g0)=1, detglt)=1, g*{)=glt). (A8)
This nonuniqueness in the definition of F'(¢) gives rise to the
infinite-dimensional group of gauge transformations®® act-
ing on the hierarchy of KC potentials [coefficients in the
power series expansion (1.9)] which leave invariant the met-
ricg=Re H.

Hauser and Ernst’ have proved that, under general cir-
cumstances, there exists a unique gauge (denoted here “spe-
cial HE gauge”’) such that F (¢ ) is analytic in the whole com-
plex ¢ plane except for quadratic branch points at the two

1 0
zeros of S (¢ ) joined by a cut and that F (¢ )( t) isanalyticat

0
t = oo. Furthermore, the two branch points are of index — }

in such a way that
F(t)=A@t)+B()/S(), (A9)

whereA (t)and B (¢ Jareanalyticatthezerosof S (¢ ), but willin
general have { p, z)-independent singularities elsewhere. The
principal condition in Hauser and Ernst’s theorem is that
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F(t) be evaluated in an open ( p, z) domain containing the
origin (0, 0) for which & = H,, is an analytic function of p
andzandf = Re & 70 [see Ref. 5 for a detailed discussion of
the analyticity properties of &(p, z) and F(p, z, t)].

In this appendix, we wish to give an explicit determina-
tion of the matrix functions 4 (¢ ) and B (¢) in Eq. (A9), or,
equivalently, a formula in terms of F (¢ ) for

F(ty=A(t)—B(t)/S(). (A10)

F (¢)issimply the result of analytically continuing F (t)across
the branch cut and onto the second Riemann sheet. This

two-sheeted Riemann surface will not necessarily be the

whole Riemann surface for the maximally extended function
F (t) because of possible ( p, z)-independent branch points in
F (t) on the second sheet. Since the differential equation (A1)
iseveninS (¢ ), it follows that F (¢ ) also satisfies Eq. (A 1)and so

F(t)=iF(t)n(t), (A11)
where A (¢ ) is some matrix function of  only, to be determined
(the imaginary unit / is introduced for later convenience).
Theinverse relation, F(t) = iF (t )h (t ), and Eqs. (A7a,b) give
the following constraints on 4 (t ):

deth(t)=1, h(t) = —1,

trha(t)=0, h*t)=h(t) (A12)
[cf. Eqs. (6.53) and (6.54) of Ref. 16]. These relations hold for
any choice of gauge for F(¢).

The determination of 2 (¢ ) in terms of the Ernst potential
% invokes some of the main results of Ref. 5. First, since
special HE gauge is unique when it exists,” it follows that, in
this gauge, 4 (¢ ) is uniquely determined in terms of & . (It will
be seen that the converse is also true.) First, let us use the
homogeneous Hilbert problem (HHP) to find how 4 (¢ ) trans-
forms under an element of the Geroch group represented by
u(t ). With a prime denoting transformed variables, the HHP
reads,

X_(¢)=F'(e)ult)F ()", (A13)
where X _(¢)isanalyticinL _ (theexteriorof L Jandat? = oo,
F’(t) and F(t) are analytic in L , (the interior of L ). On the
second Riemann sheet, we must have

X_(t)=F'(tu)F@)!

=F'(t)h'(t)ult)h(e)”"Fle)™", (A14)
since neither X _(¢) nor u(t) can have branch points at the
zeros of S (¢)in L _. Comparison of Eq. (A14) with (A13)
shows that

h'(t)=u(t)h(t)u(t)" " (A15)
Thisderivation does not presuppose that either F (¢ )or F /(¢ ) is
in special HE gauge. If both are in the special gauge, u(t ) is
necessarily analytic in L _ and obeys the HE boundary con-

dition atf = o [see Eq. (1.13d)].” It is obvious from Eqs. (A5)
and (A11) that an arbitrary gauge change,

F(t)—F(t)glt), (A16a)
has the effect
h(t)—g(t) 'hit)glt) (A16b)

The next stepis to find all #(¢ ) analyticin L _ which map
flat space & = 1 to a given stationary solution
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&' = &'(p, 2), preserving special HE gauge. It will be neces-
sary that &' be analytic in a ( p, z) domain containing the
origin (0, 0). The following formula of Hauser and Ernst’
gives implicitly all group elements #(t ) which map any given
initial solution & to any given final solution &’ preserving
special HE gauge:

—._l
(tg',i)u(t)( ; )=0,

where & and &’ are to be evaluated atp = 0,z = (2t)~'. The
real and imaginary parts of this equation, together with the
determinant condition (1.13a), provide three equations for
the four components of «(t ). Now put & =1 and

&' =f+i=,(0,(20)"") + (0, (2t)7) (A18)
in Eq. (A17) and solve for the components of #(¢ ) in terms of £,

¥, and one arbitrary function of ¢ (hereafter we drop the
prime on &’). The result is

(A17)

cos (t)

ult) = ( _ft;}fwjl,z f(‘)”)( — tsin81t) t~'sin @t )) ,

cos 6 (t)

Al9)
where 6 (t) is analytic in L _ and at t = 0, but otherwise
arbitrary. The matrix on the right in Eq. (A 19) represents the
general B-group element'® which maps flat space to itself,
preserving special HE gauge. This result also shows inciden-
tally how &'( p, z) can be deduced uniquely in terms of &' (0, z)
from the HHP.

Finally, in order to explicitly calculate (¢ ) for any given
solution &, one need only introduce the flat space expression
in the right-hand side of Eq. (A 15). For flat space,’

t i
| s sm
Flr)= ife) ) | (A20)
S(t) Sit)
where
ult) = 1~2tzzt—S(t), W) = 1—2t;t-}—5'(t).
(A21)

It follows that 4 {¢ ) for flat space is given by

()

Hence, substituting Eqs. (A19) and (A22) into Eq. (A15), we
find that / (¢ )forany solution & = f + i inspecial HE gauge

is given by
Y| L s—lp—1
h(t)=( uf » t _j: ),
tr+) W
with fand ¢ evaluated at p = 0, z = (2¢)~'. Notice that the
HE boundary condition that

)

be analytic at t = o is satisfied on both Riemann sheets.
Notice also that if & (¢ ) is known, then & (0, z) can be deduced
immediately from Eq. (A23), and then & (p, z) and F(¢) are
determined uniquely by the HHP.

Although the F () potential for the general Weyl solu-

(A22)

(A23)

631 J. Math, Phys., Vol. 23, No. 4, April 1982

tion, & = e*, x,, +p~ "X, + Xz =0, is well known, it is
not at all obvious how to identify which gauge is special HE
gauge. The expression given in Ref. 12 can be written

t i
ooy 5O sE Y o
F(t)_(o e"‘) ) (O e‘B“))’
S(e)  S()
(A24)
where B(t) =B (p, z, t ) satisfies
va() = L2V = 2PV poy—y.  (A25)

S()
[ (t)is defined up to an arbitrary additive function of ¢ only.
This arbitrariness corresponds to the freedom to change
gaugein F (¢ )withadiagonalg(r )matrix. Since V3 (¢ )isodd in
S (¢), there is a natural particular integral of Eq. (A25), which
we denote 3,44 (¢ ), which is also odd in S (¢). This natural
gauge for the Weyl F (t )-potential is precisely the gauge used
by KC to derive the Kerr and generalized Tomimatsu—Sato
solutions from special Weyl solutions.'? In Ref. 16, we calcu-
lated F (¢ withthechoicef (t ) = B4, (¢ )and found that (¢ )is
the same for all Weyl solutions and is given by the flat space
expression {A22}. However, this natural gauge is not special
HE gauge (except for flat space) as 5,4 (¢ ) has ( p, z)-indepen-
dent singularities in the complex ¢ plane. A direct calculation
shows that if

B(t)=Boalt) +6(t) (A26)
in Eq. (A24), where § (¢) is some function of ¢ only, then

0 _t—le—zé(t)
hit)= (tez""' 0 )

If F (¢} is in special HE gauge, then e *#!“! must be analytic
throughout the  plane (including ¢ = «) except for quadrat-
ic branch points at the zeros of S'(¢). In that case, & (¢) is
uniquely determined by equating the right-hand sides of
Egs. (A27) and (A23) with f = €%, ¢ = 0. The result is

5(t) = x(0, (2)7). (A28)
A direct proof of this result can be obtained from the contour
integral expression (3.47b) by observing that the residue of

theintegrandat?’ = tiseveninS (¢ )and the remainder of the
integral is odd in S () and that £ (1) = — (0, (2¢) ™).

(A27)

APPENDIX B: RELATIONSHIP BETWEEN (1) AND
Wa?/1)

The complex spectral parameter A used by Belinskii
and Zakharov’ (BZ) is related to ¢ by the quadratic
transformation, '®

t=tA)=A/(A%+ 264 + %), (B1)

so that the image of the full A plane is the two-sheeted Rie-
mann ?surface whichis the domain of .S (r jwith branch points
at the two zeros,

t=4{B+a), (B2)

of S (¢). To fix ideas, we consider (a, 8) domains for which
| B|>a>0. Then the branch cut may be taken as the finite
segment of the real axis joining the zeros and not passing
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through ¢ = 0. For ¢ on the first Riemann sheet (excluding
cut, including ¢ = «), the inverse of Eq. (B1) is

A=pit)={1 — 208 —S{t)}/2s, (B3a)

and theimageinthe A planeis the opendisk, |4 | < @, denoted
I, (note t = 0 implies A = 0). For ¢ on the second Riemann
sheet (excluding cut, including ¢t = «), the inverse of Eq.
(Bl)is

A=vt)=[1-28+S(t)1/2t = a*/ult), (B3b)
and the image in the A plane is the region, |4 | > @, denoted
I',aswellas A = . The two zeros of A 2 + 281 + a2,
namelyA = A4,inNand A = A, in I}, map to the two points
at infinity of the Riemann 7 surface. The circle |4 | = a (de-
noted I ) maps one-to-two onto the branch cut itself, To un-
derstand this a little better, consider counterciockwise cir-
cles, |1 |=a—8inland [A|=a+8in T, where§is
small and positive. The former maps to a clockwise closed
curve enclosing and closely fitting the cut in the ¢ plane, the
latter to a similar but counterclockwise curve on the second
Riemann sheet.

The BZ matrix eigenfunction Y(A ) is related to F (¢ ) by'®

YA)=t7'SE)P(t), |A]<a (B4)
where the matrix functions P(t ) and Q (¢) are defined by
F(t)=P(t)+iQ(t), F*et)=P@t)—iQ(). (B

This result was proved in Ref. 16 by directly comparing the
differential equations for{(4 Jand P (¢ ). The differential equa-
tions also allow a multiplicative matrix function of 7 only
(reducing to the unit matrix at ¢ = 0) on the right of Eq. (B4)
(gauge change + r-dependent rescaling) but without loss of
generality we set it to be identically unity in order that (4 )
be analytic in I", whenever F (¢ ) is in special HE gauge. The
HE condition (1.11) at # = oo also implies corresponding
conditionson (A )atthetwozerosofd 2 + 284 + a*[seeEq.
(2.4)].

Analytic continuation of Eq. (B4) to |4 | > & gives, with
an obvious notation,

YA)= —t'S)P(t), A]|>a, (B6a)
or, equivalently,
Ya/A)= —t~'S(t)P(t), |A|<a. (B6b)

[In Eq. (B6a), A = v(¢); in Eq. (B6b), A = u(t), a’/A = v(t).]
Now, from Egs. (B5) and (A11),

P(t)y= —Q(t)h(t), Qt)=P(t)h(t), (B7a,b)
where £ (¢ }is given by Eq. (A23)if F (¢ ) isin special HE gauge,
and from Eqgs. (A 16a,b) otherwise. We reproduce here some

simple identities given in Ref. 16 which are immediate conse-
quences of Egs. (A7a,b) here:

Pt)= —v7'(t)geQ(t), Q(t)=p"'(t)geP(r), (B8a)b)
det P(t) = tu(t)/S*t), detQ(t)=ut)/S*t), (B9a,b)
det P(1) =A%+ 261 + o (B10)
From Eqgs. (B7a) and (B8b), we have
Blty= —p~'(t)geP(t)h(t). (B11)

Finally, from Eqgs. (B4) and (B6b), we obtain the desired
relationship:
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Ya¥/A) =21 "'gedid ) (t). (B12)
Although Eq. (B12) was derived for |4 | <, it holds for
all A. This can be seen from the inverse relation
YA )= —deg” "la®/A)h(t)”"
= (A /a’)gebla?/A )k (1),
where wehaveused € ™' = — ¢, detg=a? h(r)”
= — h(t), the symmetry of g, and the following identity sat-
isfied by any nondegenerate matrix M:
eMTe= — (det MM ',

" denoting matrix transpose.

(B13)
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The consistency of the Cauchy initial value problem in a theory of gravity based on a
nonsymmetric metric is investigated. It is demonstrated that the dynamical equations preserve
the constraint equations as the evolution of the initial data occurs. The consistency is shown
rigorously using the full field equations rather than the series expansion used previously.

PACS numbers: 04.50. + h

I. INTRODUCTION

A new theory of gravitation has recently been proposed
and developed.'~® The theory is based on a nonsymmetric
metric g,,, and the two premises:

(i) The transposition-invariant (Hermitian) length of a

vector, 4 ¥, given by (g,,, 4 # A"), is preserved under parallel
transport with respect to a connection A ;,(I";, in free
space);

(i) A local inertial frame of reference exists such that at
a point x* = x'#,

Al =0.

The theory has been shown to possess a rigorous spheri-
cally symmetric solution of the vacuum equations.! When
the known solutions of the theory are analyzed, radical de-
partures from general relativity are seen at'small distances
(static solutions)' and early times (cosmological solutions).*>
The theory agrees with all current relativity experiments."®

The formalism for the Cauchy problem has been pre-
viously set up’ by considering an expansion of the metric 8
about Minkowski space, 7,,,. This is necessary at present,
because of the difficulty in working with the closed form of
the metric connection I, .* This paper is concerned with
the consistency of what appears to be an overdetermined
system of equations for the forward propagation of g, , in
time, thus completing the work mentioned in Ref. 7.

v) lx:x’

Ii. FIELD EQUATIONS AND IDENTITIES

The vacuum field equations can be derived by a Palatini
variation from the vacuum Lagrangian density'"’

L=¢g"R, (W), (2.1)
(V' —g) Xand
Ruv{W) Wﬁ\ 2(W/¢ﬁ\ + W?[},u)

—WE W, + WE W (2.2)

av JIat

where we have used the notation X =

Here W f“ is a nonsymmetric affine connection. Performing
the variation yields the field equations
8uvo — 8l s — 8L 5n =0, (2-3)
g =0, (2.4)
R, ()=3W, . (2.5)
where I''% L isa Hermman connection related to Wf“ by
Wi, =TI\ —36'W, (2.6)

154 Hy
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and W, is given by

W W[w{ %(Wiﬂ - W;{{\) (27)

Equation (2.6) guarantees the four conditions I', = I‘f# Al
= 0, which are equivalent to the four equations (2.4). The

contracted curvature tensor R, (I") is
R, (M)=Tf,5 Y (s +F(Bvﬁm)
—Ie e, +It,r: (2.8)

W, represents an auxiliary vector field and the Lagrangian
(2.1} is invariant under the abelian gauge transformation'

W.,=W,+4,, 2.9)
where A is an arbitrary scalar field.
The coordinate and gauge invariance of the Lagrangian

can be used to generate five identities of the theory.® Four of
these are generalized Bianchi identities:

[6G,. () + &G, ()], + 8,6, (") =0, (2.10)
where

G, (I')=R,(I'}— 18, R(I') (2.11)
with

R(I)=g*R,(I). (2.12)
The remaining identity can be written as

g, =0 {2.13)

ill. THE CAUCHY PROBLEM

Consider a three dimensional hypersurface S oriented
in space. We can choose, without loss of generality, a coordi-
nate system such that the surface S is described by x” = 0.
On Sweare given theinitial datag,,.), 8,10 81515 815100 &10i 1
and W, with the restriction g,, > 0. We can then calculate all
the interior derivatives of g, and W, on S. The gauge free-
dom of W, [Eq. (2.9)] can be used to set W, = 0.

It has been shown by Moffat’ that under a flat space
expansion of g,,., the nth order field equations can be rewrit-
ten as a set of dynamical equations (/,j =1, 2, 3):

(n) () (n) (3.1)
oo =2 Ny + 2K
(n) (n)  (n) (n) (3.2)
8100 =V? g[q|+K|U|+ WW(
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(n)  (n) (n) + (n)
Wio =8uo — 1V 8w L)
(n) (n) (n)
&ioroo =8 + Clioy’
where the right-hand sides are determined by the initial data,
interior derivatives, and the lower order dynamical equa-

tions. As well, there is an additional set of constraint
equations:

(3.3)

(3.4)

(n)
R(l’O) = 0) (3.5)
(n)
Ry, =0, (3.6)
(n)
g ¥, =0, (3.7)

which can be rewritten in the form of initial data constraints.
The compatibility of the above systems has been demonstrat-
ed by Moffat.”

The nature of the dynamical equations is such that they
can be integrated forward in time consistently, provided the
constraint equations remain true once they are fulfilled at
x°=0.

IV. CONSISTENCY

The dynamical set of equations is derived from the field
equations (, j = 1,2,3)

R, =0, @.1)
R[;u'] = %le,y 5 (4.2)
g™, =0, (4.3)

and the initial constraint set of equations is derived from
Ry =0, (4.4)
Ry =0, (4.5)
g%, =0. (4.6)

The equations to be investigated are (4.4)—(4.6). The objective
is to show that the existence of the dynamical equations
(4.1)-(4.3) is sufficient to maintain the validity of the con-
straint equations (4.4)—(4.6) for all x°, once the constraint
equations are satisfied at x" = 0.

If we rewrite (4.3) as

glﬂ)]‘0 + g!ij]’j =0 (4.7)
and take the divergence, we find
g, =0. (4.8)

When this is combined with the initial constraint
g, =0 at x*=0, (4.9)
we have the unique solution of (4.8},

g™, =0 forall x° (4.10)

Thus Eq. (4.6) is maintained for all x".

Now consider the Bianchi identities (2.10). If we substi-
tute for G, (I") and R (I") with (2.11)~(2.12) and utilize the
relationship

& ,80 = —2(V — &), (4.11)
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we find after some algebra
[gaVva + gvaRvp ],a - gpvR‘uv.p =0. (4‘12)

Separating g°” and R,,; into symmetric and skew parts, Eq.
(4.12) becomes

R(pv} g(av',a + g'aV)R(pV),a + R[pv ]g[aV],a

+ 18R 0 — 18R ., =0 (4.13)
with

R[pv,(l] = R[p\'],a + R[Va],p + R[ap],\" (4-14)
That R, . = O can be seen immediately by considering Eq.

(4.2), which is valid for all x° because it is part of the dynami-
cal system of equations. Also the term g'** R, ov] can be
seen to be zero by writing it as

8 R =8 R o + 817 R, (4.15)

where g'®®’ , = 0 by Eq. (4.10) and g'' , = 0 by Eq. (4.3).
Thus Eq. (4.13) becomes

R(pv) g(aV).a + g<aV)R(/)\'D,a - %g(‘“/)R(;n'),p = 0' (4 16)

We now rewrite Eq. (4.16) as two sets of equations by
considering p = 0 and k (k = 1,2,3),

Rqov) g(av),a + g(m,)R(o\»),a - %ng)R(,uv),o =0,

R(kw gimr)‘a + g(av)R(kv),a — %gw”va),k =0. (4.17b)
From Eq. (4.1) we have R ;, = Oidentically for all x*; thus all
derivatives of R ; vanish and we have

R, =0 (4.18)
Expanding the terms in Egs. (4.17a) and (4.17b) by separat-

ing the summed indices into space and time parts and using
Egs. (4.1) and (4.18) we have

=2

(4.17a)

(i

Rooo = g {R0,8"" o + 8" R, }» (4.19a)
1 . ‘
Riopo= — _g‘T {Rqoklg' 0'.0 + ng(Ok ¥,
—18"Rox — 8YR ;i }- (4.19b)

The left-hand sides of (4.19a) and (4.19b) contain all the
time developments of R, and Ry, while the right-hand
sides depend only on the metric tensor, its derivatives, and
the interior derivatives of of R, and R . If we assume the
analytic behavior of the metric tensor, then this system has a
unique solution when combined with the initial constraints

R()() = 0) Rqo;\) =0 at XO =0.
The solution is
R()() = O: R(()k) =0 forall x”.

Thus Egs. (4.4) and (4.5) are maintained once they are satis-
fied on the initial hypersurface S.

V. CONCLUSION

We have demonstrated that the constraint equations
are maintained by the dynamical system, thus making it pos-
sible to consistently integrate the metric and W, field for-
ward in time from the original hypersurface S. In the work
presented, we have shown this result in a manner dependent
only on the analytic behavior of the metric and not on the flat
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space expansion, thereby making the consistency rigorous.
This work, when combined with that of Ref. 7, leads to
a solution of the Cauchy problem within the context of the
new gravitation theory,' provided the flat space expansions
in Ref. 7 converge. There still remains the problem of finding
a rigorous dynamical solution for the g,,,. using a closed form
for the I'%

pHv
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A Kerr-like metric is obtained by means of a complex coordinate transformation in the Brans—

Dicke theory.
PACS numbers: 04.50. + h

Newman and Janis' have given a derivation of the Kerr
metric by performing a complex coordinate transformation
on the Schwarzschild metric. Later, Newman et a/.” applied
a similar technique to the Reissner—Nordstrom solution to
obtain the charged Kerr metric (Kerr—-Newman solution). In
this paper we have followed a similar procedure to obtain the
metric of a rotating body in the Brans—Dicke theory. Coordi-
nate transformations have been made on the usual Brans—
Dicke metric® to bring the line element formally into the
standard Schwarzschild-like form. Then, complex coordi-
nate transformations have been carried out and the Kerr-like
metric is obtained in the Brans—Dicke theory.

The Brans—Dicke line element in isotropic form® may
be written as

_ 2/4
dsz — e2a',l: ﬁ_ﬁ_ﬁ’;] / dt2 — eZﬂo(l +B/r)4
r
_ 24 —c— 1)/
X[ ;+§;:] [dr + F(d6? +sin*0 dg Y)). (1)

By making a change of scale r—re®, t—te™ of the coordi-
nates r and ¢, the line element (1) becomes

ds? = (I;M)“dtz i+ ro/r)4[ - ,M,]Z(A_c, i
L+ ro/r 1+ ry/r
X [dr? + r(d6? + sind d¢ %)), 2

where 7, = Be®. Substituting 7 in place of » with the help of
the relation

F=rl+7/2rf, (3)
in Eq. (2), we have
ds’ = (1 — 27y/P)"dt > — (1 — 27, /F)f ~ 'dP
— P(1 — 27/PFd8 > — (1 — 27,/PAfsin®0dd %, (4)

where
n=1A4,&=(A—c—1)/A, and r, = 2r,, (5)
We now choose a time coordinate » such that
du=dt — (1 = 2r/R¢ " VgF, (6)

With the help of (6) the line element (4) becomes,
ds’ = (1 — 2F/F)"du’® + 2(1 — 27,/F\" + 4= "V2Gyudr

X — P(1 — 27,/P¥d6 % — P(1 — 2F,/Ffsin’0 dé 2. (7)
The contravariant components of metric (7)

g44 =0,
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g = —(1-27/7 %,

gt =(1=27/n e,

&7 = (— /P = 27/7 ",

g¥ =(— 1/Psin’8)(1 — 27,/7) %,
can be represented in the alternate form

g =1"n"+1"n" — m*m* — m*m", (8)
where

]# =5,th’ nt = [1 _270/7] —(m+&— 1)/2&:

~1[1 = 27/7]"' — 484,
me = [ 21 — 27/m2] '[85 + (i/sind)88], (9)

= [ 21 — 277821 '[85 — (i/sind)8% ]

(The previous use of bars on # is dropped and any bar now
appearing on r indicates its complex conjugate value.)

The coordinate 7 is allowed to take complex values and
the tetrad is rewritten in the form

[#=8, n*=[1—rfl/r+ /] -0+ 128
— 31 —r(l/r + 1/A}] 28,

me = [J2rl1 = rUr 4 1/P)72] 7' [8 + (i/5in6)8% ),
(10)

e = [J2rl — /e + /AP 2] (8 — (i/5ing)8% ).

(/* and n* are kept real and m* and m* the complex conju-
gates of each other.)

We now formally perform the complex coordinate
transformation

r' =r+iacosd, O =26,
(11)
u' =u—iacosl, ¢'=4¢,
on vectors /#, n* and m*(m'* is defined as the complex conju-
gate of m').

If one allows » and u' to be real, we define the following
tetrad

4

1" =8, n”‘=[1—

2r0r' :I*("I+§~1l/2
r'? + a’cos’6

' —
—'[1“2—%;—7] &
r'* + a‘cos‘d
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- U\
m* = | 2(r + iacosf (1 - ———-—0——) ]
[\/ ( ) r? + a’cos?d

X [iasin® (8 — &) + & + (i/sin6 )84 ],

— .. 27, £/2] -t
mH = [\/2(r — iacosd )(1 - m) ]

X [ — iasin® (& — &) + & — (i/sin0)8 ]. (12)
The metric coefficient g** now takes the form

g =1"n" 4+ 1"n"" —m*m"™ — m"™m'". (13)

From (12) and {13) the desired line element may be written as
(dropping the prime)

2ryr 7 .
ds’ = [l — m—;—’m] (du — asin’0 dg )*
+2[1_ 2ror ]"7+§*”/2
r + a*cos’0
X (du — asin’0 d¢ )(dr + asin*6 do)
2ryr £
— 1 _ 0] r2 2 2
[ r2+a200529] "+ aeos’d)
X (d6? + sin’8 dé ?). (14)

Metric (14) represents the axially symmetric gravitational
field of a rotating mass in Brans—Dicke theory. There is no
dependence of the line element on the angular coordinate ¢
so that the solution (14) is manifestly axially symmetric.

A further simplification is made by another coordinate
transformation so as to make the line element (14) as similar
as possible to that of rotating flat space which contains only
one off-diagonal term in the metric tensor, a term in dédr.

The desired transformation is*

du=df + Adr, dé=dé + Bdr, (15)

where 4 and B are functions of 7 only. The values of 4 and B
are

A=
r4a =2y

—a(l —2ryr/(F* + a’cos’@)) ~ 7 +E- 12

B = >
rF4a=2ryr

Then, the coefficient of dr* is
4 a’cos’d [ 1 2ryr )§
2 +a>—2rg\ P+ a’cos®d/)
In view of (15), the metric (14) (dropping the carets on ¢
and ¢ ), may be written as
ds’ = (1 = 2ryt/p)(dt — 0 do )
— (1 = 2r/p)ipldr/A + dBO + sin’0 dg Y
4 2(1 = 2ryr/pFoldt — w dé dg, (16)

where
w = asin®f, p =r*+ a’cos’d, A4 =r +a* — 2ry, and
o=Mn+&-1)/2= —c/2A.
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_ [@%in’6 + (P + a’cos’6)(1 — 2rgr/ (7 + a’cos’0 ) 7+ 2]

The expression for @ (Brans—Dicke scalar field) is
@ = Pyl — 2r,r/pY, (17)

where @, is a constant.
A check has been made on the Brans-Dicke field equa-
tions and it has been found that {16) and (17} satisfy them.
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The kinetic equations proposed by Ziff are analyzed and their connection with the homogeneous
Boltzmann equation is discussed. For a family of models generalizing the Tjon-Wu and
Bobylev—-Krook—Wu equations, the ordinary and Laguerre moment equations are considered.
Beyond the existence of a unique solution in L !, conditions for the convergence of the Laguerre
expansion are found and asymptotic estimates are given.

PACS numbers: 05.20.Dd,

INTRODUCTION

The Tjon—-Wu (T.W.) equation’ is the prototype of a
class of kinetic equations describing the time evolution of a
spatially homogeneous system of identical particles whose
collisions conserve energy and may or may not conserve mo-
mentum. The general structure of such equations first pro-
posed by Futcher ef al.*> was discussed by Ziff> and the con-
nection with the d-dimensional Boltzmann equation (B.E.)
was given for special models by Ernst and Hendriks.* Barns-
ley and Turchetti investigated the connection with the 3-
dimensional B.E. for arbitrary cross section.® The same au-
thors proved that a B.E. for Maxwell-like molecules, for
which Bobylev, Krook, and Wu (B.K.W.) provided an ex-
plicit solution,®’ was related to the T. W. equation by an
Abel transformation.? The method of integral transforms
allowed the construction of new models,* all solvable via a
Laguerre polynomial expansion.*® The Laguerre expansion
was first proposed to solve the T. W. and some related equa-
tions by Ernst,'” Barnsley and Cornille,'' and Futcher ez al.?
A global existence theorem for solutions in L ! of the T. W.
equation was also shown to hold.'>'* The convergence of the
Laguerre expansion was proved for a family of initial condi-
tions in the case of the T. W. and B. K. W. equations'""'* and
extended to a B. E. for Maxwell molecules with an angle
dependent cross section. '’

The aim of this paper is to carry out a systematic analy-
sis of a class of models proposed by Ziff to which belong the
T. W. and the B. K. W. models. In Sec. 1 we discuss some
necessary conditions the kernels of the kinetic equations
should satisfy in order to be actual B. E. Such conditions
allow the a priori estimates related to particle number and
energy conservation and asymptotic behavior (H theorem).
In Sec. 2 we discuss the moment equations and the Laguerre
polynomial expansion for the Ziff models. In Sec. 3 we first
prove the existence and uniqueness of solutions in L '. The
equations for the Laguerre moments are examined and
shown to have solutions in / * for initial conditions with not
too large norm. As a consequence the corresponding La-
guerre expansions do converge in L * due to an isometry with
[2. Finally using differential inequalities the approach to
equilibrium is determined and the H theorem is justified.

1. KINETIC EQUATIONS

The Boltzmann equation for a homogeneous gas of
identical particles in d = 3 space dimensions reads
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2 T
Z—;{(u,t) = 21; J‘deJ; deJ; sin ydy

XB ) e f(w'e) —flosfwi)]l,  (1.1)
where v, w; v/, w’ are the collision velocities,
g = |v— w| = |v' — w'| is the modulus of the relative veloc-
ity, y and € are the polar and azimuthal angle of the vector
v' — w', and B (g,y) is the collision rate related to the center of
mass scattering cross section o by B (g, y) = golg,y).

Since Eq. (1.1) involves the kinematical difficulties of
two particle collisions, equivalent equations depending, as
the T. W. equation, only on the energy variables were consid-
ered. The general structure of such equations can be written
according to Ziff®

%f%xn) - fdy :dz[P(y,z;x)F(y,t \F(2.0)

— P(x, p;2)F (x,t)F(p,t)]. (1.2)

The variables x,y,z are the kinetic energies of particles in the
collision y + z—x + w where energy conservation requires
w =y + z — x; F(x,t)is the energy distribution function and
the kernel P (y,z;x) gives the probability for this collision to
occur. Sufficient conditions on P for particle number and
total energy conservation were analyzed by Ziff, who wrote
the analytic expression of P corresponding to the original B.
E.(1.1)for the B. K. W. model. For deterministic models Pis
linearly related to the cross section of the corresponding B.
E. Ernst and Hendriks* exhibited an integral relation be-
tween P and the collision rate B in arbitrary space dimen-
sions d for two classes of models specified by B (g,y) = g"a(y)
with n = 0,2 and (y ) arbitrary. The relation between Pand
B in space dimensions d = 3 and for arbitrary cross section
was investigated by Barnsley and the author.’ Choosing the
relation between the distribution functions fand Faccording
to

F(x,t) = 4m(2x)'*f((2x)"/% ¢ ), (1.3)
it was found that P can be written as
I X (y+z—x)d ()2

@) 22) 72

XK(ly —z|,ly +z —2x|.y +2), (1.4)
where X is linearly related to the collision rate B by a double
integral and enjoys the symmetry property

K (a,b,c) = K (b,a,c). (1.5)
As will be shown later Eq. (1.4) with the only constraint (1.5)

P(yzx) =

© 1982 American Institute of Physics 639



on K guarantees particle number and energy conservation
but does not guarantee momentum conservation. The latter
is a hidden constraint and requires a particular functional
structure of K. For isotropic cross sections namely B = B (g)
one has

/2
K(a,be) = %f dT[B (2/¢ cos % )+ B(2V/csin -g- )],

(1.6)

where

A = arcsin max( 2 , b ) (1.7
c ¢
In order to include the models corresponding to the Boltz-
mann equation in dimensions d 5 3 and eventually other sto-
chastic kinetic models which do not correspond to momen-
tum conserving B. E. in any dimension we replace (1.4) by

I X)W +z —x)F ) (2)

plp(z)

K(ly —zl,ly + 2z —2x|y + 2), (1.8)
where K enjoys the symmetry (1.5). The only constraint on
pl.) is positivity. For B. E. in space dimensions d we have
pWy) = (2y)*”* . In order to exhibit the symmetry properties
leading to the conservation laws and the A theorem we intro-
duce a new distribution function

P(yzx) =

Flx,t)=F(x,t)plx), (1.9)

a new kernel

P(y.zlx,w) =K (|y —z|,|x —w|y + 26y + z — x — w)

(1.10)
so that the kinetic equation (1.2) reads
pl) AL f dyf dz (" dw P(y,zxu)
ot [0} 0 0
X [F(p,t)F(zt)— Fiet)Fwe)].  (1.11)

On the kernel P one readily verifies the invariance under the
exchange of the initial particles y<>z, of final particles x<»w,

P(yz]x,w) = Plzy|x,w) = B(y.2/w,x) = Plz,p|w,x)
(1.12)

and of initial and final particles among themselves, conse-
quence of time reversal invariance

Py,z|x,w) = P(x,w|p,2). (1.13)

The last symmetry property was discussed in a less transpar-
ent form by Ziff® as “inverse collision symmetry” and by
Futcher and Hoare'® as ‘‘detailed balance condition.”
Assuming that Eq. (1.11) has a solution and taking
(1.12) and (1.13) into account we derive particle number and
energy conservation and the asymptotic behavior in ¢ as @
priori estimates. Letting @(x) be a continuous function of x
and assuming that F{x,¢ )p(x)e (x) is integrable for x€[0, «o [
and that the integrand on the right hand side of (1.11) multi-
plied by @(x) is absolutely integrable with respect to all the
energy variables and ¢, then using (1.12) and (1.13) we obtain
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4 f Fixt ) (xlpixidx

= Lf dxf dyf dzj dw P y,z|x,w)
4 Jo 0 o o

X [F(y,t)F(z,t) — Flx,)F(w,t))]
X[@x)+¢w - —el]

Among all continuous functions only the linear function sat-
isfies the functional equation

oY)+ @z} =@y + 2z — x) + @ (x) identically. As a conse-
quence the only constants of motion of Eq. (1.11) are the first
two moments .# , .# , of the solution

(1.14)

M ()= -[)wﬁ(x,t Jx"p(x)dx = J:F(x,t x"dx. (1.15)

If we choose ¢(x) = In F (x,z) then by the same procedure we
show that
dH N A
—<0, H =J F(x,t)In F(x,t \p(x)dx.
dt o
If we assume that H is bounded below, then for t— c0 H must
reach a constant value so that dH /dt = 0. As a consequence
In F(x,t) has to be asymptotically a linear function of x,

(1.16)

limﬁ(x,t ) = ae 7,

-+ oc

lim F{x,t) = ap(x)e ~#~. (1.17)
t— o0

The normalization condition we choose to fix the positive
constants a and /3 is

a= (J;we_"p(x)dx)_', B=1

sothat #,=1.

(1.18)

2. THE ZIFF MODELS AND THEIR PROPERTIES

The models proposed by Ziff are defined by Eq. (1.2)
where the kernels depend on a continuous parameter and
will be denoted by P'"™(y,z;x). The analytic structure of these
kernels is specified by Eq. (1.8) with

px)=x""", Klab,c)=c"""¢" [}~ imax(a/c,b /c)],
(2.1)
where g™ is the incomplete beta function defined by

gd"™A) = (m — 1)] [u(1 — u)]™~ *du. (2.2)

The distribution function associated with 2™ will be denot-
ed by F ™ and one can notice that F'" and F®/? are the T. W.
and B. K. W. distribution functions respectively, since
gV = 1 and ¢®/? = arcsin v/4, in agreement with (1.4) and
(1.6) for B = 1. Cornille and Gervois'>'” and Ernst and
Hendriks* have shown that these models can be interpreted
as momentum conserving B. E. in dimensions d = 2m.
A crucial property of the kernels P "™(y,z;x) is that their

integral on the variable x is independent of y and z. In fact as
assumed by Ziff and proved in the Appendix one gets

fwP‘m'@z;x)dx =1 (2.3)

We assume F "™\(x,¢ ) to satisfy the regularity condition of
Sec. 1 so that according to (1.17), (1.18), and (2.1) its asymp-
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totic limit is given by

m—l

hmF""’(xt)—
= I'(m)

and its zero order moment is equal to 1. Then Eq. (1.2) takes
the form

{m)
‘Z—f (et) + Fix )

e * (2.4)

= J- dyf dz P'"™( y,z;x)F "™ y,t \F™(z,t). (2.5)
(¢] 0

The moments of P were assumed by Ziff after gener-
alizing the results of the T. W. and B. K. W. models and
allowed him to reconstruct the kernels themselves. In the
Appendix, following the reverse procedure, given P ac-
cording to (1.8} and (2.1) we compute its moments and find in
agreement with Ziff

o0 (m)rl < J)l Z” _j
(m) . n —
J(; Pl zaptdx = n+ 15 (m) (m),_;’

where we used the notation (m)}, = I'{(m + n)/I" (m). The
normalized moments M ™(¢ ) defined by

(2.6)

Mt ©
Mgy = 2 ] f Fxtixdx  (2.7)
M) (m), Jo
satisfy the following equations of motion:
dM(m‘ 1 n
- M™M= —— Y MMM 2.8
dt § n+1 j;() / ! ( )

as can be easily verified after multiplying (2.5) by x”, integrat-
ing on x, and using (2.6} and (2.7).

A procedure to solve (2.8) with initial values M !™(0)
determined by the initial distribution has been derived in
Ref. (11). However, in order to reconstruct the energy distri-
bution at time ¢ it is necessary to use a basis of orthogonal
polynomials in [0, «o [ with respect to a measure whose natu-
ral choice is F"™(x, 0 ). Such a basis is provided by the La-
guerre polynomials of order m — 1 for which we choose the
standard normalization

(m),
n!

L x)= Fi(— n,mix)

(=x) x)k (n +m— 1)
= , 29
Z "k (2.9)
where | F, is the Kummer hypergeometric function. The
orthogonality relations explicitly read

(m)

[TFm i iz - miax = 5, (210
o n!

We expand the distribution function in a series, whose con-
vergence properties will be investigated later,
Fmx,t) = F™(x,00) $ @t )L 4= ix), (2.11)
n=20

where the coefficients © {™(¢), hereafter called Laguerre mo-
ments, are given by

LI (- im— 1)
) LF (e, 2 )L 7~ Nix)dx.

in

o) = (2.12)
The connection between the © {™ and the normalized mo-
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ments is found using (2.12), (2.9), and (2.7) and reads

o) = 3 (11 (Mt

As a consequence (2.13) and (2.11) solve the initial value
problem for F")(x,t). Nevertheless following Ernst and
Hendriks* we notice the remarkable property of © (¢ )
which satisfy the same differential equations as M {"(¢). In
fact, as we prove in the Appendix, the Laguerre moments of
P ™y z:x) are given by

(2.13)

[Pz = an
0

(m), z”: (m—l)(y)L(m—l)() M —Jj)!

(2.14)
Y (m);(m), _;
and consequently from (2.5) and (2.14) we obtain
de(’") 1 n
L +0mM=—— Yoo . 2.15
dt n+1 j;o ! / ( )

3. EXISTENCE AND UNIQUENESS

Even though existence and uniqueness theorems are
known for solutions in L ! of the original B. E. for cutoff
potentials'® no such results are in general available for the
recently proposed kinetic equations (1.2), be their origin de-
terministic or not. Moreover the solutions obtained via the
Laguerre polynomial expansions for some of these models
require existential theorems in L * spaces in order to be rigor-
ously justified.

The T. W. model was quite intensively investigated. An
existence and uniqueness theorem for continuous positive
initial data in L ' was first given using the method of mono-
tone iterates.'® The classical theorem on differential equa-
tions in Banach spaces, based on contraction mapping in its
weak form, was used to prove the existence of a local weak
solution in L ' and the extension to any time was achieved by
an iterative process based on estimates of the L ' norm.?
Finally existence and uniqueness of solutions in L ! of the
Tjon—Wu equation were shown to follow in the neatest way
from a theorem of Brezis.'* The same theorem allows one to
select a class of initial data for which solutions in L 2 do exist.

In this section the above mentioned results are extended
to the Ziff models. Dropping from now on the index m we
write Eq. (2.5)

dF(t)
dt

where S'is the mapping defined by the right hand side of (2.5).
Equation (3.1) is to be interpreted as a differential equation in
a Banach space L ' (0, ») whose norm we denote by

IF (), = f:wx,tndx. (32

+ F(t)=(SF)t), (3.1)

Lemma I: Smaps the unit ball of L ' (0, «o ) into itself and
is there uniformly Lipschitz.
In fact if FeL '(0, o) from (2.3) follows that

ISF ||, <[IF i (3.3)
Moreover if F and G belong to the unit ball of L, (0, o) then
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we have

ISP =611, = | “ax|[“ap [ "z P(y.z0)
X [F())F( — GG @]

=f dxlf dy| dzP(yzx)
0 0 0

X[F(y)—G(IF2)+ Gl
<[IF+G|\IF - G|, <2/F - G|, (3.4)

To obtain this result the symmetry P (p,z;x) =
been used.

The Brezis?® theorem on differential equations in Ban-
ach spaces we need is the following.

Theorem 1: Let ¢ be a closed convex of a Banach space
and let S be a mapping of % into % such that

ISF— SGi<e|lF ~ G|

for a constant ¢, then for VF €% there exists a unique func-
tion F(t)e¥ such that F () is absolutely continuous in [0,T]
for any T, differentiable on ]0,T [, and satisfies Eq. (3.1) with
F(0) =

As a consequence the following result holds.

Theorem 2: Given any Fye %', where % is the unit ball of
L '{0, o), then there is a unique solution F (£ )¢ of Eq. (3.1)
with initial condition F (0) = F,. Moreover if Fye %  , where
% . is the intersection of %’ with the positive cone, then
F(t)e% ..

It is important to notice that the physical solution be-
longs to the border of ¢ . defined by ||F||, = 1. In fact if
Fe% , then ||SF||, = ||F||}. Moreover we can write

P(z,y;x) has

F(t)=e~'F(0) +Je"_"(SF)(T)d7' (3.5)
(4]
and due to the positivity condition for F(¢) we obtain
IF @ == IF Ol + [ e~IF @il 3

The solution of (3.6) for || F(0)||, = lis ||F(¢)||, = 1. Asacon-
sequence F (¢ ) will satisfy the original equation (1.2).

Another relevant question concerns the convergence of
the Laguerre polynomial expansion introduced in the pre-
vious section. For this purpose we consider the Hilbert space
L (0, ) with respect to the measure I" ~ '(m)x™ ~ 'e = *. Let-
ting @ (x,t )be the normalized energy distribution we write its
Laguerre expansion as

Fixt) _ & [ n! ]‘/2
Flx,c0) ngo (m),
(3.7)

where, in agreement with (2.11), the new Laguerre moments
6, are related to the previous ones by

@ (x,t) = 6,1 )L "~ V(x),

~ 172
6, — [ (m). ] e, (3.8)
n!
and satisfy the differential equations
dé ~ 172
r 8, = [(m)n ]
dt n+1 n!
n | — ! 172 A A
X [ﬂ———k—)—] 6.6, .. (3.9)
ol (m),(m), _,
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Let us denote by ||+||, the normin L ? (0, o ) with respect
to the measure I" ~!(m)x™ ~ 'e ~ *, namely,

P2 =T ‘l(m)f e %"= 'dx,t)dx.  (3.10)
0
Let us also denote by 6 )= (éz(t ),53(t ),...,é,, {t)...) a vec-
tor of the Hilbert space /2 with norm ||-|| given by
16 = 29 (£)- (3.11)

We remark that the first two equations (3.9) for n = 0,1 read
d60 d61

+6,=6:, +6,=60, (3.12)

If F (x,t ) is a solution of (2.5) corresponding to a positive
initial condition with unit L 1(0, o0 ) norm, then we know that
Go(t) = 6,(t) = ||F (t)||; = 1. Moreover if xF,(x,t ) also be-
longs to L '(0, ) then B,(¢) also exists and has a constant
value. Consistently with the asymptotic behavior that will be
later rigorously justified we choose 8,(t) to be zero.

Lemma 2: The series (3.7) establishes an isomorphism
and an isometry between L %(0,00) and /.

In fact accounting for G, = 1, 8, = 0 we have

ID ()3 =1+ 16())2 (3.13)

As a consequence rather than investigating the L * _contain-
ment of @ (1), weinvestigate the / > containment of é (). The
equation O (t) satisfies can be written

%é\(t)-{-é\(t):(Té)(t). (3.14)
T is a mapping in [ ? defined by
T6=T,06 + T,6, (3.15)
where T, is the linear mapping
T8, = —2-8,, n>2 (3.16)
n+1
and T, is given by
(TZG )n
0, 2<n<4
— " 1/2p —2 n — | V2 A A
1 (ﬁ)_. ] [ kln—k) ] 6.6, _,,
n+1L nt (m)(m), _
n>4. (3.17)

In order to apply the Brezis theorem to Eq. (3.14) we
need to estimate the / 2 norm of T6. Letting m, be the integer
part of m and noticing that (m), >(m,), we have

[ kln—k) ]1/2
2cken 2| (m)(m),
[ kln— k) ]vz
2<k<n =2} (mg)i(mg), _

TRy (—
={mgy— max
¢ Taakanmal A (k4 j)in —k+))

| 2m=2t 3.18
[ (mo)almg), > ] ( )

Indeed for any fixed j the minimum of (k + j) (n — k + ) for
ke[2,n — 2] is reached at any of the ends. As a consequence
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using the Schwarz inequality we have
n—2 ! _ 1] 172 A A
kin—k) ] é

k n—kl

=2l (m)i(m), _
[ 2n —2)0 g
] —— e 9,,_
| (rohama s LI
[ W — 2\ 1/2n =2 A
< 2n —2) 16,12

[ (mo)almg), 2 | 2
[ 2nr—-2) 12 A
| (mo)ymg), 2 |

The estimate of the norm of Tzé follows from (3.17) and
(3.19) and reads

< (3.19)

IT0*= Y (T.0).<*6 | (3.20)
n=4
where c is a constant given by
o n — 2)
=3 1 (m), 2n—2) (3.21)

Sam+ 17 (mohlmo),
When m is an integer then m = m, and the series can be
explicitly summed according to

. 2 & 1
m(m + 1) S (n+ 1)
2(m — 1) m(m — 1)
X[1+ n(n — 1)
(m—2)(m—3)(172 205)
B m(m+1 \6 144

_(m— 1)(5m - 24} ] (3.22)
The containment properties of 7 in /2 are summarized
by the following lemma.
Lemma 3: T maps the ball of /* of radius R = 1/3c into
itself and is there uniformly Lipschitz. In factif | @ || <R then
from (3.15), (3.16), and (3.20) we obtain

ITO|I<ITO| + T8 <Ol +c|©]’<3R + cR*=R.

(3.23)
Furthermore if © and @ are in the ball of radius R, then
|76 — T <316 — || +- <6 + | |6 - ||
<G+ 2R)|O—- V| =40 ¥]|. (3.24)

In order to evaluate T, (é .y ) we have used the symmetry
of the coefﬁcigntﬁ in (3.17) for kn — k so that

6,0, _, — ¥ ¥, , canbe replaced by

(Gk - Wk)(e,._k + %, ).

Theorem 3: Given an initial condition é (O)el 2 such that
||9 (0)]]<1/(3c) thereis a unique solution & (t)el*of Eq.(3.14)
for any #> 0 such that ||9(t NI<1/(3¢).

The proof trivially follows from Theorem 1 and Lemma
3. From Lemma 2 follows that if & (0) belongs to the ball of
L?0, ) of radius R = [1 4+ 1/9¢?]"/2 then the normalized
solution at time ¢, (¢ ) defined by (3.7), also belongs to the
same ball. As a consequence for this class of initial condi-
tions the Laguerre expansion is convergent.

To conclude this section we show that |© (¢ )|| converges
exponentially fast to O implying that the normalized solution
converges exponentially fast to 1.
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Theorem 4. Given an initial condition & (O)el 2 such that
||6 (0)[| < 1/(3c) then the following inequalities hold for the
norm of the solution & (t) of Eq. (3.14).

16 )"

1+ §[|©(0)]i(1 — _5'/3) )
<lleil< E . 3.25

In fact scalar multiplying Eq. (3. 14) by é (t) and taking
(3.16) and (3.20) into account we have

ER
(3.26)

The following two differential inequalities obtained from
(3.26),

14
2 di

1 d,. .~ ) A N A~ 2
L4460 + 16 17| <81 +

[e21/3'|§(t)||2] <ce” 1/3[e2t/3||é(t )”2]3/2 (327)

and
14

—5t/3[ 10t /3 ét 29372
L4 [ 6 1))

{3.28)

[ 0)IF)> — ce

are readily solved to yield (3.25). As a consequence the as-
ymptotic behavior of @is givenby || @ (¢)|, =1+ Ole~ ),

APPENDIX
Ordinary moments

In order to prove (2.3) and (2.6) we first write the kernels
P "™(y,z;x) of the Ziff class, defined by (1.8), (2.1), and (2.2) ina
more explicit way,

P yzx) = 9y + 2 — 3 () LLEDT gy,
(y2)"
(Al)
where 4 is a function of y,z,x such that for z> y
A =%_%max( Iy_'zl , |y+2—2x| )
y+z y+z
[ x
, Z>pP>X
zZ+y
y
=4 , Z>xX>y (A2)
zZ+y
x
1— , X>zZ>).
L z+y

Due to the summetry of P™(y,z;x) for y<»z the kernel is then
completely defined. The moments 2 "(y,z) of P'™(y,z;x) are
given by

Pl = f X"P " y,z;x)dx
{¢]
2m — 3 Y
et e
A z+y
+ q""'( - A )f x"dx
Z+y /Jy
z 4y x
+ x"q""‘(l - ) dx};
z+y

z
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changing integration variables we have

and the last integral is the difference of two incomplete beta

pm functions. For n = 0 we immediately verify that
2m+n—2 y/(z + y)
et | R IR R YL P! - (24P
b U 2= [ P™p.zixids = m ) e
n+1 __ o+l o —
1 z y qlm)( y )]' (A4]
n+1l (z4p"t! z+y e
. : im0} — g
Integrating by parts and accounting for ¢"™(0) = O we find xf [A(1=A)""d[A(1—A)]=1. (A6)
g _ MLyt °
n m—1
" t/é ) (z7) For arbitrary n and m>2 integer we can write (A5) using the
XJ [A=Ay+rt—artt] binomial expansion for A™ ~2=[1 —{1 —A}]™ ?and
0 (1 —A)™ 2 respectively,
XA 1 — Ay %A (A5)
|
@(m'= _1 (Z+y)2m+"—2 Z( l)k( 2)fy/(z+y'[(1_l)m+n+k—l_lm+n+k—l]di
B T - o
_ 2m+n—2m 2 n+m+k n+m+k
”+1 (Zy)m—l m+n+k (z+y)n+m+k
m—1 1 [ m=2 m—2 1
= Bm—1lm+n)z+ypym+n-2— _1"( )______
Pl O )z + ) D i B
.(Zm+n+k+ym+n+k)(z+y)m—2-k}, (A-I)

where B (.,.) denotes the beta function. We can then write

[B(m— - +n)n+i—-1(2m +jﬂ“2)y2m+n—2—jz/+R]

Jj=m—1

o m—1 1
Tl gy

) n+m_1ym—l+n—jzi—m+l m—1 R
(—-—-—(m+n
),_;. J2m4+n—2—) n+1 (zy)”—!
1o -1 -1 .
— 1 (n+m 1).2 .(m ) (m— 1) ¥z, (A8)
n+l m-1) S{+m-—-1NYNn—j+m-1)
In fact we can show that R, which is a polynomial in z, y defined by

R=B(m—lm+n )Z(2m+jn )[y2m+n—2—jzj+22m+n~2—jyi]

_m- — 1\k m 1 +n+k m+n+k m-~2-k
2 (=1 ( )——m+n+k ity iz +) , (A9)

vanishes identically. We have simply to expand (z + y)™ ~2~* and write
R =Bim—1n+m) 2

(2m+n Z)J,2m+n—2—jzj
i= J

m=2 -2 1 m=2/m— 2 k
A N e G A
ji=0

¥ i ’z’[B(m—ln+ )(2'"+j” 2)-"2 (—1)*( kz)('"‘jz"k + (zsp).

(A10)

)orvre |

Each of the coefficients in the last sum vanishes identically as
one can easily check, accounting for the identity

()

K=o n+m+k

(A5), is analytic for fixed n, y, z in a region containing the
positive m axis beyond m = 1.

Bl AlL Laguerre moments
=B(+1,n+m) (All) The Laguerre moments . ¢"(y,z) of the kernel

y,z; ily computed starting from the relation
We finally remark that the result proved for any integer m>»2 Py.z;x) can be easily pu &

and valid for m = 1 (as a direct calculation shows) can be oy e (M (= x) 1

; . : L) =3 (A12)
analytically continued to any value of m > 1 since Z!", see (m), “=o\k) (m),
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and (A8), which combine to yield

(m) __
n

S (— 1 o Y 27 (A13)
_k;o(_ ) (k) k+1 ; (m)j (m)k~1
We then make use of the following identity:
PIH P XS
A e
n—+ 1 k 0/=0 1~

valid for any two sequences a;, b;. The proof of (A14) is im-
mediate if we assume that @, b; are moments of two mea-

sures, namely

a; = fafdA (@), b, = fﬁde B). (A135)
In this case in fact (A 14} is verified if
n n k_j
k;o(k) k + 1 Zajﬁ
= S tafu+8r* (at6)

n+ 145
and to show that (A 16) holds we simply notice that the left
hand side can be written

n /n 1 ﬂk+l—ak+l
kz’o(k)k—kl B—a
n /n 1 J‘B «
= x"dx
k;o(k)ﬂ—a @

1 1+8)"'—(1+ay*!
n+l1 (1+8)—(1+a)
which is identical to the right-hand side of (A16).

(A17)

l
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Finally using (A13) and (A 14) we have

g L 3 i (_?_y_y(k>"2k L—i)l(" 7 k)
J

n+ 15050 (m) i=o (m),
_ 1 k! m_n (n — k)LmAl
n+1k§_:o(m) 0’)( )u— & 'Hk(Z).
(A18)
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Mathematical problems of irreversible statistical mechanics for quantum
systems. I: Analytic continuation of the collision and destruction operators

by spectral deformation method
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We study some mathematical problems posed in nonequilibrium statistical mechanics and
subdynamics theory developed by Prigogine and coworkers. We study in the superspace of the
Hilbert-Schmidt operators the solution of the Liouville-von Neumann equation. The
application in this frame of the spectral deformation methods yields expression of analytic
continuations of a class of matrix elements of the resolvent of the Liouville-von Neumann
operator, and this allows the analytic continuation of the collision and destruction operators.
However, it is impossible to obtain simultaneously analytic continuation of the creation operator
in this frame. The above results will be used in the second part of the article in order to study the

pseudo-Markovian equation.

PACS numbers: 05.30.Ch

1. INTRODUCTION

The theory of subdynamics was introduced by Prigo-
gine, George, and Henin'? in order to describe the irrevers-
ible process of the approach to equilibrium linked to the
microscopic reversible dynamics. Very briefly speaking, the
main idea of this theory is to find a suitable subspace of
operators in which the total evolution generated by the Liou-
ville-von Neumann operator reduces to a semigroup of op-
erators related to the contributions of some singularities of
the anayltic continuation of [¢(z) — z] ~' [where ¥(z) is the
so-called collision operator’] to the total evolution of the
density matrix. The subspace 7 corresponding to poles near
the orgin describes the asymptotic approach to equilibrium.

The main object of this paper is to develop a method of
analytic continuation of the operators involved in this theory
by considering only those solutions of the Liouville-von
Neumann equation which are of Hilbert—Schmidt type. The
general mathematical structure in which such analytic con-
tinuations exist is not well defined. In this respect, we have
undertaken a preliminary study in a rather simplified math-
ematical structure. Here, we should point out that the space
of the Hilbert—-Schmidt operators contains all density matri-
ces but it does not contain observables with continuous spec-
tra. However, this space owing to its Hilbertian structure,
allows the adaptation of the methods of analytic continu-
ation previously elaborated in Hilbert spaces. These are es-
sentially methods of analytic continuation of some matrix
elements of the resolvent of a self-adjoint operator by use of
an unbounded similarity between this self-adjoint operator
and non-self-adjoint operators having spectra in the lower
half-plane.

Itis important to point out here that these methods only
permit analytic continuation of some matrix elements of the
resolvent of the Liouville operator and this limitation is the
main reason it is impossible to obtain a projection operator
corresponding to the subdynamics 7 in the Hilbertian struc-
ture. Nevertheless, they allow the construction of analytic
continuation of the collision and destruction operators.
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In the first part of this article we formulate the problem
of the analytic continuation of the Liouville~von Neumann
operator as a spectral deformation problem, and we deduce
the analytic continuation of the collision operator ¥(z) and
the destruction operator & (z). In the second part we study
the contributions of the complex singularities of (¥(z) — z) ™'
analytically continued to the solution of the von Neumann
equation, and we apply the formalism to the Lee model with
a suitable cutoff.

The systems which we study here are quantum systems
and their states are density matrices. The dynamics of these
systems are described by Hamiltonians H (i.e., which are
self-adjoint operators) acting on the space of wavefunctions
# and the evolution of any density matrix p is given by

plt) = e~ e = U,p, (1)

that is the solution of the Liouville-von Neumann equation

d
i—plt)=Lp(t). 2
atp( )= Lpl(t) 2)

Here L is the Liouville operator
Lp =[Hp]=Hp —pH. (3)
We should mention that the Liouville operator may be
defined as the generator of the group of operators U, [Eq. (1}]
defined on the space of operators of Hilbert—Schmidt type
Zie,Tr, (p*n) < + . Thisspacehasa Hilbertian struc-
ture with the scalar product

op') =Tr, p*p'). (4)
L is then an unbounded self-adjoint operator with a dense
domain, 2 (L ).* Many results concerning the definition of L
are given in*; we add here (proof in Appendix A})a complete
characterization of the domain of L:

p belongs to the domain of L, & (L), if and only if
p D (H)C Y (H)and Hp — pH extends to a Hilbert-Schmidt
operator, [Hp — pH] ~. (In the following (A) denotes the
bounded extention of an operator A.)

For ¢ > 0, p(t) can be expressed as an inverse Laplace
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transform when p(0) belongs to & (L ):

. . 1

Up=ep= =|dze=——p(0) (5
where & is line going from ( + «, + ic)to({— oo,

+ ic),e >0.

A method developed by the Brussels school consists in
studying the solution of the von Neumann equation (5) by
using a decomposition of the resolvent 1/(L — z) through
two orthocomplementary Hermitian projectors P and Q:

P+Q=1 (6)
Generally P projects onto the subspace of density matrices
which are diagonal in a given orthonormal basis of . This
yields the following decomposition of 1/(L — z):

(L—z"'=[P+C@)] [P —2] '[P+ D)
+(QLE—2)7'Q, (7)
where ¥(z), & (z), and ¥ (z), respectively called the collision,

the destruction of correlations, and the creation of correla-
tions operators,® are given by

Ylz) = — PLQ(QLQ —2)”' QLP, (8)
Dle)= —PLQ(QLQ —2)”", ©)
%l2)= —(QLQ —z)~ ' QLP, (10)

and PLP is generally taken as vanishing. From the above
formulas it follows that the part Pp(t ), denoted also p,|t ), is
given by

1 — izt —1
plt) = Pplt) = — == [ yte) 21 Bp ds

ﬁl — izt -1
_Fﬁe [4(2) — 2] ' D (2)Qp dz. (1)

Another formula can besimilarly derived for the “correlation
part” QOp(t ) denoted also p..{¢ ).

Remark: In order to make QLQ a self-adjoint operator
and to define ¥(z) as a family of bounded operators it is neces-
sary to specify the projection P. It is sufficient to choose P
projecting onto a subspace included in the domain of L, i.e.,
R (P)CY(L) (see Ref. 4).

The method then consists in the study of the contribu-
tions of the singularities of [¢(z) — z] ~' to the contour inte-
gral (11) supposing that [¢(z) — z] 7', & (z), and € (z) admit
analytic continuations from the upper half-plane to the low-
er one. In this part of the article we will extend ¥(z) to analyt-
ic family of operators ¢ (z) in some region D,, of the lower
half-plane. We will also extend analytically & (z) Qp(0) to D,
for a class of initial states p(0). The solutions of the equation

[¥"(z) —zlPp =0
in D, that are isolated poles of [¢)(z) — z] ' in D, near the
origin give the asymptotic irreversible evolution of Pp(r ). If
¢ (z) admit, also analytic continuation in D,, then the 7
projection operator can be constructed.’ This hypothesis
cannot be verified here as we shall show at the end of this
section [see also (Ref. 4)], and only some matrix elements of
¢ (z) can be analytically continued to D,,.

In order to construct analytic continuations of these

operators we study the analytic continuation of the resolvent
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(QLQ — z)~ . To this end we use the work of J. M. Combes®
generalizing several techniques of analytic continuation of
resolvents of self-adjoint operators.’ It consists of looking for
a non-self-adjoint operator {QLQ ), related to QLQ via un-
bounded similarity operators U and U such that

(LY —2)"'p) = (Up', [(QLQ), — 2] "' Up)
for suitable p and p’, so that for these matrix elements the
domain of analyticity of (QLQ — 2)~ ' is extended up to the
continuous spectrum of (QLQ ), which lies in the lower half-
plane.

Here it is important to stress the fact that this method is
possible only when the Hamiltonian has absolutely continu-
ous spectrum and the interaction has some mathematical
properties. It implies also a selection of the class of initial
states [via Qp(0)] as advocated by Prigogine and co-workers.®

2. SPECTRAL DEFORMATION OF THE LIOUVILLE
OPERATOR

In this paragraph we study the problem of the similarity
between the Liouville operator L and a non-self-adjoint op-
erator L. In the next paragraph we shall study the problem
of the similarity between the projection (1 — P} and a non-
self-adjoint projection operator (1 — P,) and apply the result
to QLQ.

Let us formulate generally the problem of the spectral
deformation of an operator via unbounded similarity.

Definition 1: Let A, be a closed densely defined operator
in some Hilbert space #°, which generates a strongly con-
tinuous semigroup ™" of type a, .’

The operator 4, is a spectral deformation of 4, if: (1) 4,
generates a strongly continuous group e ~ “*> on a Hilbert
space &, of type a,. _

(2) There exists a pair of closed invertible operators (U,
U) from %, to #°, with dense domains and ranges such that

(Up', Up) = {p', p) (12)
forallp’in & (U)and p in 2 (U).

(3)(4 —2"'g(U)CY(U)for all z € C with Im(z- ) >
max (@, a,)
and

Uld, —2) 'p = (4, — 2~ ' Up. (13)

Let us recall that a complex number z belongs to the
resolvent set of 4, p(4,), that is the complement of the spec-
trumofd,,ifIm(z) > a,. Wedenoteby o{4 ) the spectrum of
the operator 4.

We have the following lemma:

Lemma 1 (with the notation of definition 1): If 4, is a
spectral deformation of 4, then

(ijoe D(U)e "pe D (U), t>0
and
Ue = "ip = e~ *:[p. (14)

lijpe ZUNZ(A)and Up € D (A,)=>A p e P{U)and
A,Up = UA p. (15)
Proof: Let us use a slight modification of (5) to express

— At

e “p for arbitrary p, ¢ > Oand ¢ > a,:'
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—o
At : l “ ' @re — izt 1
e~ “p=lim —| do dze p.

) o + ic A, -z

w0 @)

By the closedness of U and using (13), we have

— ' + ic
lim U( f de —im )—e‘“’Up,
w— + o + ic Al—Z

for ¢ > max (a,,a,). Using again the closedness of U we
conclude the first part of the Lemma. If, now
pEDUND(A,) and Up € & (4,), then we can differentiate
the two sides of Eq. (14). The closedness of U ensures that
A.,p e Z(U)and (15) follows. Q.E.D.

From (13) it follows that

(U*'d, —2)"'p) = (', (4, — 2)Up). (16)

Asthedomainof Uisincludedintherangeof U*, R (U *)
[for U*D U ~, see (12)] then (16) implies that we have

(' d, —2)7'p) = (Up', (4, — 2} 'Up), (17)
for all (p, p') € P (U)X Z(U) and all z such that Im(z)
> max(a,, a,), and therefore (o', (4, — ) 'p) can be ana-
lytically continued to the resolvent sets of 4, and 4,.

Let us return to our dynamical system described by the
Hamiltonian H. If H, and H, are two spectral deformations
of Hvia(V,, V,) and (V,, V,), respectively, our problem here
is to deduce a spectral deformation of L. Define the
semigroup

Uy(thp = e Hipe™?, (18)
Itis easy tosee that U,(t ) is generated by the operator — iL,
defined on a dense domain by

Lyp=[Hp—pH}]". (19)
Now L, is a spectral deformation of L. Let us give the proof
of this result. Define the operators U’ and U’ by

U'lle ) ¥l) = Vi XV,
U'lle X)) = Vi Y (V']
These are two invertible closable densely-defined oper-

ators which extend to operators U and U respectively, and
satisfy

Up = (V¥ (20)

Up=(VpV3)~, (21)
for p in suitable domains (see Appendix B). The relation (12)
can be verified directly. It remains to prove the third point of
Definition 1. Consider (@, ) in Z (V) X Z(V,). By using the
following relation (Ref. 11, p. 484) for a generator T of a
semigroup of type a,

1
T—z
we obtain for L,

_______|¢><¢| f dtetzt|e 1Ht¢7><e :Ht¢| (23)

On the other hand, by the closedness of U and Lemma
1, we have

U(iJ: dt e |e ~ >(e’”‘¢1)
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= if e“e~ T dt, Im{z)>a, (22)
0

— ij dt | Vleth¢) ><V2€ — thlMeizr
0

— IJ dteizt|e—iH|1Vl¢) )(efﬂngzlﬁ" (24)
0

and the last integral converges for Im (z) sufficiently great as
7— oo. This implies that (L — z)™'|@ ) (¢| belongs to Z (U ),
and

UL —2) o)yl =L, —2)"'Ulp)(wl.  (25)
The above argument extends, without difficulty to any p in
the domain of U by using its closedness and we obtain the
following theorem:

Theorem__l: IfH, and H, are two spectral deformations
of Hvia (V,, ¥)) and (V,,V,) respectively, then the operator
L, given by

L,p=[Hp—pH$]"

is a spectral deformation of L via (U, U) given by
Up=Vpl?¥

and
Up = VpV*

3. ANALYTIC CONTINUATION OF THE COLLISION AND
DESTRUCTION OPERATORS

We will investigate in this section analytic continu-
ations of the collision operator. This means the extension of
the domain of analyticity of the matrix elements

(0, Yizlp) = (QLPp', (QLQ — z)~'QLFp),
for all p and p’, from the upper half-plane to some region in
the lower half-plane through the real axis. It follows from the
method developed in the preceding section that this is possi-
ble if there exists a spectral deformation (QLQ), of QLQ
with a continuous spectrum in the lower half-plane, and if
QLP p belongs to the domains of the operators U and U for
all p. This is possible if the projection operator P satisfies
some conditions, namely if P is transformed through the
similarity Uinto a projection operator P, such that 0,L,Q,
is a spectral deformation of QLQ via (U, U ), where
Q, = 1 — P,. These conditions on P can be stated as follows:
If P projects on a subspace contained in the domain of the
operators U and U, then the operator

P, = (UPU Y~ (26)
defines a non-Hermitian projection operator. If moreover
R(P)CH(L,), then @,L,Q, is a spectral deformation of
the operator QLQ.

The above result is rather expected. It means that the
analytic continuation problem cannot be solved for any re-
presentation P. We give the verification of the above proper-
ties in Appendix C.

Let us now compute the expressions of the analytic con-
tinuation of #(z).

First we verify under the above conditions these two
relations:

PLQ=U""'P,L,0,U, (27)

QLP=U"'Q,L,P,U (28)
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(the domains problems are discussed in Appendix C). Now
by using the fact that Q,L,Q, is a spectral deformation of
QLQ, ie.,
U QuLsQs —2)"'Up=(QLQ —2)"'p
for Im (z) > O sufficiently great, we get
U~'P;L;Qu(QuL, Qs —2)'QuL Py U
=PLQ(QLQ —2z)~' QLP,

or using a compact notation

Pz) = U~ '¢,(2)U,
where

Yale)= — PyL;Q4(QuLyQy —2)'QuL Py
[We similarly define the operators & ,(z) and ¥ ,(z).] Now
U ~'¢,(2)U is analyticinp(Q,L,Q,) and coincides with ¢(z)
for Im(z) > O; this yields the analytic continuation of #(z). A
similar result can be computed for & (z)Qp if p belongs to the
domain of the operator U. Then we summarize our result in
the following theorem:

Theorem 2: The collision operator #(z) defined by (8) for
Im (z) > 0 extends to an analytic family of bounded opera-
tors ¢+ (z) in the resolvent set of the spectral deformation
Q,L,Q, of QLQ. ¥*(z) is given by

oHz) = [ Ylz), Im(z) > 0,

U~'4,(U, Im(z)<0zep(Q,L,Q.)-

Thus destruction operator & (z)QOp defined by (9) has an

analytic continuation & (z)Qp for p in the domain of U from

the upper half-plane to the lower oneinp (@, L, Q,), given by

2 (2)Qp,

. _ Im{z)> 0,
9000 ={_ "5 o

Im (2)<0,z € (O, L, Q,)-

Corollary: The family [¢(z) — z] ~" has an analytic con-
tinuation from the upper half-plane to p (L, )no(Q;L,Q,),
given by

[Hz) —2] !
[¥z) — 2], Im(z) >0,
_lru-— 1 y-p Impo,
Yylz) —z
¥+ —2z)~! zep(Q,L,Q4)plLy).
(29)

Remarks: We have constructed the analytic continu-
ation of [(z) — z] . It remains to study the complex isolat-
ed singularities of [¢*(z) — z] ~'. Now the poles of
(¥*(z) — z)~ " are all points z in p(Q,L,Q,), where the “dis-
persion equation”

[¥*(z) —2z]Pp =0, (30)
or equivalently,
[442) — 2}Pup =0, (30")

has a nonvanishing solution P,p; these z € C which are solu-
tions of the dispersion equation are exactly eigenvalues of L,
for the eigenvectors

p: =Pup, + € 4(2)Psp, (31)
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(see Appendix D).

It follows that the operator % (z) may not admit an ana-
lytic continuation similar to the collision and destruction
operators. In fact, one can easily see that U ~'% ,(z)U coin-
cide with % (z) for Im (z) > O and sufficiently great. However,
this operator may not be defined in the lower half-plane, and
surely not for the solution of the dispersion Eq. (30); for in
this case we get from (31) and (15),

LU 'p,=U""Lop, =U""2p, =2U"'p,,
thatis, U ~'p, would be an eigenfunction of L with a nonreal
eigenvalue z. This contradicts the self-adjointness of L and
€ 4(z)p € Z(U ~") = R (U). Therefore we conclude that in
the Hilbert-Schmidt space, it is impossible to obtain rigor-
ously a 7 projection operator with spectral deformation
methods. All we can do is to continue analytically matrix
elements of % (z) in the lower half-plane.

In the next paper we shall study the contribution to the
diagonal part Pp(t) of the poles of (¥ *(z) — z)~' in order to
obtain the “pseudo-Markovian” kinetic equation
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APPENDIX A

The following conditions are equivalent:

(lpeZ(L),

2)pZ(H)C D (H )and (Hp — pH )extendstoa Hilbert-
Schimidt operator. In this case Lp = (Hp — pH ) ~ for
p € (L) where ~ denotes the bounded extension.

Proof: It has been shown'? that p € Z(L ) if and only if
there exists a constant C, such that

1[0, = 1)/t ol <c,
for all z. Let {4, ] be an orthonormal base in & (H ); then,

U -1
I(E=Sl: = S, — e low

t
On the other hand, it is easy to see that

d

—(Up="U,I[H

7 Pl ="U,[Hply
for all y € & (H). Then,

U -1 ! ) .
d - pY; = (l/t)fdse_"” (Hple™y,.
0

This implies the following inequaltity:
U -1 L[ :
(Pl < [ as mare

t

as {¢*"y, } is an orthonormal basis for all 5; then by the
Lebesgue dominated convergence theorem we get

(Pt < 3 L[ as g1

- {jodsn [Hpl|E = [ LHpl|2-
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This proves that 2= 1. The converse was proved in Ref. 4.
APPENDIX B

If the domain of U * is the set of p such that
R (p}C Z(V ¥)and V ¥pV, extends to a Hilbert—Schmidt op-
erator, then

Usp=[Vip W]
Similarly, we have for U+,
(—j*P = [pr I72]~-
Proof: U* = U'* by a theorem of von Neumann.
Letp € Z(U*), then for all (§,y) € D (V)X D (V,) we
have ((|V,@ ) (Va))0) = Tr(| Vo) (Vg )
= (VigpV 1)
= Tr(|¥){p|U*p)
= (@, U*p¥).
Thus pV,p € Z(V*)and V¥pV, = U*py. Let us prove
the converse. If p is such that R (p¥,)C Z (V') and
V¥pV,e L, thenforall p € Z(V,) and ¢ € Z(V,) we have

(1Y @[V V2 ]7) =@V o Voth)

= (VigpV2¥)

= ((|Vig Y {(V2¥|)hp)

= (U (lp X¥l)p)-
Thusp € Z(U*)and U*p = [V ¥pV,] . Let us finally re-
mark that if [V ¥p¥,]~ is Hilbert-Schmidt then
PV e DV e Z|(V,). This implies by the density of
R (V,) and the closedness of V' ¥ that py € & (V' ¥) for all
veH.

Corollary: If p € Z(U) then R (p)C Z(V)) and VoV T
extends to a Hilbert~Schmidt operator. In this case Uis giv-
en by

Up= VeVt
Similarly, forU _

Up=[VeVtl~, pe2(U)

Proof:Let(p, ) e Z (VX Z(V¥andp € Z(U). Then,
(U@ ) ¥lp) = (V1) (Vo)

= (ViepViv)

= ((l@) (¥]),Up)

= (p,(Up}¥).
ThuspV ¥y € Z(V,)and VipV¥y = (Uply.
APPENDIX C

(1) UPU ~' extends to a projection operator P,: it is
sufficient to see that UPU ' is bounded. In fact PU ~'is
bounded for (PU ~')* D U *~'P = UPand UPis bounded by
the closed graph theorem. Therefore UPU ~' is bounded for
R(P)C(U).

(2) Q,L,Q, is the spectral deformation of QLQ. It can
be easily seen that Q,L,Q, is densely defined and closed
when R (P,)C Z(L,) and R (P%)C Z(L *). In this case
Q,L,0Q, generates a semigroup as a result of the stability of a

generator through bounded perturbation (Ref. 11,p. 495). To
prove Property 3 of the definition, let p € & (U ) and denotes

p'=(QLQ ~2)"'p.
We have
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(L —z)p' =[QLQ —z}p’ + PLP' — LPp'.

Now (L — z) belongs to & (U ). In fact (QLQ — z)o’ = p and
PLp’ arein & (U ). Moreover, LPp'isalsoin & (U )asaresult
of the Lemma | [UPp = P,UPp e Z|(L,)]. Thus

pe(l —2)7'P(U)CH(U). Applying Lemma 1, we get

(QsL,Qs —2)Up'=U(QLQ — z)p'".
Thus

UQLQ —2)"'p=(Q,L,Q0; —2)' Up

Im (z) > O sufficiently great and this completes the proof.

(3)It follows from above that QLPp € (U ) and
UQLPp = Q,L,Q,UPp. This verifies (27). Equation (28) is
verified similarly.
APPENDIX D

The poles of [*(z) — z] ' in the lower half-plane are
poles of [1/,(z) — z] ~*, and these are poles of (L, — z)~ ' nec-
essarily, i.e., isolated eigenvalues of L.

We shall show that z, € p(Q,L,Q,) is an eigenvalue of
L, if and only if the equation

['/’d(zo) - Zo]PdP =0

has a nonvanishing solution.
Let p #0be an eigenfunction of L, for the eigenvalue z,,:

Lyp =z0p. (D1)

This last equation is equivalent to the following two
equations:

PyL,Pyp + PyL,Qup = 2oPyp, (D2)

QuLPup + QuL;Qup = 20Qup. (D3)

Let us multiply (D2) by (@,L,Q, — z)~ ' on the left, use
the equation (7' — z) " 'T'C1 + z(T — z)~' for the resolvent

of an operator 7, and pass to the limit z—z,. We get easily the
following equations:

Ya(20)Pap = 2oPups (D4)

Qup = G 4(20)Pup- (D5)

This implies that (D4) has a nonvanishing solution P,p,
otherwise, @,p will be vanishing and this contradicts equa-
tion (D1).

Letnow z,tobe a pointin p{Q, L, Q) such that (D4) has
anonvanishing solution and letp = P,p + ¥ ,(z,)P,p. Thus
we have

Pdep = PdePdp + Pdede. (D6)
Substituting (D5) in (D6) we get
PyLyp = zoPup- (D7)

On the other hand, we have
QuL.p=QuL,Pup+Q,L,Qup
=QuL,Pp— QuL Q4(QuL, Q4 — 2o) ' QuLyPyp
=Zo(Qu Ly Qs — 20)” ‘QdePdP

= 2% 4(2olp = ZoQup. (D8)
Thus, by adding (D7) and (D8) we get
Ly =z,p,

and this prove that z, is an eigenvalue of L.
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Mathematical problems of irreversible statistical mechanics for quantum
systems. ll: On the singularities of (¥(z) — z) ' and the pseudo-Markovian
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We study in the frame of the superspace of the Hilbert-Schmidt operators the contributions of
some complex singularities of the analytic continuation of (¥ (z) — z)~ ' to the diagonal part of the
solution of the Liouville-von Neumann equation. Under some conditions, the § operator of the
pseudo-Markovian master equation can be explicitly constructed. It is necessary to specify the
diagonal representation and the class of initial conditions having regularity properties. This
Hilbertian structure does not allow the construction of a closed subspace which reduces the
Liouville-von Neumann operator L, giving an exact irreversible subdynamics; more elaborate
mathematical structures are therefore necessary. The above methods are illustrated in the case of

the Lee model.

PACS numbers: 05.30.Ch

1. INTRODUCTION

In the first part of this article (referred to here as I)' we
have given expressions of analytic continuations of the colli-
sion and destruction operators. These operators play an im-
portant role in the theory of the nonequilibrium statistical
mechanics,” based on the study of the solution of the Liou-
ville-von Neumann equation for ¢ > 0:

1

=— — — pdz, 1
Up i I 5" (1)

where Listhe L10uv1lle operator acting on a density matrix p
as follows:

Lp=Hp— pH,
and H is the Hamiltonian of the system. For this purpose,
one introduces the decomposition of the resolvent of L by

two orthocomplementary projection operators P and
0=1-P

— izt

(L—2) '=[P+F2¥iz)—2) '[P+ Zl2)]
+(QLO—2)7'Q, )
where
W(z)= — PLQ(QLQ —z)~'QL P, (3)
D(2)= — PLQ(QLQ —2)'Q, (4)
Cle)= —Q(QLQ —2)7'QL P, (5)

which are called respectively collision, destruction of corre-
lations, and creation of correlations operators.

In this theory, analytic continuations of ¥ (z), % (z), and
% (z), respectively ¥ (z), D'(z), and € 1(z), in the lower half-
plane together with the solutions of the equation

(') —z] Pp=0 (6)
yield complex poles and provide contributions to (1} which
allows separation of the evolution into irreversible
subdynamics.

We have tried to study the mathematical problems

posed by this theory in the frame of the space of the Hilbert-
Schmidt operators. The limitations of this structure have
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been pointed out in the first part of this article. There, we
have used a method of spectral deformation which gives ex-
pressions of analytic continuation ¥ '(z) and 2 (z), and we
have shown that the operators

'1”(2) U-'P 0 LaQa(QuL,Qy —Z)“leLd P, U, (7)
@T(Z) =U"' P,L,Q4(Q4L,Q, —2z)7'l, (8)

define analytic continuations of ¥ (z) and Z{z) from the up-
per half-plane to the lower one. Here Q,L,Q, is a spectral

deformation of QLQ. Let us recall briefly and heuristically

the above notions.

A non-self-adjoint operator H,, with a spectrum in the
lower half-plane, is a spectral deformation of a self-adjoint
operator H if there exist two (unbounded) operators ¥ and ¥
such that

(VeVp) = (¥p), 9)
V-\H, — 2" 'V¥=(H -2, (10)

for Imf{z) > O and sufficiently great.

If now, H, and H, are two spectral deformations of H
via (V,V,) and (V,V,), then we may construct a spectral de-
formation of L, namely,

L,p=[Hip— pH?], (11)
via two unbounded operators U and U given in terms of
(V,,¥,) and (¥,,V,). The operators L and L act on the space
of the Hilbert-Schmidt operators, denoted .#. Then, intro-
ducing the projection P, = UPU ~', we have shown that
Q.L,Q, is a spectral deformation of QLQ, where
Q=1— PandQ,=1-— P,

In the next paragraph, we study the contributions of the
singularities which result from the solutions of the disper-
sion equation (6) to the diagonal part of the density matrix
given by

1 .
Pplt})= — — e e Ppdz
At = 2im Vz)—z P
1 i 1
- — o Pz dz. 12
el S
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2. CONTRIBUTIONS TO THE DIAGONAL PART OF THE
DENSITY MATRIX

Let z, be an isolated singularity of [ ¥ *(z) — z] ~'; then

2, is an isolated singularity of (¥, — z}~', and also an isolat-

ed singularity of (L, — z)™'. If 7, is the projection operator
1 1

m,=— —| dz ) (13)
¢ 2wy, L,—z

then the residue of (¥ '(z) —z)~'is — A, with

A, = PU'4,UP, (14)
where
Ay = Pd77'z., P, (14')

ifzy is a pole; then 7, is of finite rank and the same is true for
A,. We shall study here the contributions of N poles of order
one (z,,z,,...,Zy ), to the diagonal part P p(t ). For general poles
of order 4, analogous but more complicated conditions can
be established similarly as in Ref. 3. We consider only poles
such that the ranges of 4;, R (4,) are linearly independent.
Let # be the direct sum of these subspaces:

N
F = o R4, (15)
i=1
Let {F,}_, be the complementary projectors on R (4;), not
necessarily Hermitians, satisfying
2E=1., (16)
F F, =6 F; {17

one can define the operator 6 in & by
=Yz F,. (18)

It follows from ({12) that the contributions of these singulari-
ties to Pe = “* P p, which we denote by g, (¢ ) give

Poolt)= PU ‘e ®4U Pp, (19)
where A is defined by

N
4= 34

i=1

. (20)

Using the relation Pg = g PU ~', we can easily see that
the family of operators F,,....F, defined by

F, = PUT'F,UP, (21)
is a family of projection operators of P.¥", and we have

F.F, =8, F, (22)
Let .7 be a direct sum of R (F):

F = g R (F)), (23)

i=1

and let  be the bounded operator in % defined by

6= 3 zF, (24)
Thus we h;ve

Poolt) =€~ 4 p, (25)
653 J. Math. Phys., Vol. 23, No. 4, April 1982

where A is given by
A=PU 'AUP= Y 4, (26)

with
R(4,)=R(F). (27)

p'(t) = e~ p’ is the solution of the differential equation in

.d 5
PPt =0p() (28)

for all p'e 7 .

Thus gy (2 ) is a solution of the Eq. (28). In a similar
way, we can extract from (12) the contributons of the poles
{2),.02y } toPe ~ " Q pforall Q pin Z (U ), which we denote
by ﬁO,c (t ):

Poclt)= S e ™ PUT'4,2 ,z)UQp

= PU ~'e~""BUQp, (29)
where B is the operator given by
B= 3 A9 ,z) {30)
Po.c(t) can also be written as
Poclt) =e “BQp, (31)
where B is given by
B=1U"'BU. (32)

This gives the contributions of these poles to Pe ~ ““Q p
for all peZ (U ):

polt)=e~ ™[4+ B]p. (33)

IfnowR (B )CR (4 }—thatisequivalent tothe condition
N (A *)C N (B *)—then by the Lagrange’s multipliers the-
orem there exists an operator D * suchthat B * = D *4 *,i.¢.,
B = AD. Thus, we have

polt)=e “A[{P+D]p, (34)

where D = U ~'DU. That is true in particular if {R (4 ¥)},

i =1,...,NV, are linearly independent [When R (4,) and

R (A4 ¥) are two set of linearly independent subspaces we shall
say that the {z;} verify the direct sum property.], and G * is
the projection operator on R (4 ) along & ,,; R (4 *), then
D is given by

D= 3% G 4z) (35)
In this case, gyt ) is given by
polt) = e~ U ~" P,#Up, (36)

where 7 is the sum of the eigenprojection operators of L,
corresponding to the eigenvalues z,,; = 1,...,N, i.e.,

i= S, 7)
7, = [Calz) + P, A [ Py + D 4(z,)] (38)
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One can see from (35) that 7 has the following expression:
7=[C+ P,JA[P, +D], (39)

C= Y C4)F. (40)

This method allows calculation of the contribution of
the poles (z,,...,z, ) to the mean value Tr(O p(t )) for an observ-
able Oin (U ). Let us denote this contribution {O(¢)) ~. It
follows that

(O(t))~ =Tr((UO)Z (t)U p)),
where 2 (t) is the semigroup defined in 7. by

Z(t)=[C+ P;le "4 [P, +D].

A question arises then as to whether it is possible to find
asemigroup 3 (1) = U ~'Z (t)Uin a subspace of .% which is
the range of some projector, # = U ~'#U, obtained from 7
by similarity. This cannot be the case in our framework.*
The mathematical reason is that the range of 7U cannot be
included in R (U}. This means that the range of # goes out of
the space and cannot be a projection operator. To see this, let
us consider some p in Z(U) such that 7, UpeZ (U ~').
Then, we have

UL~-2"'U 'm,Up=(Ly —z)"'m, Up
= —(—z)"'m,Up.
Thus,
(L—2z2"' U 'r,Up= —(z—2z,)'U"'7, Up,

and z; is an eigenvalue of L, but L is a self-adjoint operator.
This fact does not depend on the order of the pole z;; it holds
even when z, is an isolated essential singularity of L.

Comparing with (38) our remark implies that R (% ,(z;))
cannot be included in R (U) for Im(z,;) %0, that is what we
assert in the part I concerning the impossibility of continuing
analytically % {(z) in p(Q, L, Q,) as a family of bounded oper-
ators, simultaneously with ¥(z) and Z(z)Q p.

We can conclude that for each initial state p(0) belong-
ing to the domain of the operator U, we associate a modified
initial state 5(0) belonging to the subspace %,

,5(0) =[4+B ] p(0), which at time ¢ obeys an independent
equation (28) in % which is integrated by a semi-group gen-
erated by a not necessarily self-adjoint operator 8.

Let us close this paragraph with some remarks on the
asymptotic limit of g(¢ ) when t— + «. We have to answer
the following question:

T
Does lim gyft) = lim Pplt) (or = lim L Pplt)dt )?
tr 00 t— oo T T 0
As is well known, the second limit is equal to
lim, ,.zP(L —z)~'p= PE,p, where E, is the projection
on the null space of L. In the basic works on the subdynamics
theory, it was assumed that ¥ (z) and & (z) can be analytically
continued in the origin which is, furthermore, an isolated
singularity of (% ¥(z) — z)~". In this case, the contribution of
the origin gives a stationary state which can exhibit the prop-
erties of equilibrium (collisional invariants) [an invariant ¢ is
a collisional invariant if it satisfies ¥ ( + iO ) P$ = O (see ref-
erences and properties in Ref. 5]. The problem of finding a
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spectral deformation operator L, such that [L, — z] ~' has
isolated singularity in the origin, is open. One can avoid this
difficulty if the origin belongs to p(Q,L,Q;), thus V¥ (z) and
Z(2)Q p have analytic continuations at the origin. We have
the following properties:

(1) Iftheoriginisinp(Q,L,Q,), then E, p is a collisional
invariant for all p in 2 (U), i.e., ¥ '({0)E, p = 0.

Proof: If O p(Q, L, Q,), then (Qp',(QLQ — 2)~'Qp)
can be analytically continued at the origin for all pe Z(U)
and p’eZ(U). Then we have

lim z(p',(QLQ — z)”7'Qp) =0.

On the other hand, the strong limit

— lim 2QLO —2)7'Q =0,

exists and is equal to the projection on N (QLQ ). By the densi-
ty of Z(U) we have

lim2(QLQ —2)~'Qp =0, ped(U).

This implies (Ref. 5), that E, p is a collisional invariant.
(Note that in this case ¥ 1(i0) = U ~'&,(0)U).
(2) If an element p in & (U ) is such that

— lim z(L, —2)"'Up = m,Up,
z—0"*

where 7, is the projection operator on N (L), then
E,pecZ(U)and

UE,p =m,Up.

Proof: From the definition of a spectral deformation
operator we have for all p'’eZ (U *),
(p UL —2z)""p) ={p'(Ly —2)~'Up), then, from our
hypothesis we have

(U*p'.Eop) = {p'smUp).
This implies that E, peZ(U). Q.E.D. Let us consider now
the case where L, has the following property:

— lim z(L, —z) ' p = m,, (41)
z—0"

where 7, is the projection operator onto the null space of L.
We include in gt ) the contribution go( o) = U ~'P,m,U p.
By using the decomposition of (L, — z) ™' via P, and Q, and
(41), we see that

Polo) = U " '44[P; + 2 ,(0)]Up, (42)

where 4, = P,m, P,. From property (2) above we have for
all pe 4 (U),

T
Golw) = PE,p= lim lf Pplt)dr. (43)
T T 0

Finally, the null space of the operator & is the subspace

R (4,) = R P,m, P,). One can easily verify (similarly to
theorem I1I, Ref. 5) that N (@) = N (¥,( + iO)) which is
equivalenttoN (§) = N (¥( + i0)), where N(§) = U 'R (4,).
This implies, by the Lagrange’s multiplies theorem, that
there exists an operator {2 such that

0 =0¥(+i0). (44)
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So we have the following result:
Theorem 1: Let p belong to Z(U ). If the origin belongs

to p(Q,L,Q,) and if — lim z(L, — z)~' = m,, then
z—0*

(N lim,_, pylt) = poleo) = PE;p and this limitis a
collision invariant.

(2) N(f)= N (¥( + i0)) and there exists a linear
operator {2 such that 0=0%(+i0).

Remarks: We see that the operator U ~'7,U is well de-
fined and U ~'m, U p = E, p, while U ~'7, U cannot be de-
fined when Im(z) < 0. So we cannot derive for the correlation
QOpl(t) an equation of the form

pelt) = Qplt) = Cholt), (45)

because C is not defined as an operator. However, (45) can be
verified for a class of observables in a weaker form:

Tr(0Q flt )) = (UO,CU pyft )),
where 0eZ(U) and

C= 3 Galz)F. (46)

In the theory of subdynamics the whole space on which
L acts is decomposed into two orthogonal subspaces 7.7
and 7.7 where 7 and 7 are two complementary projectors.
The first one is interpreted as the asymptotic part of the
dynamical evolution describing the approach to equilibri-
um, and the second describing the transcient effects. It ap-
pears here that 7 goes outside the space .#” and then one
cannot speak of projection in the rigorous sense. In the
framework of the space ., the above decomposition can be
established mathematicallyin R (U }and understoodin %’ for
a class of initial states and a class of observables. Similarly,
one can only define matrix elements of 7 which cannot be
considered as a proper operator in ..

3. APPLICATION TO THE LEE MODEL

We will give an application of the preceding theory in
the sector of one particle ¥ of the Lee model without recoil
effect.® The Hilbert space 5 is

%=%U$%N,9’

where #°, is the Hilbert space of one particle ¥ and 7, ,
the Hilbert space of one particle N and one particle 6. A
vector ¥ in 77 is given by

¥ ={alp), big k)},
a(p) being a square integrable function describing a state of
particle ' with momentump = {p,, p,,p,} and b (7,k )beinga
square integrable function describing a state of one particle
N with momentum g = {q,, ¢,, 4;} and one particle 8 with
momentum k = {kkyks}. M, m, and u will denote the
mass of ¥, N, and @ respectively. The dynamics are described
by the Hamiltonian H composed of a free part H, and an
interaction AH,(f), where A is the coupling constant and f is
a real cut-off function depending on (5,7,k ). We suppose fur-
ther that fis a square-integrable function, i.e.,

ﬁfﬁ@ﬂﬁd%d%d%<-+w.
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The free Hamiltonian Hj; is defined by
HoW = {Ma(p), (m + E,(K )b (G.k))
for all ¥ € H such that E,(k )b (7,k ) is square-integrable,
where Egk) = (k2 +p*)'?andk?>=k? + k2 + k% H,is
given by

H, ()W
= Uf(ﬁ,g,l? )b(gk)dpd 3k,ff 7.3k a(p) d 31)]-

H,(f)is a bounded operator of type Hilbert-Schmidt and
DH)= D (H,).

We introduce now the unitary representation of the di-
latations group on L }(R"), ¥ (y), defined by

VNS (P)=e""fle” D).
for 5e R" and y € R. Then for ¥ € H, the representation of
the dilations group is defined by
VN =)= (e *"ale” Pl e ""ble~"q, e "k)}.
Let (V) [resp. Z(¥;)] be the set of vectors ¥ of # such

that ¥ (y) has an analytic continuation in the strip .S ; (resp.
S 5 ) of the complex plane, where S ;" (resp. S ;) is the strip

S ={yeCloIm (y)<B < 7/2}
(respectively S ;7 = {y € C| — 7/2 < — B<Im(y)<0})
and S; =55 US, .
We define ¥ (resp. V) on Z(V}) [resp. Z(V,)] by
VoW =WipB),
Vo =¥(—iB).
We will suppose from now on the f(7,7,k ) is a dilatation ana-

Iytic cut-off function, i.e., the family of real square-integrable
functions

(VNNB.3k)=E ~7’f(e'Fe™"q e 7k)
can be extended to an analytic family in S ; of square-inte-
grable functions. Then the family of operators

H{y)=VHV(—7)
=Hyy) + H,(f(7))
extends to a self-adjoint analytic family for y € S, [i.e.,

H (y)* = H (y)] with @ (H (y)) equal to the domain of H,.This
result was proved by Weder.’

Now the operators ¥, and ¥ are invertible self-adjoint
operators and 7,3 = V; '(Appendix A). Moreover, the func-
tiony €S — (@ (), ¥ (y)) for ¥,p € D (V)X Z(V)isana-
lyticin ' and coincides with (@, ¥ ) for y € R; then

We shall give the application of the formalism devel-
oped above. Theoperator — iH (i3 ),0< < 7/2,is ainfinites-
imal generator of a strongly continuous semigroup. In fact,
the spectrum of iH, (i3 ) is in the first quarter of the complex
plane (see Fig. 1 and Ref. 7), and as iH,(iB } is a normal opera-
tor, so it is an m-accretive operator (Ref. 8, p. 279) and then

— iH(iB) is an infinitesimal generator of a semigroup of
contraction (Ref. 8, p. 485). This implies that — iH (i3)
= — [(Hy(iB) + AH,( f(iB))isaninfinitesimal generatorona
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FIG. 1. The spectra of L, and H (i8) for m/4 <8 < 7/2. The spectrum of
H (i) is situated at the right of the figure while spectrum of L, is drawn in
the center.

strongly continuous semigroup of bounded operators on #°
of type wo = A |1H,( f(B), [H,(f(i8)) is a compact opera-
tor], by Theorem 2.1. of Chap. X of Ref. 8. Finally by the
results of Aguilar, Combes, Balslev, and Weder (see, e.g.,
Ref. 7) [H (y) — 2]~ ! is analytic in S ;4 for Im (z) > 0. This
means that

(H~2)"'9 (V,)C (V)
and

VoH—2)7'¥=(H(B)—2)""'¥(iB)
for ¥ € 9 (V,) and Im(z) > w,. If follows that H (i3 ) is a spec-
tral deformation of H.

We introduce now the operators U ; and U p defined on
the linear spans of {|@) (¥ |.@,¥ € D(V,)] and
[l W(¥'le,W' 69(7,,)] respectively, as in Chap. 2 of I,
and we take the closure of U 5 and U, which we denote by
U and U, respectively. Then, the operator L,

Lop=[H(Blo—pH(B)], peD(Lg)
is a spectral deformation of L (we used the property
H(y)* =H(y))

Theorem 2: The operators U ; and U, have the follow-
ing properties

_ () Ugand l—/_,, are self-adjoint operators and
Us=Ugz"
{2) the following two conditions are equivalent:
i)peDU,)
(i) R(p)C D (V) and VppV,
extends to a Hilbert-Schmidt operator.
In this case we have Up = (VgpVy)~.

(3)pe D(Ug)if and only if p* € Z(U ) and
Ugp* = (Upgp)*. _

A similar theorem holds for U,. We give the proof in
the Appendix B.

We have now to investigate the spectrum of L ;. It is
easy to see that .% is isomorphic to.#” ® # by noticing that
the Hilbert space of the operators of Hilbert-Schmidt type
on L %(R") is isomorphic to L }(R" X R”), which is again iso-
morphic to L (R") & L %R"). Furthermore, one can verify
that L ; is unitarily equivalent to the closed operator
[H(iB)®I—I®H(—iB)]. The spectrum of L 4 can be de-
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duced from the Ichinose lemma on the spectrum of a product
of unbounded operators which says that o{(4 @/ — I® B ™)
= o{4 ) — o{f3) if 4 and B are closed densely defined opera-
tors such that

ol )C [z e Cl|arglz)| <6, },

o(B)C (z € Cllarg(z)| <651,
and

0, + 0, <m,

(A (resp.B) — re”®) " '||<C(&)/r, || >0,(resp. Gp).

So,takingd = H(if) — A, + landB=H(—if)—A,+ 1,
where A, is the minimum of the spectrum of H, the condi-
tions of the Ichinose lemma are satisfied, the last inequality,
ie.,

IH(+iB)— Ao+ 1 —re?) '[[<C(8)/r,
being proved by Blaslev and Combes.® Then,

o([H(iB)+1I—Aj)el—1e(H(—if)—4A,+1)]")
=ol[H(B)el—TeH(—i3)]")
=oH(iB)) — olH(—iB))
=[x =y, xpy olH (iB))}.

Thus we have proved the following theorem:

Theorem 3: The spectrum of L ; is the set
{x —ﬁ’x’y € dH(lﬁ))}

The operator H (i3 ) was studied by Weder applying the
Blaslev—Combes methods and its spectrum is known.’

The essential spectrum of H (i3 ) is equal to the essential
spectrum of H(if3), it is a curve beginning in m + ¢ and
going to infinity asymptotically to the direction 8 = — S.
Each real eigenvalue of H (i3 ) (different from Mand m + u)is
a finite-dimensional one, and it is at the same time a real
eigenvalue of H. The set of those real eigenvalues is a bound-
ed set and is independent of 5. Each isolated complex eigen-
value is finite dimensional and is independent of B as long as
it is not absorbed in the essential spectrum. It is finally locat-
ed in the region between the curve of the essential spectrm
and the real line.

It is easy to see that if {z,] are the eigenvalues of H (iB),
then {z, — Z,} are eigenvalues of L,. In particular, z, — Z,,
whose absolute value is interpreted as the life time of the
unstable ¥ particle, is also an eigenvalue of L ; embedded in
the essential spectrum of L ;. This essential spectrum is the
difference between the essential spectrum of L; and its con-
jugate. It contains, further, the curves beginning at
m + u — Z; and z; — m — y, and going to the infinity in the
directions @ = — Band § = + finthe lower half-plane (see
Fig.1 and Fig. 2).

We will give examples of projection P satisfying the
conditions of the Sec. 3 of I.

Let # y = {a,(),....an{P)} be a finite orthonormal fam-
ily of %, and such that ¥ (y)a, extends to an analytic family
of vectors of #°,, for y € § 5. Then the projector Py given by

|6 |>8,

Pup= S (a,pala,)a,l,

n=1

which projects on a subspace of N{[H,,-]) fulfills all the re-
quirements formulated in I. The projection operator Py ; is
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FIG. 2. This figure represents the spectra of L, and H(iB)for 0 <B<m/4
similarly as in the Fig. 2.

given by

Pygp = len,ﬁ ) onsls

wherep, 5 = |a,(iB)){a,(iB)|. If furthermore P, converges

strongly to P, then P = lim P, fulfills the same require-

N— o
ments, as can be easily verified. This convergence occurs if,

for example, the orthonormal system {a, } satisfies
Y lla.( £ iB)|I*< + . Then, one easily verifies that

(iR (P)C D (UpnD (UpnD (L),
()R (PB)CN(LO,,,)C ,@(LB),
(ii)R (P;)CN(L ;,B)C@(L ,;},

forL o5 =Lg _zand Lygla){a’| =0when |8 <7/2and
a,a’ €%°,,. Here L, denotes [H,, -].

We have now to investigate the extended domain of
analyticity of ¥ (z), Z (z)Qp, and [¥ (z) — z] ™', that is the in-
tersection of the lower half-plane with p(Q,L; Q). The es-
sential spectrum of Qs L;Qj; is the limit of the domain of
analyticity of ¥ '(z), etc. Let us characterize this essential
spectrum for finite-dimensional projection operator P.

As Py is finite-dimenensional projection operator, it is
then compact, and so is Pz8L,; and 8L, P, where L, de-
notes the commutator [H,(f(i8)), -]. Let
Yo>ag+ ||[6LgPg — PgSLg||. Then

N8LgPs — SL4P4(Ls — ip)™YI<1, (47)

where a, is the type of the semigroup generated by — iL,.
Equation (47) is a consequence of the following inequality
{Ref. 8, p. 485):

l ULg — i)l < U/ ly —ay) fory>a,.

The condition {47) is sufficient to prove that the essential
spectrum of Q,L,Q, is equal to the essential spectrum of
LB . 8

CONCLUSIONS

We have studied the possibility of a construction of the
theory of subdynamics which describes the irreversible phe-
nomena in the frame of the space of Hilbert-Schmidt opera-
tors. We have tried to investigate conditions under which
different steps of the formal construction could be realized in
this frame.

Firstly, the problem of the existence of analytic con-
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tinuation of matrix elements of the resolvent of the Liou-
ville-von Neumann operator can be solved under some con-
ditions. Such a condition is the existence of a spectral
deformation of L by a non-self-adjoint operator for which
the essential spectrum lies in the lower half-plane. This con-
dition can be verified in the Lee model when the interaction
has some analyticity properties; this is an application of the
Combes-Blaslev theory. The class of matric elements of the
resolvent of Liousville-von Neumann operator admitting
analytic continuation is characterized by the domains of two
unbounded operators, and these domains cannot be equal to
the whole space. Thus, the construction of analytic continu-
ation is also a restriction to a class of initial states having
some regularity properties.

Secondly, the study of the contributions of poles which
are solutions of a dispersion relation is possible for some
choices of the projection operator P, and consequently, of
the representation which defines diagonal elements. Such
conditions are related to a domain of regular diagonal matri-
ces density having the above analyticity properties. In this
case, it is possible to show that some contribution /50(t ) of the
diagonal part p,(t ), obeys an evolution generated by a non-
Hermitian operator & and this contribution tends to a colli-
sional invariant when the initial state has some analyticity
properties.

However, here we cannot speak about a subdynamics in
the proper sense of a closed subspace in which e ~ “* reduces
to asemigroup for # > 0 and which is the range of a projection
operator 7. In this frame we may only define matrix ele-
ments of the so-called 7 operator. The passage from these
matrix elements to a proper operator requires supplemen-
tary mathematical structure and this goes beyond the frame
of the Hilbert—Schmidt operators considered here.

APPENDIX A

The operator ¥, and VB (defined in Sec. 3) are invertible
self-adjoint operators and V, = ¥ ; .

Proof: If V (y)¥ = ¥ (y) is analyticin S §, then for
y€S,; andaeR, V(a)¥(a) = ¥ (y + a). Thus,

V(¥ (iB) = ¥(r + iB)forally eR and itis analyticinS 5 .
Thismeansthat ¥ (if ) eZ(Vy)and V, ¥ (iB ) = ¥. By invert-
ing ¥, and V,; we prove that ¥V Vs C1, and the last asser-
tion follows. Let up prove the self-adjointness. For all ¥,
V' e (Vy), the functions (¥ ', ¥ (y)) and (¥'( — 7),¥ ) are
analyticinS ;,andfory €R, (¥, ¥ (y)) = (¥'(— y).¥).By
the uniqueness of the analytic continuation we have

(¥,P6B) = (W'iB),¥),

thus ¥, CV'%. Let, ¥e D (V'}), then for all pe 2 V),
(@, Y(—¥)) = (@(¥),¥ ),y €R, hasan analytic continuation
(p(7,¥ ) inS ; .If weprovethat (p,¥( — 7)) hasananalyt-
ic continuationin S 5 for all @ €%, then ¥ (y) has an analyt-
ic continuation in § 5, that is yeZ (V).

By the density of the domain of V5, there exists a se-
quence @, €Z(V) such that ¢, —¢ forall @ € 7.
(1), ¥),y €S s is a sequence of analytic functions which
converges for ¥ €R to {@(¥),¥ ) = {@,¥{ — ¥)). This se-
quence is uniformly bounded for y € R and for all
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y =a + iB. In fact

Heala +iB),¥)| = |{VsVide,, ¥}
= {@a(@)hVE¥ )|
<le. MvEel
<M||VEv|.
Then, (@, (¥),¥ ) isboundedin S ;- and it converges by Vita-
li’s theorem to an analytic function in S 5 , and we have

lim {@,.¥) = {@,¥ (-7}, veSs

A—> o0

(@ ¥ (iB)) = lim {@,(iB),¥)

n-+oo

= lim (g, V3¥)

= (¢y V; v )9
ie, V3= W(iB)=V,¥.
APPENDIX B

Proof of Theorem 2: We will prove first that if 4 and B
are self-adjoint operators in 5%, then the closure of the oper-
ator A X B defined on the linear span of
(1p)(¥|.p € D(A),¥ € D(B)} by
(4 XB)l@){¥| = |4 ) (BV¥ | is self-adjoint. One can easily
verifythatd *XB* =4 X BC(4 XB)*. Then4 X Bissym-
metric. Let E (4 )and F (4 ) be the spectral families of 4 and B
corresponding to the finite Borel set A CR. The union of

{E(4)¥,¥e#,ACR}is dense in”,andsimilarlyfor F {4 ).

Then the linear span of { |E (4 )p )(F(A4"\¥ | @, ¥ e’} isa
dense set in . of analytic vectors for 4 X B; this follows
from

SIAE(d)p )(B"F(A")¥|||z"/n!
=Y|A"E(d)g ||B"F{4 )p |t "/n!

<eME@MBFAIN 51|,
and by the Nelson Lemma 4 X B is essenti_a_lly _self-a(ljoint.
This proves the self-adjointness of U, and Uy Uy = Uz ' is
evident, and the second part follows from Appendix B of .
Let peZ(Up), then for ¢, ¥e 2 (V,) we have

(VepVe¥ip) = (Vs ¥0* V)

= <.1/v( VBPVB)*¢>;
thus p*Vyp €2 (V) and Vp*Vy C(VpVg)*. This implies
that p*e % (Uy) and Uyp* = (Ugp)*. The proof of the theo-
rem is complete.

This theorem characterizes completely Z(Up). It is
known that the Hilbert space of the operators of Hilbert~-
Schmidt class of L % (R") is isomorphic to L (R" X R"). Then
for all p €. there exists four kernels p,, (5,5), pr e
BT k'), pov (@KD ) prons (@K, k) such that

p¥ = [puroriap1ap
+ [ponbT KGR 4% 4%,
[ProriaEprats 14
+ [oranl@ka K10 @.R) 4% 4% |
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for all given ¥ = [a(F),b (7 .k")}.

Corollary: The following two conditions are equivalent
for all pe.7:

(1) p €D (Up),

{2) The family of operators p,,, = V(¥}V (¥'), v,/€R,
has the following property:

(i)p,,, (resp. p,, ,, ) extends to an analytic family of
bounded operators forall ¥ € 5 ; and fixed ¢, € R (resp. for
ally’ € S5 and fixed 7, €R).

(ii}p,g,, (resp.p, _ ,5) extends to an analytic family
of bounded operators in § ;~ (resp. S 7).

(ii1) p;5, - 4 is an operator of Hilbert-Schmidt type.
In this case

Usp =Pig, -

Proof: 1=32. Let p €2 (Uy). By Theorem 2, p*eZ (Uy),
and for all ¥ €%,V (y)p* ¥ extends to an analytic family of
vectors of #7in S ;. Let ¥, = V(a)V, fory =a + ib. It is
easy tosee that ¥, = ¥, V'(a). Thus V, p* is a bounded oper-
ator (R (p*)CT AV, ))and V, p*V (- y) = P7.,; isananalyt-
ic family of bounded operators for all ¥ € S ;. On the other
hand,

P:y;,(p_’ p= Py;,,}—,(ﬁ',P_) ’
where we omit the index (v,v) from p, , (5,5) for economy of
notation. The other kernels of p have the same properties.
Thisimplies thatp, ., is an analytic family of bounded oper-
ators for all ¥’ € § 5, and one sees easily that Proys
=Vyo)lpV,, 17 Vi(a'), wherey' =a’' +ib'eS; .

Similarly by Theorem 2, V(y)pV( — y5)¥ extendstoan
analytic family of vectors of #’in S 5, andp . is a family of
bounded operators analytic in S ;. This proves (i). To prove
(i) one remarks that R ([ oV ] ") C Z (V). For if ¥ € 77,
then by the density of Z(¥,) there exists a sequence
¥, eZP(V,)such that ¥, —»¥. Thus
PV ¥, —[pVs ]~ ¥,n—w and V,pV,; ¥, is convergent, and
this implies that p V, ¥ €& (V). This means thatp, _; is
again a family of bounded operators analyticinS ;. Similar-
ly, V, [p*V; ] is an analytic family of bounded operators in

S 4, and this implies that p is an analytic family bounded
operatorsin§ ; . Itisevident thatp, _ , = Vp¥j, and (iii)
is immediate.

The converse is an easy consequence of the Theorem 2.
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Positive-operator-valued observables in a complex Hilbert space £ based on a topological
homogeneous space G /H and G-covariant with respect to a strongly continuous unitary
representation on § of a locally compact group G are investigated. The goal is to determine
whether they are the weak integrals of some positive-operator-valued densities relative toa G-
quasi-invariant measure 4 on G /H. To this end, the notion of a kernel Hilbert space is
generalized to spaces of equivalence classes with respect to u of mappings of G /H into a complex

Hilbert space &.
PACS numbers: 05.90. + m, 02.40. + m

1. INTRODUCTION

The notion of an observable introduced by Davies and
Lewis' in their axiomatic approach to statistical physical
theories differs from the usual one in two respects. In the first
place, the space of which an observable is based is not always
a subset of R and, secondly, an observable is not necessarily
a projection-valued measure on a subset of R (or, what
amounts to the same by the spectral theorem, a self-adjoint
(linear) operator). Davies and Lewis define an observable as a
positive-operator-valued measure on a set X, equipped with
a o-field of subsets, and taking values in the topological dual
space V' of a real Banach space ¥ when V' is equipped with
the weak-* topology. The physical meaning of X is either
that of a configuration or of a phase space, while V is inter-
preted as a state space. Using this definition, a joint observ-
able for position and momentum in phase space, which gives
the probabilities of approximate simultaneous measure-
ments, can be constructed (Ref. 2,3.4) and a position observ-
able for the photon (a “fuzzy observable”?) can be exhibited
(cf. also Ref. 4).

In what follows, we shall restrict ourselves to consider a
real Banach space ¥ which describes an irreducible quantum
system without superselection rules, namely, the Banach
space (with the trace norm) of all self-adjoint trace class oper-
ators in a complex Hilbert space . Then V' is the set of all
self-adjoint elements of the complex vector space . () of
all continuous (linear) operators in £. We shall suppose
Z ($) endowed with the weak operator topology, since with
this topology we obtain the same observables as with the
ultraweak one. Moreover, our observables will be based on
sets X which are locally compact spaces, and they will be G-
covariant with respect to some strongly continuous unitary
representations of a locally compact group G. Our goal will
be the characterization of G-covariant observables, on a
transitive topological G-space X, which admit a density, i.e.,
which are the weak integrals of a family (parametrized by X )
of continuous positive operators.

In Sec. I1, we recollect some basic definitions and facts
concerning observables, G-covariance, etc., and introduce
the notion of a density of an observable. We investigate in
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Sec. III a generalization of the usual concept of a kernel
Hilbert space (by allowing spaces of classes of mappings),
and then we establish in Sec. IV the equivalence between the
existence of a density of a given covariant observable and the
possibility of identifying its carrier space with a certain ker-
nel Hilbert space.

Throughout the paper, every group operation consid-
ered will be tacitly assumed to be a /eft one; consequently,
every quasi-invariant (resp. invariant) measure will be /eft
quasi-invariant (resp. left invariant ). The term “measure,”
with the exceptions of “POV-measure” and ‘“PV-measure”
in Sec. I1, has to be understood as “‘real Radon measure” and
measurability will always be in Bourbaki sense (Ref. 5, Chap.
4, §5). If X is a locally compact space, we shall denote by %
the Borel structure (i.e., the o-field) generated by its closed
sets. The symbol ¢, will stand for the characteristic function
of a set 4, and [f] for the equivalence class of a mapping f
with respect to the measure in point. If & is a Hilbert space,
then (-|-), (resp. ||||¢) will denote its scalar multiplication
(resp. its norm); as usual, the adjoint of a linear mapping 4 of
Hilbert spaces will be denoted by 4 *.

il. PRELIMINARIES

Let Xbealocally compact space, and let  be a complex
Hilbert space. An observable in  based on X is a normalized
(weak) Borel positive-operator-valued measure (concisely, a
Borel POV-measure) on X acting in §, namely, a mapping
M:% ,—.2 (D) satisfying the following conditions:

(i) M is positive, i.e., M (B )>O0 for all Be % ,, and
M(@)=0.

(ii) M is (weakly) countably additive, i.e., if (B,),n is a
sequence of mutually disjoint elements of 4 ,, then

M(0 B)=w-3 M(B),

i=0

(IL.1)

where “w-2’’ means convergence in the weak operator to-
pology on .¥ (D).
(iii) M (X ) = Id, (normalization).
We say that M is a decision (or sharp) observable® when, in
addition to (i)—(iii), the following condition is satisfied:
(ivViM(B)M(B')=M(BnB') forallB,B'in % ,.
In other words, a decision observable is a normalized Borel
projection-valued measure (concisely, a Borel PV-measure).
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Remark 1: The convergence of (IL.1) in the weak opera-
tor topology also implies convergence in the strong operator,
ultraweak, and ultrastrong topologies (Ref. 7, Remark 1).

Definition 1: Let X be a locally compact space, let i be a
measure on X, and let £ be a complex Hilbert space. An
observable M in $ based on X is said to admit a u-density if
there exists a mapping D,, :x+—M, (a u-density), defined
f(x)-a.e. in X, and taking its values in the set .7 ()" of all
positive continuous operators in , such that

M(B)= j blXIM.dulx) weakly

forallBe % ,.

Notice that the p-density D,, is unique u{x)-a.e.

Given a locally compact group G, a locally compact G-
space X, a strongly continuous unitary representation U of G
on a complex Hilbert space £ and an observable M in §
based on X, we say that M is G-covariant with respect to U if
the pair U, M satisfies

UM (B)U(g)™' =M(g-B)

forallge Gand all Be 4 . The G-covariant observable M is
said to be transitive if so is the G-space X. Two observables,
Min $ and M’ in §', which are both based on X and G-
covariant with respect to U and U, respectively, are said to
be unitarily equivalent if there exists a unitary mapping ¥ of
 onto &' such that

VU(g)=U'lg)V forallgeG
and

VM(B)=M'B)V forallBe % ,.

Remark 2: An observable M in § based on X determines
a Radon observable M, based on X and taking its values in
Z¥(9), namely, in the vector space . ($) equipped with the
weak operator topology (Ref. 8, § 2). Let €' 2(X ) be the com-
plex Banach space of all continuous complex-valued func-

tions on X vanishing at infinity. Then M, is the continuous
linear mapping of €2 (X ) into . ¥($) defined by

My lf) = ff(x)dM(x) (fe C20X))

it satisfies My (f)>0 whenever />0 and is such that

1M ()] <suplf (x)].
The Radon observable M}, is G-covariant with respect to Uif

UlgMe (f)U )™ = Mr(gf) (fe CclX)),
where g+f is defined by (g.f)(x) = f(g ™ "x).

In the following, we shall formulate every result in
terms of observables defined as POV-measures; the transla-
tion in the language of Radon observables is
straightforward.

Let G.X,u,9, and Ube as above and suppose in addition
that i is G-quasi-invariant. If an observable M in § based on
X is G-covariant with respect to U and admits a pz-density
D, :xi+M_, then, for each g € G, we have

UM, U)~'=algxIM,, plx)-ae. (1L.2)

Here a is a quasi-invariance factor of i, i.e., a real-valued
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function on G X X such that, for each g € G,

Mg = (g1,
where the measure u,, is defined by p, (4 ) = u(g-A ) for all -
integrable sets 4.

If H is a closed subgroup of G and X is the (topological)
homogeneous space G /H, there always exists a nontrivial
positive G-quasi-invariant measure g on X unique up to
equivalence (Ref. 9, Chap. 7, § 2, Theorems 1 and 2), i.e., a
nontrivial positive measure 4 on X such that, for eachg € G,
the measure u, is equivalent tou. More precisely, let 7 be the
canonical mapping of G onto G /H and let A; {resp. 4;,) be
the modulus function of G {resp. of H ). There exist continu-
ous real-valued functions p > 0 on G satisfying

plgh) ={Ay(h)/As(h)plg)
for all g € G and all h € H, defining a nontrivial positive G-
quasi-invariant measure 4 on G /H with a quasi-invariance
factor a given by

a(g,m(g') = pleg’)/plg’) (IL3)
for all g,g’ in G. We shall then say that u is defined by a p-
Sfunction. Moreover, we shall denote by #* the unique mea-
sure on G such that

Lf#(g)d##(g) = f du(ﬁ(g))JHf#(gh \dvih)

for all continuous real-valued functions f # on G with com-
pact support, where v is any Haar measure on H. Hence u#
is the measure with density p relative to some Haar measure
on G (Ref. 9, Chap. 7, § 2, Lemmas 4 and 5).

Proposition 1: Let G be alocally compact group, let H be
a closed subgroup of G, and let 1 be a nontrivial positive G-
quasi-invariant measure on G /H defined by a p-function. If
M is an observable in a complex Hilbert space £ based on
G /H, if it is G-covariant with respect to a strongly continu-
ous unitary representation U of G on §, and if, in addition, it
admits a u-density D,,:x+—>M, such that M, is a projection
p(x)-a.e., then u is G-invariant.

Proof: By taking the square of (II.2), we obtain, for each
geaq,

algx)=1 p(x)ae.,

whence the G-invariance of u.JJ}

Remark 3: If, in Proposition 1, U is irreducible and M,
is a one-dimensional projection u(x)-a.e., then M is the ob-
servable defined by a system of coherent states relative to U
based on G /H {Ref. 2, 8.5, Theorem 5.2; Ref. 10).

Let G,H,mu be as above. We denote by Ind§ U the
(strongly continuous unitary) representation of G induced by
a strongly continuous unitary representation U of H on a
complex Hilbert space, say & We shall assume that Ind§; U
is carried by L 2(G /H,u;U), a complex Hilbert space de-
fined as follows (cf., for instance, Ref. 11, Chap. VI, § 4,
Theorem 15). Let s be an arbitrary but fixed section associat-
ed with 7, and let . be the complex vector space of map-
pings of G /H into & generated by all u-negligible ones and by
all those of the form f¥ © s, where f ¥ is a continuous map-
ping of G into & satisfying

[Fgh)=Uh)"f*(g) (IL.4)
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for all g € G and all 4 € H and such that the function
x—||f #(s(x))||« on G /H has compact support. We denote by
L% (G /H,u;U) the completion of % in the locally convex
complex vector space of all mappings fof G /H into & such
that the function xi—||f(x)||3 is u-integrable on G /H and
whose topology is defined by the seminorm

([ wzaut)

If fe £%(G /Hu;U) is not u-negligible, there exists a pu¥-
measurable mapping f ¥ of G into & satisfying (I1.4) and f # o
s = f. Notice that if a mapping / # of G into & satisfying (I1.4)
is ¥ -measurable, the function gi—||f #(g)||s is «*-measur-
able on G and the function xt—||f #(s(x))||s is #-measurable
on G /H (Ref. 9, Chap. 7, § 2, Proposition 6). Then

L2 (G/H,u;U) is the Hausdorff space associated with
Li(G/Hu;U). We have, for each g € G,

(Indz U)@)f 1 = ;] (fe LR(G/HuU)),

where £, (x) = alg” ' x)"*flg""x) (x€ G/H).

If G is second countable, there exists a Borel section
associated with 77 and, via this section, L (G /H,u;U)can be
identified with L 3(G /H,u), the complex Hilbert space of all
p-square-integrable mappings of G /H into &.

We shall denote by P the decision observable in
L2%(G/H,u;U)based on G /H defined by

PB)f1=[6sf) ([fleLiG/Hu;U);Be B y)

Proposition 2: Let G be alocally compact group, let H be
a closed subgroup of G, let u be a nontrivial positive G-quasi-
invariant measure on G /H defined by a p-function, and let £
be a complex Hilbert space. If M is an observable in £ based
on G /H, which is G-covariant with respect to a strongly con-
tinuous unitary representation U of G on 9, there exist a
strongly continuous unitary representation ¥(U) of H on a
complex Hilbert space & and an isometric mapping ¥ of $
into L 2 (G /Hu;(U)) satisfying

Ulg)= V*(Ind5pyU))g)V forallgeG,

M(B)=V*P, BV forallBe % 4,
and such that the set

{P.(B\V$ |Be A, and $e5}
is total in L (G /Hu;7(U)). The mapping ¥ is surjective if
and only if M is a decision observable. The triple
(L %(G /Hu;v(U)),Ind§¥(U),Pg) is unique up to unitary
equivalence.

Proof: See Ref. 7, Proposition 2 and end of Sec. 3.JJj

(IL5)

lll. KERNEL HILBERT SPACES

In this section, we generalize the notion of a kernel Hil-
bert space from that of a space of complex-valued func-
tions'>!? defined in a locally compact space X to that of a
space of equivalence classes with respect to some measure of
mappings of X into a complex Hilbert space. Following the
lines traced by Kunze'* in the case of continuous mappings,
we emphasize the relation between the existence of a kernel
and the continuity of some *“evaluation mappings” (cf. also
Refs. 15 and 16).
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Definition 2: Let X be a locally compact space, let iz bea
measure on X, and let & be a complex Hilbert space. A posi-
tive u-kernel K on X acting in & is a mapping of X X X into
Z(R) satisfying

Z (K (x X )¢, ¢4 ) >0

JeJ.ked

(ITL.1)

forallfinite index sets J, all x;, x, in X, and all¢;,¢, in &. Itis
said to be admissible if the relation [K (-y)¢ ] = [K (-,z)¢] be-
tween equivalence classes with respect to u of mappings of X
into & implies K (-,y)¢ = K (-.z)¢forally,zin Xanall ¢, in &.

A square-integrable positive u-kernel (on X acting in &)
is a positive -kernel K such that the mapping K (-,y)¢ is u-
square-integrable for all y € X and all ¢€R, satisfying in
addition

ﬁK ()1 K ez dulx) = (K (2.9)6 1),

forall y,zin X and all ¢,¢ in &.

Remark 4: By reason of (II1.1), the operator K (x,x) is
positive for all x € X. In addition, we have K (x,y)* = K (y,x}
for all x,y in X because (I11.1) and the positivity of K (x,x) and
K (y,p) imply

Im((K (xp)* — K (p.x))¢ |$)e =0
for all ¢,¢ in &.

Let % (X;8)be the complex vector space of all mappings
of X into & and let F (X;8) be the quotient vector space of all
its equivalence classes with respect to u. We shall call a u-
selection every linear mapping o of F (X;8) into % (X;&) such
that [o{[f])] = [f] for all fe F(X;R).

Proposition 3: Let K be an admissible positive u-kernel
on a locally compact space X, equipped with a measure u,
acting in a complex Hilbert space &. Then there exists a
unique complex Hilbert space & ;. of equivalence classes with
respect to 4 of mappings of X into & satisfying the following
conditions:

(1) Theset &, = {[K (-y)$ ]| ¥ € X and #ef} is total in

(I1.2)

K.

(2) There exists a u-selection ¢ such that the linear
mapping

E S f =allf1)x)
of R into R is continuous for all x e X and E ¥E ¥* = K (x,y)
for all x,y in X.
If K (-,y)is u-measurable in X for all yeX then & is a Hilbert
space of equivalence classes of #-measurable mappings; K is
an admissible square-integrable positive u-kernel if and only
if R is a Hilbert subspace of L (X,u). Moreover, if K (-,y) is
continuous in X for all y € X when .% (®) is equipped with the
strong operator topology, then 8, can be identified with the
unique complex Hilbert space of continuous mappings of X
into & which satisfies (1) and (2) with obvious modifications
(cf. Ref. 14, Theorem 1).

Proof: Let sp(® ) be the linear span of & in F (X;R). By
virtue of (II1.1) (cf. Remark 4), there exists a (unique) positive
Hermitian sesquilinear form (|-} on sp(® ) such that

([K ()8 1| [K (-2¥]) = (K (2.0)¢ |[¥)e (IL.3)
forally,zin X and all 4,1 in 8. Note that (II1.3) is meaningful
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because K is admissible: in fact, if [K (-,y')¢ '] = [K (-»)¢ ] and
[K{2')¥'] = [K (-2z)], we have

(K(Zy)e'|[¢) = K(Z )¢ [¢¥)e = (6 |K @2 W)
= (¢ |K 2 = (K (2)8 [¥)y-

It follows then from the Cauchy-Schwarz inequality that
(-|-) is nondegenerate. For let f= Y K (-.x;)¢; (x,€ X; ¢,€R)

J
with a finite sum; for each x € X we have, using (I11.3),

Fxls = Zk(K (x:x;)8; 1K (x,%, )8 )g

5

= zk( [K("xj)¢j ]| [K(-,X)K (% )b ])

<IU [ SK s 1
<MK (eoxlf )l el 2,

whence

Felle <UL K G| (ITL.4)
and f(x) = O whenever ||[f]]] = 0. In addition, (IT1.4) implies
that for every Cauchy sequence ([f, ]) in sp(®) with

fn = ZK('rxj )¢j’
=

where J, is some finite index set, the sequence (f,,) converges
pointwise in .% (X;8). Thus sp(® ) is dense in a unique com-
plete vector subspace of F (X;8). Equipped with the scalar
multiplication (-|-), which extends (-|-), this subspace is the
wanted Hilbert space .

To show that condition (2) is satisfied, we choose a u-
selection o continuous in & when .7 (X;8) is endowed with
the topology of pointwise convergence and such that

o([K(é]) =K (.y)é
for ally € X and all ¢e®. This choice makes sense because K is
admissible. Moreover, for each x € X, the mapping
[f]1 —allf Nix) of sp(® ¢ ) into K is continuous by (I11.4) and can
be uniquely extended to a continuous linear mapping of &
into K. It follows that the mapping E X is continuous and that

(K (xp)¢ [¥)e = (ESIK (98 1|¥)e = ([K (-2} 1|ET*Y)
for allx,y in X and all ¢,¢ in &, where E * is the (continuous)
adjoint of E X, Using (II1.3), we get

ES = [K(x)l,
whence EXE5* = K (x,y).

The assertion about the u-measurability follows from
Egoroff's theorem (Ref. 5, Chap. 4, § 5, Theorem 2) and from
(Ref. 5, Chap. 4, § 5, Proposition 6). If K is an admissible
square-integrable positive i-kernel, then, by virtue of {I111.2),
sp(®x) equipped with the scalar multiplication (-|-) is a pre-
Hilbert subspace of L 2 (X,u) whose closure is & . The con-
verse is straightforward. In the case where X (-,y) is continu-
ous for all y € X, every element of &, contains a continuous
mapping defined by means of K (Ref. 14, Theorem 1); the
space of all these mappings identifies to & in an obvious
way. ]|}

Remark 5: It follows from (II1.5) that E £*, and there-
fore E ¥, is uniquely defined by K for all x € X. This justifies,
posteriori, the superscript “K.”

(ITL5)
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Corollary: Let X,u,K, and & be as in Proposition 3. Then

(i) Kis reproducing in &, i.e., for each y € X, each deQ,
and each [f] R, we have

(K¢ 1 1)k = @ 1ESf De-
(ii) For each (x,y) € X XX we have

IK ep)I<|IK Gex)| 1K (o).
Proof: Assertion (i) follows from (IIL.5). From (II1.4),
with =K (-y}¢ (y € X; ¢ €R), we obtain

1K (xp)¢ | <II LK (-0} 1% 1K (ex)]],
ie.,

(K (x)*K (x,9)8 |8 ) <(K 0) |6 )o1K (x,)],

whence assertion (ii). [JJj}

Proposition 4: Let X, 1, and & be as in Proposition 3. If §
is a complex Hilbert space of equivalence classes with re-
spect to 1 of mappings of X into &, then the following condi-
tions are equivalent:

(i) There exists an admissible positive u-kernel K on X

acting in & such that 8, = $.

(i) There exists a u-selection o such that, for each x € X,

the linear mapping

E. [f]1o(lf Dix)

of § into & is continuous.

Proof: (i) = (ii): This follows from Proposition 3 with
E =EX

(ii) = (i): Since E, is continuous for all x € X, its adjoint
E * is continuous; hence we have a mapping X of X X X into
Z(R) defined by

K(xy)=E,E*. (IIL6)

This mapping is a positive u-kernel on X acting in &, for, if J
is any finite index set, then

z (K (xy !xj)¢j|¢k)ﬁ = y%:g(ExkE;‘ﬁjwk Ja

= HEE t,¢j|\.% >0
e

for all x;,x, in X and all ¢,,4, in & Now, for each pair x,y of
elements of X and for each ¢ € &, we have

K(xy)p = E,E}¢ = o(ET¢ )x);
thus E¥¢ = [K (-,y)¢ ] and K is admissible. On the other
hand, if (E ¥ |[f]); = Oforally € X, all #e&, and a certain
[f] € §. then (¢ |o{[f 1)W)ls = (E 36 |[f 1) =0, whence
a{lf1) = 0and [f] = 0. Therefore, condition (1) of Proposition
3 is satisfied and, as condition (2) is fulfilled by assumption
and by (IIL.6), with EX = E, (x € X), assertion (i) follows
from Proposition 3.JJj

Corollary: If X is a locally compact space equipped with
a nontrivial measure x and if ® is a complex Hilbert space,
then the mapping I:(x,y}—Ide of X X X into .¥(R) is an ad-
missible positive u-kernel on X acting in & such that &, is
isomorphic to £. When, in addition, X is compact and u
positive, the admissible positive uz-kernel (1/u(X ))f is square-
integrable.

Proof: The complex vector space & of the equivalence
classes with respect to u of all constant mappings of X into &
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becomes a Hilbert space isomorphic to & when equipped
with the scalar multiplication (-|-), defined by

(I De = (FN FDa
where f,f' are arbitrary constant mappings of X into & and x
is any element of X. The u-selection o defined by o([f]) = £,
where f'is any constant mapping of X into &, makes the
evaluation mapping E, :[f] +—o([f ])(x) continuous for all x,
€ Xand wehave E, E } = Id,, for all x,y in X; hence &, = L.

Remark 6: In what precedes, we never have excluded
thepossibility ofgetting [K (-y)¢ ] = [K (-y)¢]with¢ #y¢fora
giveny e X, i.e., E [*¢ = E [*¢. It is easy to check that, for
an arbitrary y € X, the following conditions are equivalent:

(i) EX*isinjective.

(ii) £ ¥ has a dense range in §.

(iii) X (y,p) is strictly positive.

Remark 7: Let K be an admissible square-integrable
positive u-kernel on X acting in &; then we have

(I N = f (EXIFE X Dgdutx)

for all [f), [f'] in 8. If i is positive, the mapping
M: B 34— L (8 ) given by

M(B)= f«ﬁs(x)deﬂ(x) weakly,

where M, = E**E X is an observable in & based on X
which admits a u-density D,,:x —M, defined everywhere
in X. If for any continuous operator 4 in &, we define a
mapping 4 X of X X X into .¥(8]) by

AR(x) = EXAE',
we obtain
ESA U = [4%0ESU 1dulx) weakly

for all [f] € 8 and all y € X. In fact, for each #e®, we have
(EXAflg)e =(F1A*E*¢ )k
= [E5U1E5A *E S0 ocutr)

_ f (A X X)E E1£ 16 e dpelx).

IV. DENSITIES

Equipped with the results of Sec. III, we now can estab-
lish a connection between the existence of a density of a co-
variant observable acting in § and the existence of a kernel
Hilbert space isomorphic to .

Proposition 5: Let G be a locally compact group, let H be
a closed subgroup of G, and let i be a nontrivial positive G-
quasi-invariant measure on G /H defined by a p-function.
Given a complex Hilbert space £ carrying a strongly con-
tinuous unitary representation U of G and an observable M
in § based on G /H which is G-covariant with respect to U,
let V: §—L % (G /H u;y{U)) be the isometric mapping of Pro-
position 2. Then the following conditions are equivalent:

(i) M admits a py-density D, :x =M, .

(ii) There exists an admissible positive u-kernel K on

G /H acting in & such that &, = V9.

Progf: (i) = (ii): Since
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M(B)= [boWdutx) weakly (BeBon)
then, for each [f] € V9 and each Be % ,,, we have
MBW*U1V*f e = (Pe(B)F ).

= [45tR1E. L ot

= [$s MLV 11 2t

where E, is the evaluation mapping at x defined by an arbi-
trary u-selection. It follows that

IE U ls = IMLV*[f1llo <ML ILF Tlve  mix)-ace.
(IV.1)
Since (II.5) can be translated as
E (IndfnU))g) = alg™ ' X)"E, . (Iv.2)

for all x € G /H and all g € G, we see that E, is continuous in
V$ forall x e G /H. By Proposition 4, there exists an admissi-
ble positive u-kernel X on G /H acting in & such that

R = V9 and E, = E X for all x € X. In addition, it follows
from (IV.1) that

M =V*E*EV (xeX)

(il) = (i): By Proposition 4, the linear mapping E ¥ is
continuous for all x € G /H. Since

f b(XV*EX*E XV |$)ydulx)

— (165018 578 3t

=||Po(B)V$ ||1: = (M(B)¢|d)s

forall Be % ;4 and all g€, the observable M admits a u-
density

Dyx M, =V*EMEXY
defined everywhere in G /H ]

Remark 8: It follows from the proof of Proposition 5
that E X is continuous for all x € G /H so that we can choose a
p-density D, :x M, defined everywhere in G /H and
satisfying

M, =algx)"'UgM Ulg)~’ (Iv.3)
for all g € G and all x € G /H. In addition, by (IV.2) we have

Klgxgy)=E§f EX* =a(gx)” o(gy)V2E SE*

= algx)”algy)” K (x,p) (Iv.4)

for all g € G and all x,p in G /H, and we can say that X is G-

quasi-invariant.
If it is G-invariant, then (IV.3) becomes

M, =U@M U™ (IV.5)

and (IV.4)

K (g-x,gy) = K(x.),
i.e., K is G-invariant. It follows now from (IV.5) that if there
exists x, € G /H such that M, is a projection, then M, is a
projection with the same rank of M, forallxe€ G/H (cf.
Remark 3).
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By choosing x = x, = Hin(IV.3)and (IV.5), wesee that
D,, is completely determined by M, € .7 (©)", the repre-
sentation U, and the function a. For each # € H we have, by
virtue of (I1.3),

UhM, ={4ulh)/Agh M, Ulh)
and, if  is G-invariant,
UhM, =M, Ulh).

The following Corollary 1 extends to every locally com-
pact group G a result already known for G compact and
second countable (Ref. 2, 4.5, Theorem 5.3).

Corollary 1: Let G,H,u,%,U, and M be as in Proposition
5. If § is finite-dimensional, then M admits a x-density.

Proof: The linear mapping E, of Proposition 5 is con-
tinuous for all x € G /H because V' is finite-dimensional JJj

Corollary 2: Let G,H,u,%,U, and M be as in Proposition
5. If G is second countable, u is diffuse, £ is infinite-dimen-
sional, and M is a decision observable, then M does not admit
a u-density.

Proof: We use the notation of Proposition 5 and assume
that M admits a iz-density defined everywherein G /H. Let C
be a compact subset of G /H with u(C) > 0; put

a =sup|E{],
xeC

and define, for each ¢e®, a mapping f* of G into & by

fFsx)h) = Ugh)™ "¢ (x)p (xeG/HheH),
where s is any Borel section associated with the canonical
mapping of Gonto G /H, U, = ¥(U), and C,is apu-integrable
subset of C such that 0 < u(C,) < 1/a® (which exists because
u is diffuse). Then, with f = f# o 5, we have [f] €
L(G/Hp;Up)moreover, [EX(f g = 4 lls  ulx)-ace.in
C,- If we choose ¢ such that ||¢ |3 = 1/u(C,), then we have
I 1ll.: =1and |[EX[f]lle >a ulx)ae. in C), whichis
impossible.Jj
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The analyticity of the energy level E, (/) in the half-plane Re(/)> — 1 has been proved for some
interesting superpositions of quark-confining potentials.
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I. INTRODUCTION

Recently Grosse and Martin' (GM) initiated the study
of Regge trajectories in confining potentials. They proved
that for pure power-law potentials

Vin=r" a>0 (1)
the energy levels £, (/) in the complex angular momentum (/)

plane are analytic for Re(/)> — 1. It would be interesting to
extend the above theorem for a class of potentials of the form

Vir)= f playrda, p>0whena>0. (2)
-2

But as remarked by GM, their technique is unsuitable for
superposition of potentials. However, a slight extension of
the GM technique could prove the desired analyticity of
E, (/) in the half-plane Re(/) > — 1 for the class of potentials

Vin=r+kr? k>0,04<p<1. (3)

This is done in Sec. II. As will be clear the proof actually
holds for

Vin=r*+kr® k>0, (4)

with appropriate bounds on 3. In Sec. III we present another
method of proving the analyticity of E, (/) for the class of
potentials

Vil=r+kBr?, —2<B<l (5)

This includes the interesting case of “Charmonium poten-
tial” if 8 = 1 and a > 0. We still lack, however, a proof for
the analyticity of £, (/) in the gap 1<A<2.

1. SUPERPOSITION OF POTENTIALS: CASE |

In this section we follow the GM approach. So we brief-
ly state the results, stressing only the points where modifica-
tions are necessary.

(a) For the potential (3) the Schrédinger wavefunction
u(z) for any fixed /,E and k& > O is analytic in z, at least in the z
plane cut along the negative real axis. It has the asymptotic
behavior

u/ug—1 asz—oo,uy=2""%,

exp[ _%23/2+Ezl/2+0(2——l/2)] (6)

for |arg z| < 7.

(b) It has been shown by GM that ImE,, (4 )/ImA > 0, if
A =1[(l+ 1). Hence E, (4 ) has no isolated pole or essential
singularity in the A plane cut along — 1to — co. The argu-
ment which excludes natural boundaries in the case with
pure power potential will remain valid in our case. Thus we
need only to consider branch points. To discard branch
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points the strategy is to characterize the energy level for any /
by the number of zeros of the corresponding wavefunction in
a sector (independent of /) of the z plane.

(i) Let A berealand A > — 1. The Schrddinger equation
alongarayz=1te’is 2u =#fi=1)

( — %23 + ;{—2 + e’ 4+ kt'ge"‘“B"’)u =Ee*u, k>0, B<1.
(7)
By multiplying by u* and integrating, we get
Re(u'u*) = J:dt’{|u’|2 + |u|2[t/l—,2 + t'cos3¢
+ kt Pcos(2 + B¢ — Ecos2é ”, (8)

Im(u'u*)

13
_ fdt '|u|2[¢'sin3¢ + ki Psin(2 + B) — Esin2g ).
0
(%)
If |6 | <7/3, u—0 as t— o and the integration sign ¢ in (9)
can be replaced by — §;°. In this case the integrand in (9) is
monotonically increasing (decreasing) if ¢ > 0 (¢ < 0). So we
can choose the limits in such a way that the integrand as-
sumes a constant sign. Hence Im(u'u*)#0 which shows that

u has not zero in 0 < |¢ | < 7/3. Next we consider the
combination

Re{u'u*)cosy — Im(u'u*)siny. (10)
It will be different from zero if we can find ¥ such that

cosy >0, cos(3¢ + ¥)>0,

cos{(2 + B)¢ +7]1>0, cos(2¢ +7)<O0. (11)
The inequalities hold uniformly provided we choose

7/3<|¢ | <7 and 0<B< 1.

Hence we get

Lemma2.1: Forareal A > —1land0<f <1, u hasno
zeroinO< |@ | <.

(ii) Let A be complex. Choose, for instance, Im 4 > 0.
Equation (9) becomes

t
Im(u'u*) = sz '|u|2[I—m§1- + t'sin3g
o t’
+ kt#sin(2 + B)p — |E |sin(2¢ + argE)|. (12)
If 0 < ¢ < 7/3, the integral tends to zero if ¢ . Moreover,
sin3¢ > 0, sin(2 + B )4 > 0. So we have sin(2¢ + arg E)> 0.

Hence we conclude that
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O<argk <7/3, Imd > 0. (13)

Also an argument similar to that applied in the proof of
Lemma 2.1 shows that

Lemma 2.2: For ImA > 0, u has no zero for

— /3 <$<0.0 We now prove the following

Lemma 2.3: For ImA > 0, u has no zero for ¢ = 57/6 if
we restrict Bin 0.4 <8 < 1. Also u has no zero for ¢ large
enough and |¢ | < 7.

Proof: Here we can only use the limit (0,7 ):

Im(u'u*) = Jdt’lu]z[l:r,);l +1t’
(¢]

+ ke Psin(2 +ﬁ)_561 —|E |sin<—5§1 + argE)]. (14)

According to (13), we have 7 < 57/3 + argE < 27. Hence
the integrand is positive if we have sin(2 + 8)57/6 > 0. This
gives thebounds on 3:2 < 8 < 1. The upper bound is chosen to
meet the boundary condition at infinity. This proves the first
part of the lemma. The second part follows from the Eq. (6).

We have thus proved that, for real A > — 1, u(z) has only
n real zeros (corresponding to the nth level £, ) and no other
zero in the sector |¢ | < 7. For complex A (with, for instance,
ImA > 0) there are no zeros in — 7/3 < ¢<0,no zeros on the
line ¢ = 5#/6, and no zeros at infinity in the sector
0 <|¢ | < . Hence, if we vary A continuously starting from
and returning to a point on the A real axis the number of
zeros cannot change and we get back the same energy level.
Thus E,, {4 }has no branch pointin the cut A plane. Hence we
conclude

Theorem 2.1: The energy level E, (/) in the potential
V(r)=r+kr®, k>0,0.4 <fB <1isanalyticin Re(/)> — 1.

The proof can also be extended to potentials
Vi=r“+kr® k>0,2a/4+ a)<f<a<4.

11l. SUPERPOSITION OF POTENTIALS: CASE Il
We now consider the class of potentials
Vir)=r+kBr, (3)

where & is any real number. The special choice of the cou-
pling parameter does not reduce the generality of the class of
potentials. To prove the anlyticity of the energy eigenvalue
E,(l)in Re{l)> — 1 we need, in this section, the following
result.

Theorem 3.1: The energy eigenvalue (E,) in the poten-
tial (5) is analytic in 3 for — 2 <8 <} for any fixed / in the
half-plane Re(/)> — i. Moreover, for 3 in this interval, the
energy eigenvalues are nondegenerate.

We shall prove this theorem using the well-known
Kato-Rellich theory. Let us denote

2 A

TS S kB A=+ ) (15)

which is a formal differential operator. At the beginning we
restrict 8 only by the inequality 5> — 2. Then with real
I> — 1, 7 defined as an operator in L *(0, ) is of the limit-
point type at infinity for all values of /, limit-circle type for
— } <l <} and limit-point type for />>1 at the origin. Hence
for the self-adjoint extension of the symmetric operator 7 in
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L *(0, 0 ) we need a boundary condition at » = 0 which corre-
sponds to the usual normalization condition
lim, o7 '~ 'u = 1, u belonging to the domain of 7. We thus
have

Definition 3.1: The operator family H (8,4 }is the unique
self-adjoint extension of the symmetric operator 7 in
L %0, «0), and it is defined on the dense domain D (H ) which is
the set of all ueL *(0, oo ) such that du/dreL *(0, ), u(0) = 0,
and rueL (0, o ). Forcomplex/withRe(/) > — §, H (8,4 ) will
be defined on D (H ) as a closed operator with the following
property

HBAY¥=HBA]
where H (3,4 )* is the adjoint of H (3,4 ).

Let us denote by ¥ the maximal multiplication operator
rfin L0, ).

Lemma 3.1: V is H (0,4 )-compact for — 2 <f3 <} uni-
formly in / lying in any compact set in Re(/)> — 1.

Proof: Our proof follows a similar approach of Graffi e
al* We first note that the kernel of the integral operator
H(0,A) s given by the Green’s function

v (x)gv (y)’ x<)’,
Gy = {Z(y)gxx» y<x,

where
folx) = (3x)' 7L, (3x*73),

g.1x) = () 2K, 3x*), v =42 4 1),

I, and K, are modified Bessel functions. Hence the kernel of
the operator ¥V H (0,4 )~ is given by x°G (x,y). Now it can be
shown (see Appendix) that

J f |XPG (x,)|*dxdy <
0 (]

uniformly in 3 and / on compact sets in the interval

— 2 < <} and in the half-plane Re{/) > — 1, respectively.

Thus VH (0,4 }~!is a Hilbert-Schmidt operator and hence
compact. We note incidentally that H (0,4 )~ ' itselfis a com-
pact operator which follows for 8 = Oin V. The above obser-
vations prove the lemma.’

Corollary to Lemma 3.1: For any fixed [ in
Re(/)> — 1/2, H{B,A )isaholomorphic family oftype A inf3
for — 2 <3 <} and it has compact resolvent.

Proof: Vis H (0,4 )-compact implies that ¥ is H (0,4 )-
bounded with relative bound zero for — 2 <3 <. Hence by
standard arguments,* the result follows.

As a consequence of the corollary every nondegenerate
eigenvalue of H (8,4 ) is analytic in 3 near 8 = 3, with
Boel — 2,4).

Lemma 3.2: Consider an operator

PB)= —(27ri)*'L[H(ﬂ,/1)_z]*'dz,

where Cencloses only E, = E, (0) and no other eigenvalue of
H (0,4). Then P{B) is bounded holomorphic in £ in
—2<B<liforeach/inRe(/)> — Landso P(B)isthe projec-
tion operator corresponding to E, (). Also for each S in
— 2 <3 <} the dimension of the range space of P(B}is 1.
Proof: The proof will be given in two steps.
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Step 1: The operator
P= (27ri)_lf [H(OA)—2z]"'dz
C

is the projection operator corresponding to E,, for each fixed
linRe(/)> — 1.SinceE, isanalytic'inRe(/)> — 1, H(0 )is
nondegenerate in Re{/}> — 1/2 and so

dim[range P] = 1. (16)
Now,
(HBA)—2]""
=[H(OA)—z]" {1+ kBrP[HOA)—2]'}"".  (17)

Hence the lhs of (17) is holomorphic provided
kBre [H(O,A)—z] " < 1.

Wewrite,
IrPHOA) | =N @), {1 —zH(OA) 17} =M(z),
No= inf N(B), M,=infM (z).
—2<fB<l/4 2zeC
Then with the choice
|k | < 1/72MyN, (18)

weseethat [H (8,4 ) — z]~ 'and hence P (8 ) is holomorphicin
— 2<fB<Lforeach/inRe(/)> — 1. Also the dimension of
therange of P (3 )is 1, which follows, by continuity, from (16).
Hence the lemma is proved for small & satisfying (18).

Step 2: The lemma, however, holds for any k. To show
that we first note that Step 1 is true actually for potentials

V(r)=pr+ kBr®, p>0. (19)

[In fact, all our earlier resutls remain true for (19). We chose
p = 1 only for the convenience of notation.] Here the bound
corresponding to (18) is independent of p, since in the present
casetheinfimumof ¥ (3,p)and M (z,p) are taken alsoonpona
compact set. Now the well-known Symanzik scaling law
gives

E,(Ln)=p"*"E,(p.k),
n=kp B+ (20)

We suppress the 5 dependence in E, for convenience.

Choose p small and |k | < 1M, V,. Then the projection P,(3)
corresponding to E,, (p,k ) is holomorphic in S and dim[range
P,(8)] = 1. Hence Eq. (20)shows that P (3 ) corresponding to
E, (1,m)is also holomorphicin3and dim[range P ()] = 1 for

1
7l <5r—p =P 1)
2MoNo

Since p is small and arbitrary, (21) implies that |7| would be
arbitrary but a finite number. In otherwords P (8 ) corre-
sponding to £, (1,7) is holomorphic in 3 for any finite real 7.
This proves the lemma.

Lemma 3.2 means that H (8,4 ), [ fixed withRe(/) > — 4,
isnondegenerate for — 2 <3 < 1. Soeach eigenvalue E, (3 )is
nondegenerate. This together with the remark below the cor-
ollary to Lemma 3.1 completes the proof of Theorem 3.1.

We are now in a position to prove the main result. As
remarked in Sec. I, it is only necessary to show the nonexis-
tence of branch points and natural boundaries in the energy
eigenvalue as a function of / in Re(/)> — 1. Let us first ex-
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clude branch points. We do this by constructing a contradic-
tion. We begin by writing two Schrédinger equations

—ul + (—%)un =FE,u,, (22)

_v;'+(%+r+kﬂrﬂ)”n = €0, —2<B<} (23)

where A = /(! + 1). According to Theorem 3.1, E, (B4 ) is
analyticinBfor — 2 <3 < forany fixed A in the A plane cut
along —to — o and¢€,(0,4)=E, (1) for each n. We also
know that E,, (4 ) is analytic in A in the cut plane. Let us
suppose that, for a nonzerof, €,(8,4 ) as a function of A hasa
branch point at A = 4,,. Hence, after a complete revolution
around A = A, the Eq. (23) [with A replaced by 4,] becomes

. ieri‘n' g
-+ —T—+—r+kﬁr U,y =€,,0,,, (24)

where m #n. Now making A, fixed we vary S so that f—0.
We thus get [since no two eigenvalues coalesce at 5 = 0]

2im

Age

—ul + ( + r)u,,I =€,U,,. {25)
Equation (22) can also be considered as one obtained from
Eq. (23) by letting f—0. Thus, if we assume the existence of a
branch point at A = A, for a nonzero 3 we arrive at two
different Eqs. (22) and (25), respectively, by letting S—0 be-
fore and after a complete revolution around A = A,,. This
means that A = A should also be a branch point of E,, (1)
which is not the case. Hence the contradiction. Thus €, (5,4 )
has no branch point in the cut 4 plane if —2<f<1.

Natural boundaries are also automatically discarded.
This follows from Theorem 3.1 which states that €, (8,4 ) is
well-defined for each A in the cut plane and each B in
— 2 <B <} Hence we conclude

Theorem 3.2: The energy eigenvalue €,(/) in the
potential

Vih=r+kBrf, —2<B<}
is analytic in /in Re(/) > — 1.
V. DISCUSSION

We have proved the analyticity of E, (/) in the half-
plane Re(/) > — 1 for potentials

Vir)=r+kpr?
in two nonoverlapping regions of 3: (i) < 8 < 1, k > 0 and (ii)
— 2 <<}, kreal. We are still unable to bridge the gap

1<B<2. However, our proof includes the physically interest-
ing case of the popular Charmonium potential.
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APPENDIX
The proof of the uniform convergence of the integral
I= f f IX5G (x.)|dx dy (A1)
0 0
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will be given below. The integrand is nonnegative. Also from
the asymptotic properties of the Bessel functions 7, and K,
the repeated integral

J:dx xzﬂf:lG(x,szdy

can be shown to converge uniformly in 3 in the interval

— 2+ n<B<L —n, >0 for each fixed /in Re(/) > — 4.
Hence by Fubinis theorem,’ the integral I is uniformly con-
vergent in B in the interval — 2 + 7<B<! — 7, 7>0but
pointwise convergent in / in Re(/} > — 1. Explicitly this
means that for any € > 0 we can find §,(/}> 0, 8,(/) > 0 and
X\(1)>0, X5(/)> 0 such that

X"~y .
1= | koG anay| <e (A2
x' Jy

forx' <8,(l),y <8,(1), x" >X,\{l), y" > X,(I) and for all B in
—2+9<B—1,7>0
We next consider the Dixon-Ferrar representation® for
the Green’s function

£

Gleyl = lfoxv [ e ffoldg, Rev>0. (A3
90
where
® =(—x* —y* + 2x¥%%coshq)' 12,
x3 + 3
cosh go — 2,9/—2),}3)/2’ V= %(21 + 1)

Clearly the representation holds uniformly in /in Re{/) — L.
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Inserting the representation in / and using the asympotic
properties of J,(2w) we now see that the integral / is uniform-
ly convergent in / in any compact set in Re{/)> — land in 8
in — 2+ 7<B< — 3 — 1, 7>0. Accordingly, for any € >0,
we can find positive constants §,,5,,X,, X, independent of /
and S such that

| — JX fy |XPG (x,y)|*dxdy| < € (A4)

forx' <68,y ' <8, x" >X,,y">X,and for Bin
=24+ 7<B<—3—1,1>0.
Now 8,(/)and X;({}, i = 1,2, in (A2} are independent of

[. The uniform convergence of I in / for

— 24 << —§ —n, 7>0, implies that

8;(1)=46,, X,(I) = X, in this subinterval and hence for all 5
in — 2+ n<B <1~ n,7>0. Hence I is uniformly conver-
gent over compact sets in the respective domains of the pa-
rameters / and 3.
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We start with an unperturbed system containing a homoclinic orbit and at least two families of
periodic orbits associated with action angle coordinates. We use Kolmogorov-Arnold-Moser
(KAM) theory to show that some of the resulting tori persist under small perturbations and use a
vector of Melnikov integrals to show that, under suitable hypotheses, their stable and unstable
manifolds intersect transversely. This transverse intersection is ultimately responsible for
Arnold diffusion on each energy surface. The method is applied to a pendulum-oscillator

system.
PACS numbers: 46.10. + z,03.20. +1i
1. INTRODUCTION

In a previous paper (Holmes and Marsden)' we devel-
oped a method for proving the existence of Smale horseshoes
in two-degree-of-freedom Hamiltonian and nearly Hamil-
tonian systems. This paper extends those methods to systems
with three or more degrees of freedom. We start with an
unperturbed system containing a homoclinic orbit and at
least two families of periodic orbits associated with action
coordinates. We use KAM theory to show that some of the
resulting tori persist under small perturbations and use a
vector of Melnikov integrals to show that, under suitable
hypotheses, their stable and unstable manifolds intersect
transverselly. This transverse intersection is ultimately re-
sponsible for Arnold diffusion on each energy surface.

Our methods are a generalization of those of Arnold?
where “Arnold diffusion” was first introduced. The applica-
tions are, however, somewhat different and, we believe, of
more direct physical interest.

For two-dimensional forced systems, the existence of
transverse homoclinic orbits using Melnikov type methods
is discussed in Chow, Hale, and Mallet-Paret, Holmes,* and
Greenspan and Holmes.® These methods apply to two-de-
gree-of-freedom Hamiltonian systems through the process
of reduction and are discussed in Holmes and Marsden.’
These methods also apply to certain infinite-dimensional
problems with external forcing and damping; see Holmes
and Marsen.® The purpose of this paper is to extend the Mel-
nikov method to Hamiltonian systems with three or more
degrees of freedom where the new phenomenon of Arnold
diffusion arises.

The main example treated in this paper is a Hamilton-
ian system consisting of a pendulum coupled to two oscilla-
tors (with amplitude-dependent frequencies). The system is
shown to have Arnold diffusion. Using the techniques in our
previous paper, one can also show that the Arnold diffusion
on a certain energy surface survives suitable positive and
negative damping perturbations.

“Research partially supported by ARO contract DAAG-29-79-C-0086
and by NSF grants ENG 78-02891 and MCS-78-06718.

669 J. Math. Phys. 23(4), April 1982

0022-2488/82/040669-07$02.50

We shall assume that our coordinates are given in ca-
nonical form. However, many interesting problems involv-
ing rigid body dynamics are best done in a more general Lie
group theoretic context. This situation is discussed in
Holmes and Marsden.’

2. TRANSVERSAL INTERSECTION OF INVARIANT
MANIFOLDS BY MELNIKOV’S METHOD

In this section we are concerned with perturbations of
Hamiltonian systems of the form

H%gpx,y) = Flgp)+ G(x.), (2.1)

where (¢,p,x,y) are canonical coordinates on a 2(n + 1)-di-
mensional symplectic manifold P; g and p are real and

x = (x",...,x"), y = (V1,---,p,, )- We assume the coordinates are
canonical although, in some examples such as the rigid body,
this requires modification (Holmes and Marsden’). We shall
also assume that action-angle coordinates (0,,...,6,,{,,....1,)
can be found in a certain region of phase space such that (2.1)
takes the form

H%p0,)=Flgp)+ 3 G(L). (2.2)

i=1

We also assume that G;(0) and that

G,
0,() = c?Il >0 forl >0. (2.3)

J

The perturbed problem we consider has the form

HE(‘],P:9’I) = F(q’p) + z G:(I,) +eH ](q,P:G’I)’ (24)
i=1

where H ' is 2m-periodic in 8,,...,8, . Now we recall how this
{(n + 1)-degree-of-freedom system may be reduced to an »n-
degree-of-freedeom nonautonomous system; the reader
should refer to Holmes and Marsden’ for details.

Choose one of the action coordinates, say I,,. Since
2,(1,)>0for I, >0, we can invert the equation

Hegp,6.I)=h (2.5)
to obtain
1, =Lcgp.0,...0,,1,..1, h) (2.6)
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If we write
L<=L°+eL'+0(e), (2.7)
then a simple computation shows that
L°%qgp1,,....I, ,;h)
n—1
=G, (h—Flgp)— Y GiI) (2.8)

j=1
and

LYgp,0,,.0,.1,,...0,_;h)
_ H l(q’pyel’-'wen Ay, 1)L O(ql’p’llv--»]n _;h)
02,(L%gpd,,. L, _ 13h))

(2.9)

Changing variables from ¢ to 6, and writing ( )’ for (d /d6,)
( ), Hamilton’s equations for H € become

g oL L _dL
ap, aq!
aL< dL<
= - = -2 j=l.,n—1 (210
; i U 28, J n (2.10)

Using (2.7)+2.9), Eqgs. (2.10) are in the form of a 27-periodi-
cally forced n-degree-of-freedom Hamiltonian system. No-
tice that L °is (formally) completely integrable, having # con-
stants of the motion given by

L%energy) and (I,,....,0, ;)= (l1yeeesly _ i )s
or alternatively,
L®and (G\(I}),...G, _ (I, ) = (hyysh, o).

{This reflects the general fact that complete integrability is
preserved by the reduction process).

Assume now that the Hamiltonian F has a homoclinic
orbit (g(¢ ),p(t )) joining a saddle point (gq,p,) to itself. (The
case of heteroclinic orbits connecting different saddle points
proceeds in the same way.) The Hamiltonian system for L ©
thus has an (n — 1)-parameter family of invariant (n — 1)-
dimensional tori T'(A,,...,h, ) given by

G,(I})=h; =const [ie, [, =1, =G, '(h)],
6, = 0,(,6, + 6,(0) (mod 27), j=1,..n—~ 1,
9=4¢ P=Do

(2.11)

Correspondingly, the system for F has an n-parameter fam-
ily of invariant tori T'(h,,...,h, ). Henceforth we write the
{phase) constants of integration 6,(0) as §0j = 1,...,n — L,n.

The torus T (h,,...,h, _,)is connected to itself by the n-
dimensional homoclinic manifold

G/L)=h,
6, =02,)8, +6°% j=1..n—1,
where the phase constant 69 associated with the “reduced”
degree of freedom appears explicitly. This manifold consists

of the coincident stable and unstable manifolds of the torus
T(hy,...h, )ie,

WAT (hyynh, )= W T (hysh, )
given by (2.12). See Fig. 1.

(2.12)
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I.=h ej 2n-periodic,

iy

a(e -87), P(o -69)

{agsp,)

FIG. 1. The homoclinic orbit for the F system X the invariant torus
T(hy,...,h, _ ) gives the homoclinic manifold of the torus.

For e#0 the system (2.10) possesses a Poincaré map P,
from (a piece of) (¢,0,0,,.--,6, _ 1 11,1, _ ) space to itself,
where 6, goes through an increment of 27, starting at some
fixed value 82 (which will be suppressed in the notation).
The tori T'(h,...,h, _ ) are invariant manifolds for P,. In
fact, these tori are isotropic submanifolds (i.e., the canonical
2 form w vanishes on them), a fact we shall need later.

The program is to show that for €0 some of the tori
persist and that their stable and unstable manifolds intersect
transversely. To do this we shall invoke the KAM (Kolmo-
gorov—Arnold-Moser) theory and Melnikov’s method. The
result will then be interpreted as Arnold diffusion.

Let us first discuss the invariant tori. The manifold ob-
tained by setting ¢ = ¢,,p = pyisa(2n — 2)-dimensional nor-
mally hyperbolic invariant manifold, say M,, for our Poin-
caré map P,,. Thus, for € small, M, perturbs uniquely to an
invariant manifold M, for P,. The KAM theory now can be
applied to the family of invariant tori T'(h,,...,h, _ ,) on M,,
If the hypotheses of nondegeneracy and nonresonance hold®
then the torus T'(A,,...,h, _ ) will perturb to an invariant
torus T (h,,...,h, ) for P,, for € sufficiently small (depend-
ing upon the precise “degree” of nondegeneracy). Moreover,
the proof shows that this torus is also isotropic.® We note
that the perturbed torus 7, has the same frequencies £2;(4,)
as the unperturbed torus and thus the perturbed phase an-
gles do not drift appreciably from the unperturbed ones. We
use this fact below.

Although a set of positive measure of the perturbed tori
persist near the original ones, the resonant tori containing
continuous families of periodic motions generally break into
finite sets of alternating elliptic and hyperbolic periodic or-
bits with associated homoclinic motions, as in Arnold
[19781,® (p. 397). The boundaries of the elliptic islands are
conventionally drawn as homoclinic orbits of a flow: these
actually belong to an associated averaged ( = canonically
transformed) system. Restoration of the terms omitted in
averaging leads to the prediction that these islands will, in
turn, be surrounded by regions containing transverse homo-
clinic orbits (cf. Holmes*) but these regions are smaller than
any power of €, since they can be removed by successive
averaging operations. In fact such “stochastic layers” are
generally exponentially small in € and attempts to compute
them by the Melnikov method necessitate a careful examina-
tion of errors. This will be the subject of a further publica-
tion; cf. Sanders [1980].'°

In the case of two degrees of freedom for which the
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unperturbed reduced system has a hyperbolic saddle point
Xo = (gosPo)» SOlutions of the perturbed system lying in the
perturbed stable and unstable manifolds of the perturbed
saddle point x, of the map P, can be expanded in power
series which converge uniformly in the intervals indicated:

WoT, =0~ 0% + ex(6,0°) + O(¢?), 6e[6° ),

Weid = %0 —0°% + ex¥(6,6° + O(€), Be— «,0°],
(2.13)

where
- [ 6(9—'90)
Mo —67) = ‘(6*00))

is the unperturbed homoclinic orbit. (Recall that the period-
ic variable @ has replaced time.) For details, see Holmes,*
Sanders,'? or Greenspan and Holmes.® [Basically (2.13) fol-
lows from the fact that the perturbed solutions lie in mani-
folds of solutions forward- or backward-asymptotic to the
perturbed saddle points.] Similarly, solutions lying in the
perturbed invariant manifolds W*(T,),W *(T.) of a per-
turbed torus T, can be expanded in convergent power series
in € in such intervals, since the perturbed actions are € close
and the perturbed angles do not drift but remain close to the
unperturbed angles on the tori. This result will be used im-
plicitly in what follows.

The perturbed invariant manifolds W*(T,) and W*(T,)
of the torus T, for the map P, are n-dimensional manifolds
lying C "close to the unperturbed homoclinic manifold given
by (2.12), i.e,,

F=h, I=1, j=1l.,n-1, (2.14)
where 4 is the energy of the homoclinic orbit for F. Now we
are ready to give a criterion for the transversal intersection of
WH(T,)and W*T,). In order for the results to be applicable,
it is useful to present the hypotheses in terms of data given
for the original, rather than the reduced, system.

We consider a Hamiltonian system with » + 1(>3) de-
grees of freedom of the form

Heqp,04..0,1..,1,)

—Flgp)+ 3 GL)

i=1
+ €H Yg.p,6,,...0,,0 1, 1) (2.15)
Introduce the following assumptions and terminology:

(H1) F contains a homoclinic orbit {¢{¢ ), (¢ )} connecting
asaddle point (g,,p,) to itself. Let 4 be the energy of this orbit.

(H2)02,(I;) = G/{I;)>Oforj=1,...,n.

Let 4 > A and let the unperturbed homoclinic manifold
be filled with an n-parameter family of orbits given by
(cj,ﬁ,ﬂ,,...,ﬁ,,,[,,...,l,,) = (q_(t )vﬁ(t )’nl(ll)t + 0(1)"""071 (In )t

+ 6%.,1,,...,1,). Pick one such orbit and let {F,H '} denote
the {g,p) Poisson bracket of F{g,p) and
H'g,p,8,,....0,,1,,...,1,) evaluated on this orbit. Similarly,
let {I,,H'} = —dH'/36, .,k =1,...,n — 1 be evaluated on
this orbit. Define the Melnikov Vector M (8)

= (Ml!""Mn —1 ’Mn ) by
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Mk( ([),92, krhl)hz;'--,h" — |)

=f (L Hdt, k=1,.,n—1
M, (8%,...0% hh kg ik, )

= fw (F,H'}dL. (2.16)

- n—1
(Wenotethath, = h — h — > h;; 1, and A, do not explic-
j=1

itly enter the calculations, sirjlce I, is eliminated by the re-
duction process; we also note that these integrals need not be
absolutely convergent, but we do require conditional
convergence.)

(H3) Assume that the constants Gl)=hj=1,..,n,
are chosen so that the unperturbed frequencies
£24(11),...,82,(1,) satisfy the nondegeneracy conditions [i.e.,
£2/(I)#0,4 = 1,...,n — 1] and the nonresonance conditions
mentioned above (cf. Arnold,® Appendix 8).

(H4) Assume that the multiply 27-periodic Melnikov
vector M:R"—R" (which is independent of €) has at least one
transversal zero; i.e., there is a point (4 9,...,8 %) for which

M(69,.,6° =0
but
det [DM(B?,...,&;’)]#O,

where DM is the n X n matrix of partial derivatives of
M,,...M, with respect to 89,...,8", the initial phases of the
orbit.

Here is our main theoretical result.

Theorem 2.1: If conditions (H1)~(H4) hold for the sys-
tem (2.15) then, for € sufficiently small, the perturbed stable
and unstable manifolds W*(T,) and W *(T.) of the perturbed
torus 7, intersect transversally. (See Fig. 2.)

Remark: The conclusions imply that the perturbed sys-
tem has no analytic integrals other than the total energy H ©
and, for n + 13, that Arnold diffusion occurs. This is dis-

S
W) ()

T

£

FIG. 2. The stable and unstable manifolds of the invariant torus 7, for the
Poincaré map in the reduced space for a system with three degrees of free-
dom. This figure occurs in (g,p,6,,1,) space [one dimension (/) is sup-
pressed], in a @3 = fixed cross section for fixed total energy A.
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cussed in the next section.

Proof: First we notice that the brackets of the original
functions project to corresponding brackets of the reduced
system:

1

L LY =—— (FH!' 2.17
{ J m"(m]z{ J (2.17)
and

Ny 1 1 _ =
{(LL'} = .Q,,(I,,)”“H L, k=1,.,n~1 (2.18)

(see Holmes and Marsden,' Prop. 3.1).

We next wish to relate these brackets to a vector mea-
suring the distance between the perturbed stable and unsta-
ble manifolds.

Consider the suspended system in
{g0.6,,...60, _1,..1,_)space. Pick a transversal 3. to
the unperturbed homoclinic manifold W*T)= W*T}in
(g.2,6,,...0, _.1,,....I,_|)space at the point
(7(0),5(0),69,....,6% _,.I,,....I, _,)and at “time” 8°. Now for
€ sufficiently small, W*(T,) and W*(T.) intersect . in
unique points in (g,p,6,,...,6,, _, ,1,,....I, _,)space, which we
denote

x$(60°,6°) and x*(6°,6°).
The unique trajectories in (¢,p,0,,...6,, _ ; d1s--sd, _ ,,0,)

space with these points as initial conditions and time 8, will
be denoted

x:(6°86,)and x4(6°0,).
As in Holmes and Marsden,® a measure of the distance be-
tween these vectors and the tangent to W*(T)= W*T)in
the 6, direction,” i.e., the direction of X, ., the Hamilton-
ian vector field of the unperturbed dynamics, is provided by

the symplectic form w. Let
def

As,n(etwe?z) = w(XL"’xZ _x:) =A etx _A 631 + 0(62)'

Now as 8,— + o0,x;—T, and as 8,— — o0, x4—T. so, as
in Holmes and Marsden® Lemma 5, we obtain

Ae,n(o?l) =A€.Vl(g?"92)
GM,,(H(])’-"yeS-l’eS)
(2]

Note that the integrals (2.16) are well defined since one inte-
grates forward along the stable manifold and backward
along the unstable manifold [cf. Eq. (2.13)].

A crucial feature of this calculation is the fact that
41,0,0,)-0as8,— + o« since w vanishes identically on
T. This holds as follows. The invariant tori are isotropic and
4 1,6,,0%) = w(X,.,ex}) where X, » and x; are evaluated
on the unperturbed homoclinic manifold and x; is the solu-
tion of the first variation equation. Since X . is tangent to 7,
x7 necessarily approaches a tangent to 7, so as T'is isotropic,
4 ,—0. We note that in this context the perturbed torus T’
may move [by O (€)] and need not remain fixed as in the spe-
cial case treated by Arnold? or as in Melnikov’s'" paper (cf.
Holmes?).

Thus, M, (69,...,6 _,,0%) measures the leading non-

+0(€). (2.19)
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trivial component of the distance between W*(T,) and
W(T,) (up to a constant) in a direction transverse to the
“dynamic” variable 8,. Likewise, M,(i = 1,...,n — 1) mea-
sures the distance between W*(T.) and W *T.) in the direc-
tion transverse to the generator of the 6, variable. The theo-
rem now follows from these facts.

Remarks: 1. One can, of course, permute which of the
action-angle variables is used for the reduction procedure.
The remaining oscillators must satisfy the KAM nonreson-
ance and nondegeneracy conditions.

2. Gruendler'? has treated the 2n-dimensional, periodi-
cally forced case in which one also has an n-parameter family
of unperturbed homoclinic orbits but in which they are ho-
moclinic orbits to a hyperbolic saddle point x and
dimW’(x) = dim W “(x) = n. Again one obtains a general-
ized n vector of Melnikov functions each depending upon »
arguments, one of which is the section time (6%) and the
remaining 7 — 1 of which serve to parametrize the family of
orbits. The manifolds W*(x) and W “(x} are both necessarily
isotropic, so one can proceed in a way analogous to that here.
However, no KAM theory is needed and ordinary horse-
shoes rather than Arnold diffusion occur. Gruendler applies
the theory to the case of a periodically forced spherical
pendulum.

3. The theorem can be somewhat generalized. For ex-
ample, many integrable systems do not decompose precisely
as assumed in the form F(g,p) + 2/_, G;(I;) and one some-
times finds that the unperturbed ‘“‘frequencies, ”

0, = JG,/3dI,, also depend upon (g,p). If this occurs, and
£,(1;,q,p) is not constant on the unperturbed manifold, then
it must be incorporated into the Poisson brackets [cf. Egs.
(2.17) and (2.18)]. This situation will be dealt with in Holmes
and Marsden.’

4. Alan Weinstein has pointed out that even without
hypothesis (H4), the stable and unstable manifolds of the
perturbed torus 7, must intersect. This comes about as fol-
lows. As in the standard Melnikov analysis (Holmes and
Marsden),® pick a 2n-dimensional cross section 2 go- Thesta-
ble and unstable manifolds 7, for the associated Poincaré
map, W*(T,)and W*(T,), are Lagrangian submanifolds of
240 which are coincident at € = 0. Lagrangian intersection
theory {Arnold’? and Weinstein'?) shows that the perturbed
manifolds must intersect. This observation generalizes one
of McGehee and Meyer.'* It follows that the Appothesis (H 4)
holds for generic perturbation terms H '. However, condition
(H4) allows one to check transversality in specific cases.

5. In contrast to our results, Easton and McGehee!® use
Moser’s'” fixed point theorem to show that some homoclinic
orbits in a model system survive under special perturbations.
Alan Weinstein points out that, similarly, at least two homo-
clinic orbits survive perturbations of the spherical pendu-
lum’s S ' family of homoclinic orbits.

3. NONINTEGRABILITY AND ARNOLD DIFFUSION

If the stable and unstable manifolds W (A ),W*(A )of a
hyperbolic invariant set A intersect transversely then it fol-
lows from the lambda lemma (Palis,'®* Newhouse'?) that
WA ) accumulates on itself and W *(A ) accumulates on it-
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self. A similar result holds for the invariant tori in the pre-
sent case (cf. Arnold,” Theorem 1); more precisely, if
A, CWHT.)is an n-dimensional neighborhood of a trans-
verse homoclinic point xe W “(T nW (T ,),and A,C WH*(T,)
is any open disk, then there are points of UOP "4,) lying

nz

arbitrarily close to 4,. Such a torus 7, is said to be a transi-
tion torus. The torus is said to lie in a transition chain of
transition tori T'},T°2,..., T ¥ if the unstable manifold W *{(T".)
of the jth torus transversely intersects the stable manifold of
the (j + 1)st. This holds in our case since, by KAM theory,
the set of “sufficiently irrational” tori preserved when € #0
has measure (€)1 as e—0 (it is, in fact, a Cantor set). Thus,
for sufficiently small € one can find tori 77,72+ ! which are,
along with their stable and unstable manifolds, arbitrarily
C '’ close away from the torus and these manifolds have large
“oscillations” near the torus as in Holmes and Marsden,’
Fig. B.1. It follows that if W*(T.) intersects W (T) trans-
versely it must also intersect W(T.* ') transversely. Apply-
ing the same argument to 72+ !, T2%?,..., one constructs a
transition chain. Orbits lying in W *(T".) therefore accumu-
late on W*{T %) for k>j and these orbits and nearby ones
provide a mechanism by which solutions can “diffuse” from
the neighborhood of the torus to any other in the transition
chain. (cf. Arnold,” Theorem 2). An argument analogous to
that above shows that W*(T." ') intersects W *(T".) and thus
that diffusion can take place in both directions along the
chain. Note, however, that the length of the chain is general-
ly governed by the perturbation strength ¢, since as € in-
creases the set of perturbed tori generally diminishes.

The mechanism outlined above, which we attempt to
portray in Fig. 3, is the basis for Arnold diffusion. Clearly it
can only occur in systems with three or more degrees of
freedom (n>2), since the unperturbed 2n-dimensional re-
duced Poincaré map must admit continuous families of tori
connected by smooth homoclinic manifolds, and this cannot
occur in two dimensions. For more information, numerical
examples, and physical insights, see Chirikov?® and Lieber-
man.?' The main physical consequence of diffusion is that
( given sufficient time) energy can be transferred back and
forth in relatively large amounts between distinct physical

wirdtTy el

WiTh nweerd)

3 S, j+i
NU(TS:) W (TJE }

FIG. 3. Intersections of manifolds and Arnold diffusion in a three degree of
freedom system. The Poincaré section 8, = 89 is shown on the energy sur-
face H = h.

673 J. Math. Phys., Vol. 23, No. 4, April 1982

components or vibration modes of the system. Moreover this
transfer of energy will typically take place in an irregular
manner, in contrast to the regular quasiperiodic energy
transfer occuring between modes in linear or other integra-
ble systems.

Thus, in contrast to the two-degree-of-freedom case, in
which the sufficiently irrational invariant tori, preserved for
small perturbations, serve as boundaries to regions of homo-
clinic (chaotic) motions in the three-dimensional total-ener-
gy manifold, in systems with three or more degrees of free-
dom the solutions can diffuse from torus to torus along
transition chains; the »n tori which are preserved do not
bound regions of 2n + 1 space for #>2. In our case, since
two-way transition chains can be chosen, we can find period-
ic motions of arbitrarily high period close to such chains, just
as in the standard two-dimensional horseshoe example. The
density of the set of such motions and the dense orbit accom-
panying them guarantees nonexistence of any additional
analytic integrals other than the total energy H . (In fact one
sees that such dense orbits exist within neighborhoods of any
transverse homoclinic orbits connecting a torus to itself,
without invoking the idea of diffusion.)

The presence of a small amount of noise in a system is
believed to “stabilize” in some sense the occurrence of Ar-
nold diffusion, in the same way that noise often “‘stabilizes”
or “makes visible” horseshoes (cf. Holmes and Marsden.).

4. AN EXAMPLE:THE SIMPLE PENDULUM COUPLED
TO TWO OSCILLATORS

We illustrate the theory developed above with a gener-
alization of our earlier two-degree-of-freedom pendulum-
oscillator model (Holmes and Marsden [1981]"). Consider a
simple pendulum linearly coupled to two nonlinear oscilla-
tors. For simplicity we assume that the oscillators are identi-
cal (this is not important) and that their Hamiltonians can be
expressed as G ((x? + y?)/2) or, equivalently, in action-angle
coordinates as

GU) i=1p2, (4.1)
with
2U)= 221120 for1,>0 (4.22)
and
3G
2'(I) = —I;)#0 4.2b
() az,?( )# (4.2b)

[cf. Egs. (2.3) and condition (H2) of Sec. 2]. Elimination of
either I, or I, by reduction is then possible. For definiteness,
we shall assume that I, is removed. Qur assumption of the
form G ((x? + y?)/2) is merely for computational conve-
nience, since more “realistic”” anharmonic oscillators lead to
Hamiltonians G (7;) expressed in terms of, for example, ellip-
tic functions (cf. Greenspan and Holmes®).

The system to be studied has the Hamiltonian

H<¢=p*2 —cosq+ G(I,) + G(I,)
+ (€/2)[((21,)'* sin 8, — g)* + ((21,)'"* sin 6, — g)*].
(4.3)
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The unperturbed orbits in the homoclinic manifold are given

by

(@, P, 8, 0,5, I,, ,) = + 2 arctan(sinh ¢ ), + 2 sech ¢,
Q)+ 69,2 (L)t + 03.1,L), (4.4)

where 4 > 1 is the total energy and 4 = 1 the energy of the
homoclinic orbit, and G,(/,) = h,,G,(l,)=h — 1 — h,. As-
sumptions H(1) and H(2) of Theorem 3.1 are therefore satis-
fied and, in view of (4.2a) and (4.2b) we can pick 4 and A, so
that the nonresonance conditions necessary for application
of the KAM theorem are met. To check the final assumption
we compute the Poisson brackets {/,,H '} and { F,H '}. From
{4.3) we have

JoH'

{1, H'} = —w_—_ —((21,)"? sin 6, — g)(21,)"*cos 6,
1

and

) OF 3 OF 3H'

dg p I P
=sin g0 — p[ — ((2,)"/*sin 8, — q,)
—((21,)""* sin 6, — q)] (4.5)
=pl(21,)"?sin 8, + (21,)sin 6, — 2¢q].
Thus, using (4.4) we have
M,(69,69,h,h))

=~ s+ o)
F 2 arctan(sinh 7 }]
X (21,)"/2 cos($2 (1)t + 69)dt
and
Mz(e(l)re(z)’h’hl)
=J + 2sech ¢ [(2/,)"? sin(€2 (/,)t + 69)

+ (21,)"/%sin(£2 (L)t + 69) T 4 arctan(sinh 7 ) ]dr.
(4.6)

Noting that the integrals of products of odd and even
functions vanish over the infinite domain and taking the
positive branch of the homoclinic manifold, these two func-
tions become

M, = 2(211)”2U arctan(sinh ¢ )sin(42 (/,)¢ )dt ]sin 09,
M, = 2(211)”2[J sech £ cos(f2 (/,)¢ )dt }sin 89
+ 2(20,)""? [f sech 7 cos({2 (1)t )dt ]sin 09.(4.7)

For brevity we write
2 =w, 2(0,)=0, (4.8)

To evaluate the first conditionally convergent integral
we choose, for computational convergence, the limits as
follows:
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N7/,

lim arctan(sinh # )sin w,z dt
N—oowo J Nr/w,

Nrn/w,

. 1 .
= lim [ — — arctan(sinh ¢ cosw, ¢
@,
+ 1 (M coswt ]
@y J—Nr/w, 1 + Sinhzt

L

N—oc

— Ni/w,

Wy J—

sech’f cos w,r dt

= i—(wwl)csch(ﬂ’—‘) (4.9)
@, 2

The final integral is obtained by the method of residues.
Similarly, we have

< TW;
f sech ¢ cos w;1 dt = 7w, sech( 2’ ), j=12, (4.10)
and thus

M, = 2m(21,)"? csch(”—‘z”‘—) sin 69,

M, = [(21.)'/2w, sech(%) sin 69

+ (21) 0, sech( ”;’2 )sin 69 ] (4.11)

One obtains a similar result (with an appropriate change of
sign) on the negative branch of the manifold.

We therefore find zeroes when 69 = km,89 = I for all
integers /,k and it is easy to check that
oM, dM, JM, M,
8¢ 36y 309 96°

det DM =

69 = ki
=t

+ 87%w,(1,1,)"? csch(z—zw—’—)sech( #;)2 )7&0. (4.12)
Thus the final assumption is satisfied for suitable choices of 4
and /4, and we have

Theorem 4.1: For ¢ sufficiently small the Hamiltonian
system (4.3) has a set of two-dimensional invariant tori of
positive measure each of whose unstable manifolds inter-
sects its stable manifold transversely. Moreover, a finite
transition chain of such tori T'!,...,T ™ can be chosen such
that W*(T) intersects W*(T<+* ") transversely and
WH(T%." ") intersects W*(TZ) transversely, j = 1,...,m — 1.
Thus, orbits can be found which pass from the neighborhood
of any torus 7% to the neighborhood of any other torus T'. in
the chain. This situation obtains on every energy level

He=h>1. R .
Remarks: 1. Arnold’s” example is similar to ours in

some respects, but he employed explicit external forcing,
taking a ¢-periodic two-degree-of-freedom system
H<(q,p,0,1,t) rather than a three-degree-of-freedom autono-
mous system. This perturbation was further chosen to van-
ish on the tori, so that the perturbed tori lie in the same
positions as the unperturbed tori. As we remarked in Sec. 3,
thisis not necessary since thebracketw(X, X, )= { L,L '}
vanishes on the unperturbed isotropic tori, and thus the inte-
gral of the Poisson bracket along the unperturbed orbits still
provides a good measure of the separation of the perturbed
manifolds.
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2. Although the theorem asserts that diffusion occurs
on every energy level 4 > 1, the latitude available for choice of
h, and hence for satisfaction of the nonresonance conditions
increases with 4. Thus the “sufficiently small €” approaches
zero as h—1.

5. CONCLUSIONS

This paper and its companions (Holmes and Mars-
den"’), address the general question of perturbations of inte-
grable multidimensional Hamiltonian systems. A particular
area of interest is the development of a method for investigat-
ing the integrability of the perturbed problem, and for pro-
viding a qualitative description of orbits in phase space.

In the present paper we have combined a reduction
technique with a vectorial version of Melnikov’s'' method to
establish the existence of Arnold diffusion in Hamiltonian
systems with at least three degrees of freedom. This in turn
implies that the system is nonintegrable in the classical sense:
there are no analytic integrals other than the total energy.
The method is applied to the specific case of a pendulum
coupled to two nonlinear oscillators. It is shown that the
stable and unstable manifolds of nonresonant tori that sur-
vive under a small perturbation intersect transversely. We
briefly discuss how this enables points in phase space to
diffuse.
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Global theorems for boundary-free viscous incompressible fluid flows of

finite energy @
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It is shown that the action for boundary-free incompressible fluid flow (i.e., the time-integral of
the kinetic energy of the motion) is an absolute minimum with respect to all velocity-field
transformations u—u* if u* is structured suitably in terms of u and an arbitrary solenoidal test
field f. As suggested by this physical minimum principle, inequality analysis is applied to obtain
an upper bound on the time derivative of the dissipation integral, from which there follow
sufficient conditions for a monotone-decreasing dissipation integral and a monotone-decreasing
global Reynolds number. The latter result provides an experimentally consistent necessary
condition for passage from laminar to turbulent flow. Finaily, inequality analysis is employed to
derive a time-dependent lower bound on the maximum velocity gradient in a generic boundary-

free flow of finite energy.

PACS numbers: 47.10. + g, 03.40.Ge, 47.15. — x,47.20. + m

1. INTRODUCTION

There does not exist'~* an exclusively u-dependent func-
tional which is stationary in the function-space neighbor-
hood of any solution to the Navier-Stokes equation

/3t +uVu—vWu+p 'Vp=0, Vau=0. (1)

In {1}, u = u(x,r ) denotes the velocity field of an incompress-
ible viscous fluid, p = p{x,?) is the fluid pressure, and v and p
are the constant kinematic viscosity and constant density of
the fluid, respectively. Although a conventional variational
principle for (1) cannot be formulated, it is possible to set up
an adjoint-field variational principle® by introducing an un-
physical auxiliary solenoidal flow; however, since the auxil-
iary flow must vanish identically as a consequence of the
adjoint-field variational principle, the practical usefulness of
such a variational principle is known to be quite limited.®

A physical minimum principle for viscous incompress-
ible boundary-free flows of finite energy is presented in Sec.
II. It is shown in (11) that the action defined by (10), the time
integral of the kinetic energy of the motion, is an absolute
minimum with respect of all velocity-field transformations
u—u* provided that u satisfies (1} and u* is structured ac-
cording to (8), where f is an arbitrary solenoidal test field.

In Sec. 111 inequality analysis suggested by the mini-
mum principle is applied to obtain the upper bound (18) on
the inertial-force viscous-force inner-product integral de-
fined by (7). The result (18} is then used to establish sufficient
conditions for a monotone-decreasing dissipation integral (4)
and a monotone-decreasing global Reynolds number (14).
The latter result provides the experimentally consistent nec-
essary condition for passage from laminar to turbulent flow:
R > 4.410.

In Sec. IV it is shown that the inner-product integral (7)
also has the bound displayed in (33). From this result there
follows the time-dependent lower bound on the maximum
velocity gradient that is exhibited in (35}.

*The work reported here was supported by NASA grant NAGI-110.
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These global theorems for boundary-free Navier—
Stokes incompressible fluid flow are valid quite generally,
irrespective of the velocity-field’s initial value, for all flows
such that the energy integral (2} is finite at the initial instant
of time. This assumption requires the flow velocity to vanish
as |x|— oo, but it does not restrict the flow for finite values of
X.

Il. PHYSICAL MINIMUM PRINCIPLE

Consider boundary-free flows of finite kinetic energy
| pd, where

A :A(I)Ef lul>d *x, (2)

with the integration over all x in unbounded three-dimen-
sional Euclidean space R. Since |u| can be assumed to be
bounded for all x and ¢, the finiteness of (2} is guaranteed by
the conditionlim,, __(|x|*/*|u|) = 0. Notice that (2} is a Lia-
punov functional,

A=dA/di= —2v4,, (3)
A, =A,t)= -—J.(u-Vzu}d"x =j |Vu|? d*x (>0), (4)

as a consequence of (1) and Gauss’ theorem, where
|Vu|*=(du,/dx;)(du,/dx,;). However, the dissipation inte-
gral A, may increase or decrease with time, since it also fol-
lows from (1) and Gauss’ theorem that

A,=dA /dt = —2vA, + 21, (5)
where

Ay =)= [Pul d x>0, 6

I=1{(t )Ej(u-Vu)-(,Vzu) d’x. (7)

The inertial-force viscous-force inner-product integral de-
fined by (7) is usually positive and may be dominantly so in
(5), as in a transition from smooth laminar flow to rapidly
varying turbulent flow, with 4, typically increasing during
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the transition by several orders of magnitude.

Let f = f(x, ) denote an arbitrary solenoidal test field” in
R X (t',t"). Infinitely differentiable and nonzero over a com-
pact point set contained in the interior of R, (¢',t "), f van-
ishes identically along with all of its derivative at the termi-
nal times t = ¢',t . Define the transformed flow

u*=u + 9 £/9t + vVf + u-Vf — f-Vu. (8)

From the solenoidal quality of u and f it follows that (8) is
solenoidal: V-u*=0. Moreover,u* = uatr =17 " becausef
anditsderivatives vanishats = ¢’ ¢ . Observe, however, that
the transformed flow (8) is not required to satisfy (1); rather,
what makes (8) significant is that (u* — u) is generally or-
thogonal to u in the Hilbert-space sense,

J f (u* —ujud’xdt=0, 9)
since u satisfies (1) throughout R, X (¢ ',¢ ). Hence, the action
W= W[u]E%f Adr (10)

1s an absolute minimum with respect to all flow changes
u—u*,
"
Wr=W [u*] = %f f lu*|2 d *x dt
= W [u] + W [u* —u]

W< W*, (11)
Conversely, the minimum principle (11) for arbitrary u* de-
fined according to (8) implies that u satisfies (1) through
R, X (t',t ").* Thecaseof strictinequality holdsin (11} because
a test field f(s£0) cannot satisfy the linear homogeneous
backward diffusion equation which follows from (8) and
u*=u through R;X(t',t").

Noether’s analysis can be applied to derive global dyna-
mical relations from (11), just as if (11) were a variational
principle with u* unstructured and close to u in a function-
space sense. Thus, for example, (3) is obtained by prescribing
a sequence of test field such that f=¢ (¢ )u, (¢ (") =& (¢t ")

= 0), substituting u*=(1 + ¢ Ju + ¢ (Ju/dr + vV2u)into
(11), and taking ¢ to be small. Similarly, (5) is obtained by
prescribing f=y(¢)V?u, (¢(t ) = ¢t "} = 0), and substituting
the associated u* given by (8) into (11).

The functional (10} can be recast in a form that relates to
the results in the following sections. Since u in (10) must
satisfy (1), use can be made of (3) and (5) after performing two
integrations by parts with respect to 7, and (10) becomes

.

W:%(tA-i-vtzA,)” +pvj tvA, —I)dt. (12)

Evaluated at the terminal times ¢’ and ¢ 7, the lead terms in
(12) are invariant under the replacement u—u*, because

u* =uats=1¢"t".Ontheother hand, the entire right-hand
side of (12) must increase under the replacement u—u*, in
accord with (11). Hence, the quantity (v4, — I) is minimal
for u satisfying (1) in the context of u—u* flow transforma-
tions. This observation suggests that useful dynamical for-
mulas can be obtained by applying inequality analysis to (7)
and (5), as is done in the following sections.
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lll. MONOTONE-DECREASING DISSIPATION
INTEGRAL AND GLOBAL REYNOLDS NUMBER

There are two dimensionless variables associated with
the integral quantities {2), (4), and (6). First, we have the
broadness® of the velocity field

B=B(t)=A44, 4, — 1. (13)

The latter quantity is positive, because the Schwarz inequal-
ity guarantees that B>0 and the critical case B = 0 {requir-
ing a Boussinesq V’u = — 4 ~'4,uflow of infinite energy in
R.) is precluded. In the case of freely decaying isotropic ho-
mogeneous turbulence through a finite spatial region, B is
quasiconstant with time, changing only slowly from one pe-
riod of decay to the next.”

The second dimensionless variable is the global Reyn-
olds number

R =R(t)=(44))""/v, (14)
with the composition implied by (2) and (4) of an average flow
velocity times an average flow length-extension divided by
the kinematic viscosity constant v. If the flow is smoothly
laminar and the quantity (14) is sufficiently small at a certain
instant of time, then the flow remains smoothly laminar with
a monotone-decreasing dissipation integral (4) for all subse-
quent time, i.¢., there can be no transition to turbulence. In
fact, we can establish the following

Theorem 1: If R is less than or equal to 3.902 at any
instant of time, then R <0 and A4, <0 for all subsequent time.

The global Reynolds number (14) is actually monotone
decreasing for somewhat larger initial values, and we can
also establish

Theorem 2: If R is less than or equal to 4.410 at any
instant of time, then R <0 for all subsequent time.

As preliminary to the proofs of these two theorems,
note that

f (w-YVu)jud’x = —;— J wViu|?d’x

= —%J(V-u)|u|2d3x=0 (15)
by virtue of the incompressibility condition in (1). With the
aid of (15), Eq. (7) can be rewritten slightly and bounded from

above by applying the Schwarz inequality:
I= j (u-Vu)(Vu + 4 ~'4,u)d>x

172

<[ f |u-Vu|*d3x f [Vu+4 '4ul*d>x

< [(|u|2maxA1)(BA _IA %)]1/2

= |ufnan B 24 7124212, (16)
Here |u|,.,=max, |u(x,?)| is the maximum magnitude of
the velocity in the flow at the time ¢, and |u-Vu|?
= u,u, (Ou;/9x,)Bu;/9x, )< |w|* . (Ou; /9x,, )(Fu;/Ix,,) has
been used in (16), along with definitions (2), (4), {6), and (13).
By employing the bound’

Wl en < (2/3(3)27)1724 154,78

= (0.3500)(B + 1)°/84 —'/44 34 (17)
the final member of (16) yields
I<(0.3500)B '2(B + 1)>/84 —3/44 /4, (18)
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In view of (18), one obtains the differential inequality from (5)

1.
—Z—A1 < —¥B+1)47'42 4 (0.3500)B '}(B + 1)*/84 =%*4°* = —v4 7'4,*[B+ 1 —(0.3500)B /(B + 1)**R ], (19
where (13) and (14) have been introduced. The square-bracketed quantity is nonnegative in the final member of (19) if

R<(2.857)(B + 188 1712, 20)

Since the minimum value of the right-hand side of (20} is 3.906 (at B = 4) 4, <0 is implied by (19) for R <3.906, irrespective of
the value of B. That the latter condition on R is maintained dynamically is seen from the differential inequality for the time
rate-of-change of (14), expressed with the aid of (3) and (19) as

1 1

R =dR /dt =

14

Hence, R decreases with time if
R<(2.857)(B + 2)B ~ V3B + 1) 38, (22)

Irrespective of the value of B, (22) is satisfied for R<4.410,
since the minimum value of the right-hand side of (22} is
4.410 (at B = 10.70). This completes the demonstration of
Theorems 1 and 2. @

Because a rapid increase in R is concomitant with a
transition from laminar to turbulent flow, Theorem 2 indi-
cates that R > 4.410 s a necessary condition for the initiation
of turbulence. For freely decaying isotropic homogeneous
turbulence through a finite spatial region of volume ¥ with
|u| rapidly approaching zero outside the region, the quantity
(7) is given by®

I = ((u-Yu)(Vu)) ¥V

= B2+ (0.090045) In B)v4 ~'4 2, (23)
where 4 = ([u|?) ¥ and 4, = (|Vu[?) V. One obtains
R>B'*B+ 1)7*%1.905 + 0.2573 In B) (24)

by substituting (23} into the left-hand side of (18). Increasing
monotonically with increasing B, the right-hand side of {24)
attains the value 4.406 for B = 37.0, the largest broadness
observed for isotropic homogeneous turbulence.” Thus, the
necessary condition for turbulence, R > 4.410, agrees with
experiment.

iV. LOWER BOUND ON THE MAXIMUM VELOCITY
GRADIENT

Manifesting the effect of inertial-force nonlinearity in
(5), the inner-product integral (7) admits a supplementary
upper bound which can be employed in place of (18} in ana-
lytical applications. The latter inequality, displayed below in
(33), provides an immediate lower bound on the maximum
velocity gradient at time . Large values of the velocity gradi-
ent are characteristically featured by the *solutions turbu-
lente” of Leray and more recent authors,'' and thus (35) can
serve to indicate the presence of (possible local) turbulence in
the flow.

First observe that

J (O, /3%, Yu;(0Pu, /3% ,0%, ) d *x

- - % f (Ou,/9x,)(Ou; /3%, )(Ou, /Ox,) d *x
-0 (25)
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{4 TMAAL M A ) < — -4 ~344.34(B + 2 —(0.3500)B '*(B + 1)**R |. (21)

{
by Gauss’ theorem and the incompressibility condition.
Thus, by applying Gauss’ theorem to (7), one obtains

I= — f (Ou,/3x,)(Fu,/Ix, )(Ou,;/dx,) d *x. (26)

Now it is easy to verify by successive application of Gauss’
theorem and the incompressibility condition that

j (Ou,/0x,)(Ou; /0, )(Ou, /dx;) d *x = 0. (27)
As a consequence of (27), (26) is expressible as
I= ——é—f(trS’)a”x, (28)

where the symmetric traceless rate-of-strain matrix S has the
elements

S, =0u,/0x; + du;/9x,. (29)
For any real symmetric matrix M,

trtM=0=> |trM3|<(6)+,2(trM2)3’2, (30)

as immediately shown by expressing the traces in terms of
the real eigenvalues of M. Therefore (28) yields

K(S(Tl)”? J (tr S dx, (31)

while an upper bound on the trace of S 2 follows from (29) as
tr §? = 2{(0u,/9x,)(3u;/Ix;) + (Fu;/dx;)u;/dx,)]

<4(3u,/0x;)(0u,/dx,)=4|Vul|>. (32)
Hence, (31) implies that
2 2
I<(-3—) J|Vu|3d3x, (33)

with strict inequality holding because (26) vanishes [by vir-
tue of (27)] for the case of equality in (32).

The lower bound on the maximum velocity gradient at
time ¢, |Vu|,,,, =max, | Vu(x,t )|, is obtained directly from
{33), (4), (5), and (13) as

|Vt >4, J |Vul>d x> (1.837)4,~ 1

=(0.9186)[4,”'d, + 2v(B + 1)4 ~'4,]. (34)
Finally, by using (3) to eliminate 4, from (34) we have the
result ‘

VU o > (0.9186)[4 ~'A — (B+1)4 ~'4]. (35)
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In the case of freely decaying isotropic homogeneous
turbulence, theory® and experiment give 4 « ¢ ~ " for
t> 1, > 0) with n(> 1) and B quasiconstant with time; thus it
follows from (35) that

V8] > (0.9186)(Bn — 1) . (36)

Derived here as a rigorous and general concomitant of the
Navier-Stokes inertial-force nonlinearity, (36) is a remark-
able bound on the decay of {Vul_ ., in isotropic homogen-
eous turbulence. This result is most interesting for the ex-
perimental values® n = 3.3, B = 37.0, which also give
{|Vu|2)2ct —215; for this type of very high Reynolds
number turbulence, the dominant inertial force sustains a
local |Vu|,,,, which decays more slowly than the average
velocity gradient {|Vu|?)'/2.
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All exact solutions of Einstein’s equation that represent static, axisymmetric black holes
distorted by an external matter distribution are obtained. Their structure—local and global—is
examined. The Hawking temperature is derived and laws of thermodynamics given for both the
total system of black hole and external matter and the black hole considered as a single system.
The evolution, induced by Hawking radiation, of distorted black holes is discussed.

PACS numbers: 97.60.Lf

1. INTRODUCTION

By far the largest part of our insight into the structure of
black holes has come from the study of two families of exact
solutions—the Schwarzschild and Kerr. For these exam-
ples, a great deal is now understood about their local and
global classical geometries, their roles as backgrounds for
quantum fields, and their behavior as thermodynamic sys-
tems.' To what extent are the properties of these examples a
reliable guide to those of more general black holes? Might
there be new, unexpected effects, either classical or quan-
tum, associated with holes that, for one reason or another, do
not happen to appear in these examples? Complete answers
to such questions would presumably involve finding the gen-
eral, dynamical exact solution for a black hole—something
that seems far out of reach. But hints and partial answers can
be obtained, along at least two lines.

One is to study approximate solutions. A great deal is
known, for example, about the behavior of first-order per-
turbations off the Schwarzschild and Kerr solutions.? Fur-
ther, computer calculations have been carried out for the
dynamical evolution of holes under various situations.’ The
great advantage of these approaches is that one often retains
the flexibility to tailor the approximate solution to a realistic
astrophysical situation, e.g., the incidence of gravitational
waves on a hole, or the coalescence of two black holes.

A second line is to increase our supply of exact solutions
representing black holes. It might be expected, as has hap-
pened before, that qualitatively different effects would show
up most readily in such exact solutions. The problem is that
restrictive, simplifying conditions must be imposed to even
begin, and there tends to be little flexibility in the choice of
these conditions. Indeed, it is not easy offhand to think of
any good candidates, for the only isolated static or stationary
black holes are Schwarzschild or Kerr,* while dynamical
solutions suggest equations not readily solved.

There is, however, one class of solutions for black holes
that is amenable to exact treatment: Retain the time-inde-
pendent character but drop the condition “isolated.” That is,
consider static or stationary holes in the presence of some
external distribution of matter. Such solutions should ap-
proximate those for dynamical holes which relax on a time
scale much shorter than that of the external matter. Further
simplification results from considering only holes that are
static {as opposed to stationary), and also axisymmetric.
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Now the external metric near the hole must be a Weyl solu-
tion, and all these are essentially known.’

General classes of Weyl solutions representing black
holes of spherical horizon-topology distorted by external
matter have been discussed by Israel and Khan,® Mysak and
Szekeres,’ and Israel.® An example in which the horizon has
toroidal topology has been constructed by Peters.” However,
all holes in this class have apparently not yet been found and
classified. In Sec. 2, we find all static, axisymmetric local
black holes. The problem is not so much to determine the
metric—for it is Weyl—but rather to determine which Weyl
solutions are and which are not black holes. It turns out that
spherical and toroidal are the only possibilities for the topol-
ogy of horizon cross sections. The spherical class consists
essentially of the solutions given in Refs. 6-8. The Peters
example is but one of the many possibilities in the toroidal
class.

In Sec. 3, we discuss various classical properties of the
holes. Simple expressions are obtained for their mass, hori-
zon-area, and surface gravity. The spherical holes turn out to
have virtually the same qualitative features—as regards
their singular behavior as well as the location and topology
of external regions, horizons, crossing points, and internal
regions—as the Schwarzschild holes. The global properties
of the toroidal holes are also explored.

The solutions with distorted black holes are natural ex-
amples for explicit study of the laws of black-hole mechanics
and thermodynamics—the laws that describe how such sys-
tems change under variations in their external environment.
Israel has studied some properties of these solutions in this
connection.® In Sec. 4, we discuss the mechanics and ther-
modynamics of the Weyl black holes. While of course the
usual, general laws, appropriate to the system of hole plus
external matter, are here applicable, we find further that
laws can be formulated for Weyl black holes considered as
single systems, acted upon by the tidal gravitational forces of
the external matter.

In Sec. 5, we treat the evolution, which results from the
Hawking radiation, of the distorted Weyl black holes. A pe-
culiarity of the Weyl construction allows a simple descrip-
tion of this evolution in terms of a background potential.

Finally, in Sec. 6 we show that the results of the pre-
vious two sections—the local laws of thermodynamics and
the description of the evolution—can for the most part be
generalized to include all static distorted holes.
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2. THE WEYL BLACK HOLES

We first recall the Weyl construction.’ Since we wish to
retain the possibility of holes involving nontrivial topology,
we state this construction in global form.

Let S be a connected orientable, three-dimensional
manifold, 4,, a flat, positive-definite metricon S, and ¢ “ a
Killing field for (S,4,, ) that is “‘rotational” in the sense that,
with # = @ °g,, we have D D,r = 1. Ordinary Euclidean
space with the usual rotational Killing field is of course one
example, but, because we have imposed no global condi-
tions, there are numerous others. Writing out, in a local re-
gion of the flat space, all Killing fields, one sees that our
normalization condition on r implies that ¢ “ is surface or-
thogonal, and, conversely, that any nonconstant surface-or-
thogonal Killing field @ ¢ can be rescaled by a constant to
achieve D °r D, r = 1. By the axis we mean the set of points of
S, if any, at which r = 0. Our normalization of r also implies
that, near any axis point, the orbits of ¢ “ are closed curves of
period 27.

Now let U be any smooth function on § satisfying the
equations

DD, U=0, ¢°D,U=0, (2.1)

where D, is the derivative operator associated with 4,, . Let
V be any smooth function that satisfies

D V= [ 8,"D"(r) —th ™D, (rz)] D, UD,U, (2.2)

and that vanishes on the axis. Note that the right-hand side
of (2.2) is smooth, and, by virtue of (2.1), has vanishing curl.
So, a solution ¥ of (2.2) always exists locally—but of course
not in general globally. By adding a constant to ¥, one can
always achieve its vanishing at one axis point. Then, since
the right-hand side of (2.2) vanishes identically at all axis
points, this ¥ will vanish on the entire portion of the axis
connected to that point. However, when the axis consists of
several pieces, the resulting ¥ will not in general then vanish
at all axis points. So, U must be chosen such that it does.
Finally, note that, by (2.2), Vis also axisymmetric:
@D, V=0.

Now let M = S X R, let ¢ denote the natural vector
field on M in the R direction, and regard tensor fields on § as
fields on M. Then the Wey! metric

gab=e2UA2Vhab+r72e2U(l __e—‘ZV)¢a¢)b_672Utatb
(2.3)

on M is a solution of Einstein’s equation with vanishing
stress energy. This space-time has commuting, orthogonal,
surface-orthogonal Killing fields #* (complete and every-
where timelike, with squared norm — ¢*Y) and @ ° (with
squared norm r’e ~2Y).

It is shown in Appendix A that, aside from certain
anomalous cases, every static, axisymmetric solution can be
written in Weyl form, (2.3), and that this characterization is
essentially unique.

The most famous Weyl solution is the external
Schwarzschild solution.'® Let (S)4,, ) be Euclidean space, in
ordinary cylindrical coordinates r,z,p, but with a segment H
of the axis, of length 2m (m some positive number), centered
at the origin removed from S. Let ¢ “ be the rotational Kill-
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ing field in the *“g direction.” Set
Us =4In[Am —z 4 ((m — 2 + #)"/3) "
X{m+z+{m+2+r7)"3)" ", (2.4)

the potential of a line mass, of unit density, located on H.
This Uy satisfies (2.1). Let Vs be that solution of (2.2) which
vanishes on the axis of S {H excluded). Then (2.3) for these
choices is precisely the external Schwarzschild solution of
mass m. The Schwarzschild horizon is “at H.” The present
coordinates.rand z are related to the standard Schwarzschild
coordinates, ry and g, by the formulas

P =rg(ry —2m)sin® g,z = (r¢ —m)cos 5. (2.5)

The external Schwarzschild solution of course repre-
sents a static, axisymmetric (indeed, spherically symmetric)
isolated black hole. We now wish to identify those Weyl so-
lutions which represent nonisolated holes, i.e., those in the
presence of some static, axisymmetric external gravitational
field. To this end, we say that a four-dimensional Weyl solu-
tion (2.3) is a local black hole if it has an extension to a true
static black hole such that the original Weyl solution forms a
neighborhood of the horizon in the external region. In more
detail, we require of the extension that it be asymptotically
flat at null infinity, retain ¢ as a complete Killing field that
becomes a unit time-translation asymptotically, and have a
future horizon (i.e., a null surface that separates points from
which there is a future-directed timelike curve to null infin-
ity from those from which there is not) that is connected and
nonsingular (i.e., of the form C X R with the R’s the null
generators and the C’s compact, connected cross sections).
The reasons for this definition are the following. First, since
the Weyl solutions come with vanishing stress energy, they
will not include explicitly the matter distribution responsible
for the “external gravitational field.” We accommodate this
fact by letting our Weyl solution represent only a neighbor-
hood of the hole itself, with this external matter, implicitly,
in the extension. Note that, out of convenience, we impose
no energy condition on the external matter. Next, recall that
the horizon of a static black hole is the set of points at which
the static Killing field becomes null.'' Hence, since ¢° is
strictly timelike in any Weyl solution, this solution cannot
include the actual horizon points. For this reason, we de-
mand only that the Weyl solution be an external neighbor-
hood of the horizon. Note that essentially no conditions have
been imposed above on the topology of either the horizon or
the space-time in its neighborhood.

Fix a local black hole. Then, since the norm of
t9, — e?Y, approaches zero on the horizon, while the norm of
@°, rPe ~2Y must remain bounded, their product, 7%, must
vanish on the horizon. That is, the horizon must appear ‘‘as
r—0” in the Weyl solution. It is shown in Appendix B that
the topology of a cross section C of the horizon must be that
of either a torus or a sphere. Intuitively, ¢ ¢ either vanishes
nowhere on C (resulting in a torus), or has a zero-point (re-
sulting, on working outward from this point, in a sphere).
There is further analyzed, in Appendix B, the detailed be-
havior of 4, and U as »—0 which is necessary in order that
extension through a horizon actually be possible. With the
convention that two holes are regarded as “the same” if they
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coincide in some neighborhood of the horizon, there results
the following list of all local black holes.

The spherical holes have been obtained in Refs. 6-8. Let
H be the line segment of length 2m centered at the origin in
Euclidean 3-space as in the Schwarzschild example, let S be
any small open neighborhood of H, and set § = S — H. Set
U=Us + U where Us is given by (2.4) and Uis any smooth
solution of (2.1) on §, i.e., including H, such that U assumes
the same values,'? 4, on the two ends of the segment H. These
choices, we claim, always yield a local black hole.

We first show the existence of an extension through a
horizon. Set V' = ¥V + V, where Vy is the Schwarzschild
function, and substitute into (2.2):

D,V =[8,"D"(r) — 1h ™D, (]
X{2D,, UsD, U+ D,,UD, U). (2.6)
Consider now the metric

gf;'b — eZUs" ZVSh ab + r—zezus(l - ezys)¢ a¢ b
— e Usg—tupapt (2.7)
This will be recognized, from (2.3), as the exterior Schwarzs-
child metric of mass m, with “the time rescaled by a con-
stant.” Rewrite our Weyl metric, (2.3), in the form

gab = 2V -2V, Sb + r_zew"ezu-(l _ €72V)¢ a¢)b

_ e-ZU.s-e~2(7(1 " 8“774"72';)2‘"[”. (2.8)

The plan is to find an extension of the metric g°° on M by
extending each of the tensor fields on the right in (2.8). First,
take the usual full Kruskal extension to manifold M, of the
Schwarzschild metric g, and extend each of ¢ “@ * and
t“t ® from M to M by retaining its character as the square of a
Killing field of g4“®. There remains only to extend to 9\7 the
coefficients of g4*,@ “@ %, and ¢ “¢ * in (2.8). To extend U, first
note that, as an axisymmetric solution of Laplace’s equation
in a neighborhood of H, Uisan analytic function of the varia-
bles r* and z, for 7 sufficiently small and positive and z suffi-
ciently close to the interval [ — m,m]. Analytically extend U
as a function of these variables, and substitute from (2.5).'*
Next, extend Vio M by (2.6), verifying, from smoothness of
U that the right 31de is smooth Fmally recombine these
extensions of gs“%, ‘@ *, t ¢ ° U and ¥ to M, according to
(2.8), to obtain our extension of the Weyl metric g, . There
remains only to check smoothness of the coefficients of

@ ‘@’ and t “t* on the right in (2.8). For the first, note from

(2.6) that ¥, and so the smooth combination ew(l e )
zU,

is axisymmetric and vanishes on the axis. But e 1s the
squared norm of the rotational Killing field ¢ “ in g5, and
so their quotient, the coefficient of @ “p * in (2.8), is smooth.
Similarly, to see that the coefficient of 1 “ ? is smooth, first
note that the smooth combination e ~20(1 — e*¥ — %~ 2¥)
vanishes on the horizon, as one checks by integrating (2.6}
along a straight line parallel to and near H, beginning at one
end. [It was to achieve this vanishing that we inserted the
““e ~ * into the last term of (2.7).] But ¢’ ", the squared norm
of tin g, also vanishes on the horizon, with nonzero
gradient there, and so their quotient is smooth. 14

We next show the existence of an extension that
achieves asymptotic flatness. This is easy. Extend S as a
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manifold, 4, as a Riemannian metric, ¢ ¢ as a vector field,
and U and V as scalar fields—not necessarily retaining flat-
ness of 4, , the Killing character of ¢ %, or Egs. (2.1) and (2.2)
on U and V—such that (S,A4,,) is asymptotically Euclidean,
@ “ is asymptotically a rotational Killing field, and U and V'
are asymptotically zero. Now substitute into (2.3) to obtain
the desired extension. Note that the failure to satisfy (2.1)
and (2.2), in particular, will result in matter in the external
region.

For the second class of local black holes, the toroidal,
the background Schwarzschild metric above is replaced by
certain flat Weyl solutions. Consider again Euclidean 3-
space, in cylindrical coordinates (,z,@ } and with @ “ the rota-
tional Killing field, but only that portion with — m<z<m,
where m is some positive number. Now identify points la-
beled (r, — m,@ ) with those labeled (r,m,p + a), wherea isa
constant. That is, we make the z coordinate cyclic, with peri-
od 2m, at the same time introducing a ¢ twist through angle
a. Denote the axis (a circle of circumference 2m) by H, and
again let S be a small open neighborhood of H and set
S =S5 — H. Thus, S is a three-dimensional manifold with
positive-definite flat metric 4,, and rotational Killing field
@ Next, let Uy = In{r/2m), a solution of {2.1) on S, and
V,- = In(r/m), a solution of (2.2). (For later convenience, the
constants have been so chosen as to give agreement with the
behavior of U and ¥V near the center of H in the Schwarzs-
child case.) Then (2.3} yields a corresponding Weyl solution,
which, in the present coordinates, takes the form

ds* = 4dP* + 4d2% + dmide? — (P/4mAdt:. (2.9)

This will be recognized as a flat space-time, consisting
of the product of a twisted flat torus (labeled by z and ¢, with
the identifications above) and a region of two-dimensional
Minkowski space (labeled by » and 7 ), namely that region in
which the boost Killing field ¢ ¢ is future-directed timelike.

These flat Weyl solutions are clearly local black holes.
The extension through a horizon is that obtained by extend-
ing the region of Minkowski 2-space above through the two
null lines “» = 0.” An extension to achieve asymptotic flat-
ness is obtained by the same argument as in the spherical
case. In fact, one can achieve such an extension with, in an
appropriate sense, a nonsingular external region. First
choose .S to have as outer boundary a torus, then choose an
asymptotic region with inner boundary a 2-sphere, and final-
ly join these two using the fact that there exists a compact 3-
manifold with boundary consisting of the disjoint union of a
torus and a sphere (namely, the result of removing an open
solid torus from a 3-ball). All such extensions will have nega-
tive mass in the external region, as a theorem of Hawking
shows.'*

We now obtain the distorted versions of these toroidal
holes, by an argument similar to that above for the spherical
holes. Set U= U, + U where U is any smooth solution of
(2.1)on S, i.e., including H. There results from (2.3), we
claim, a local black hole. Set ¥ = ¥V, + V, and substitute
into (2.2):

D,?=2D,0+|8:D"(A) — th""D, ()| D, UD, U.

(2.10)
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It follows that U — %f/\ = y approaches a constant on H, and
from this that a solution F of (2.10) always exists globally in
S. Now set

g‘}b — eZUTf 2VTh ab + r._zeZUT(l —e — 2V7)¢ a¢ b

_e_2UTe74utatb’ (211)

i.e., (2.9) with time rescaled by a constant, and rewrite our
Weyl metric, (2.3), in the form
gt = ezﬁ— 2;7gaTb + r—zewrezz?(l e 29)¢7 “p b

—-2Up 7217(1 . e40—4u—2?)tatb.

—e e (2.12)

The extension through a horizon is obtained exactly as in the
spherical case. First extend the 4-manifold M and g,“® as for
the flat toridal holes above; then @ “p ® and 1 “¢ ® retaining
their character as squares of Killing fields; then U using its
analyticity in z and #*; and finally ¥ using (2.10). Then re-
combine according to (2.12). The check of smoothness is
much easier in this case. An extension to achieve asymptotic
flatness is the same as that for the flat toridal holes. A par-
ticular hole in this class has been studied by Peters.>'®

Thus, we obtain two broad classes, spherical and toroi-
dal, which, by Appendix B, include all Weyl local black
holes.

3. STRUCTURE OF THE BLACK HOLES

It follows from (2.8) and (2.12) that our extended solu-
tions for distorted holes have all the qualitative features of
their undistorted versions—the extended Schwarzschild so-
lution for the spherical holes and the flat space-times, as
extended, for the toroidal. In particular, the distorted holes
all have two horizons, each a null surface topologically
S 2X R for the spherical or S ' X S ' X R for the toroidal. The
generators of these horizons are given by the static Killing
field. The two horizons meet on a topological 2-sphere (2-
torus), on which the static Killing field vanishes. From the
external region, one can cross one of the horizons in the
future timelike direction, or the other in the past, and in
either case reach an internal region, in which the static Kill-
ing field is spacelike. These two internal regions*“touch” on
the 2-sphere (2-torus) at which the horizons intersect. From
the viewpoint of an external observer, there is both a black
hole and a white hole. Going ‘“‘through the wormhole,” one
crosses a second horizon and reaches a second external re-
gion. Its geometry can be identical to that of the original
external region, but the static Killing field is there past-di-
rected. The two external regions “touch” on the 2-sphere (2-
torus) at which the horizons intersect. No timelike curve can
pass from one external region to the other. Of course there
are, globally, many other extensions of the external metrics
of the distorted holes, just as there are for the external
Schwarzschild space-time.

We also see from the constructions leading from {2.8)
and (2.12) that our extended distorted holes have vanishing
sources in the internal regions. Further, the distortion intro-
duces no *“‘new singular behavior” inside the horizon, in the
sense that (2.8) and (2.12) are smooth wherever g;“* and g **
are, respectively. Thus, in the spherical case, we expect that
each internal region terminates in singular behavior, one to
the past and one to the future. For the toroidal holes, the
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undistorted backgrounds are nonsingular in the internal re-
gions. Thus, it is possible that for all or a large class of
choices of the potential U these holes are geodesically com-
plete. The toroidal holes have no trapped surfaces just inside
the horizon. All the distorted holes require external matter.
Whereas for toroidal holes this matter cannot satisfy an en-
ergy conditon everywhere,'’ it seems likely that for certain
spherical holes—those with u sufficiently negative—it can.

Since the horizons are null and are generated by a Kill-
ing field, all cross sections of the horizons (topologically,
spheres or tori) have the same geometry. For the undistorted
holes these are, of course, metric 2-spheres or certain twisted
flat tori. For the distorted holes, the geometry can be read all
directly from Eq. (2.8) or (2.12).

A local distorted black hole in the spherical case is
uniquely characterized by specifying the length, 2m, of the
segment H on the axis in Euclidean space, together with an
axisymmetric solution, U, of Laplace’s equation, defined in a
neighborhood of H and having the same value u at the two
e/pds of/‘\ H. Since the horizon occurs “at H,” and since there
V = 2U — 2u, the geometry of the horizon is uniquely deter-
mined by U evaluated on H, i.e., by the one function of one
variable, U (z), defined for — m<z<m. Evaluating the hori-
zon geometry from (2.8), we obtain the metric

ds’ = 4mPe— >[040 + 2~ Usin? 0dp?),  (3.1)

where U'is made a function of 8 by substituting z = m cos 6.
This is an axisymmetric—but not in general spherically sym-
metric—metric on a topological 2-sphere. All analytic (since
U necessarily is) axisymmetric horizon geometries are possi-
ble. As an intuitive example, suppose that U were larger near
the ends of H (znear + m and — m) than near the middle (z
near zero). Then (3.1) would represent a 2-sphere “squashed
inward on its poles.”

Similarly, the toroidal holes are characterized by value
of m, /ghe “twist parameter” a, a certain axisymmetric solu-
tion U of Laplace’s equation, and the constant value u of
U — 4 V on approaching the horizon. As above, only U on
the axis, i.e., only the function U (z), defined for — m<z<m
and periodic, enters the horizon geometry. From (2.12), we
obtain the metric

ds? = 4o~ [0~ 2442 | et~ 20ggp 2], (3.2)

where @ has period 27, z ranges from — m to m, and

(— m,@) and (m,p + «a) are identified. The geometry is that
of a twisted torus with Killing field, and, again, all analytic
ones are possible.

In the spherical case, we may interpret physically the
distortion of the geometry of the horizor}\, as follows. Fix a
distorted hole, characterized by 2m and U. Consider now the
Weyl solution defined by U = U, a solution that of course is
smooth up to and including H. We may think of this solution
as representing “the background gravitational field caused
by the external masses alone, with no hole present.” Then
our distorted hole, the Weyl solution defined by
U = U + U, would represent “‘the combination of a
Schwarzschild hole and this background gravitational
field.” It seems to be difficult to make these remarks precise,
because of all the usual problems of comparing two different
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metrics. But this interpretation is at least suggested by the
fact that Uy, the Schwarzschild potential given by (2.4}, ap-
proaches zero far from H. Thus, the two Weyl solutions (the
distorted hole, given by U= Ug + U, and what we wish to
call the background field, given by U = U) are in some sense
“nearly equal far from the hole.” But this is what we would
expect physically: A black hole, placed in a background
gravitational field, should have a small effect on the distant
external mass distribution responsible for that field. Presum-
ably, this interpretation is most appropriate for small holes
and distant matter.

In any case, let us for a moment accept this interpreta-
tion. Then we may think of a black hole as an elastic body,
subject to Hooke’s law. The stress is the Weyl tensor of the
background metric, evaluated on H; the strain is the horizon
geometry (3.1) (or, more precisely, its deviation from spheri-
cal). It is not difficult to write out explicitly the stress—strain
relation. But this formula is not very illuminating, for both
the stress and strain have an infinite number of degrees of
freedom. One can, however, see intuitively that the “elastig\
constant’ has the correct sign. Consider the case in which U
is larger near the ends of the segment H than near its center.
Then a free test particle, released at rest near one end of Hin
the background geometry, will tend to fall inward toward
the center of H. That is, a test physical object, placed near H
in the background field, will tend to be “pushed inward from
the ends of H.” But this agrees with our interpretation of the
horizon geometry, (3.1), in this case.

Itis also possible to interpret physically the condition in
the spherical case that U assume the same value at the two
ends of the segment H. Consider a test particle, released ini-
tially at rest (i.e., with its four-velocity parallel to the static
Killing field %) in the background field. Then this particle
will remain at rest if and only if the gradient of U vanishes at
the location of the particle. Otherwise, it will feel a force
from the gravitational field, and move off. So, if a black
hole—an extended object—were to be placed in this field, we
would expect some similar condition—the vanishing of
some average of the gradient of U—in order that the hole
experience no net force, and so remain at rest. The difference
between the values of U at the two ends of H is the appropri-
ate average.

Is there an analogous separation of the solutions for
distorted toroidal holes into one solution representing the
undistorted hole and another representing the background
gravitational field into which it has been placed? There is,
but the interpretation is somewhat less clearcut in this case.
Given a distorted hole, defined by the parameters 2mand a
and the Laplace solution U = U;. + U, we may certainly
consider the two Weyl solutions given by U = U7, the “un-
distorted hole,” and by U = U, the “background gravita-
tional field.” But note, first, that the parameters m and o for
the distorted hole enter the Weyl solutions for both the un-
distorted hole and the background field. Thus, we are forced
to regard the background field, which fixes both m and a, as
an arena in which can be placed only certain undistorted
holes, namely those with the same values of m and a. A
second complication involves the interpretation of the pa-
rameter u as an “effective potential” of the background field
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at the location at which the hole is to be placed. Such an
interpretation is at least reasQnable in the spherical case, for
there u is determined from U, as its values at the ends of H.
But, in the toroidal case, u arises only at the point, in writing
down the full distorted solution, at which we must choose
the constant in V. [This freedom disappears in the spherical
case, because there we must require vanishing of ¥ on that
part of the axis away from the horizon.] In short, the phys-
ical meaning of u in the toroidal case is by no means clear. A
final difficulty is that the interpretation of the solution with
U = U, as the “‘undistorted hole” is weakened by the fact
that these local black holes, if fully extended to achieve as-
ymptotic flatness, must necessarily contain external matter.
This circumstance constrasts with the spherical case, in
which the undistorted holes are Schwarzschild solutions,
which require no such external matter.

Our parameters have been so chosen that the masses of
all the spherical and toroidal holes—defined using the Ko-
mar integral with the static Killing field ¢ “ of (2.3)—are just
m. In particular, even the flat, undistorted toroidal holes
have nonzero mass! The area of the horizon is obtained by
integrating (3.1) for spherical, or (3.2) for toroidal:

A = 16rm’e — {3.3)
Thus, the Schwarzschild mass—area relationship is in general
violated for the distorted holes. But this is exactly what one
expects physically. The mass defined by (4 /167)'/? is analo-
gous to the rest mass of a particle, { — p°p,)'/%, where p“ is
the four-momentum. The Komar mass m is analogous to

— p,t° For a particle at rest (p “ paraliel to “), these two
differ by a redshift factor, essentially the norm of ¢ “. But this
redshift factor appears in (3.3), as “e ~ 2“.”” Note that the hole
looks to the ends of the segment H to decide what redshift
factor to assume.

For both the spherical and toroidal holes, the surface
gravity,

k* =1lim YV,2,)(V®) =lime*Y ~*Yh“*D, UD, U, (3.4)
where the limit is at the horizon, is given by

K= (4m) " 'e*. (3.5)

Note that k4 /m = 44 for all holes, independent of topology
and distortion.

4. MECHANICS AND THERMODYNAMICS OF
DISTORTED BLACK HOLES

The work of Bekenstein'” and Hawking'® has shown,
and that of many others confirmed, that the mechanical laws
governing classical systems containing black holes can be
placed in analogy with those of thermodynamics. Further,
the resulting correspondence between mechanical black-
hole variables (horizon area, surface gravity, etc.) and ther-
modynamic variables (entropy, temperature, etc.) has inde-
pendent physical meaning when quantum mechanics is tak-
en into account. This correspondence has been made explicit
for a number of examples, including the Kerr black holes. In
this section, we first review this work as it applies to the
systems of black hole plus distorting matter considered in
the previous sections. In the process we obtain explicit ex-
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pressions for the temperature and entropy of the distorted
black holes. Next, using the natural decomposition of the
Weyl potential U into pieces assignable to the black hole and
distorting matter, we go slightly further. We consider the
black hole as a single system acted upon by the gravitational
forces of the external matter, and find that its laws continue
to have a simple correspondence with those of
thermodynamics.

We begin our discussion of the thermodynamics of dis-
torted black holes by deriving the Hawking temperature.'®
Consider quantum particles in the background space-time of
a distorted black hole. One expects there to be particle states
inside the horizon that have negative energy when viewed
from infinity. The ability of the system to occupy such states
should then give rise, by pair creation, to Hawking radiation
of particles at infinity. While the determination of all the
details of this radiation is in general difficult, there is a sim-
ple argument that yields certain general features. Imagine
placing the black hole in a large, suitably confining box, to-
gether with radiation at some temperature. Is there some
temperature for this radiation such that the resulting system
will be in thermal equilibrium? If so, then one expects that
the radiation from the free hole will be thermal with precise-
ly this temperature. As Gibbons and Perry®” have shown, the
existence and value of such an equilibrium temperature can
be determined directly from the static space-time geometry.
They argue that it is a general property of thermal equilibri-
um that the thermal Green’s function of the quantum fields,
with Killing time ¢ replaced by it, become periodic in this
“complex Killing time,” with period the inverse of the equi-
librium temperature. Conversely, the existence of a periodic-
ity in complex Killing time should allow the construction of
a thermal Green’s function.

Thus, the Gibbons—Perry prescription for determining
the existence and value for the temperature of thermal equi-
librium for a static black hole is the following. First, write
the metric in the external region in the form

8ap = —eizvtatb + Vab» (4.1)

where 7,,t° =0and 11, = — &*Y. Next, introduce Killing
time +—such that ¢“ and V, ¢ are parallel and ¢Vt = 1.
Then, on that part of the space-time manifold external to the
horizon, introduce the positive-definite metric that results
from reversing the sign of the first term on the right in (4.1).
Now consider any positive number p (a candidate for the
period), and identify, in this external space, all points lying
on the same ¢ “-orbit and having z-values that differ by p.
Find those p’s, if any, such that the positive-definite metric
on this identified manifold can be extended to include an axis
of “(a “bolt” in the terminology of Gibbons and Hawking)?’
at e’¥ = 0, i.e., where the horizon was. If such a period p
exists (easily shown to be unique, in the presence of a hori-
zon), then 1/p is the equilibrium temperature. It is not diffi-
cult to show that, if the space~time contains a compact hori-
zon-crossing 2-surface, on which ¢ ¢ vanishes, then there
necessarily exists such a p, for this surface becomes the axis
of ¢°

A consequence of the Gibbons—Perry prescription is a
simple formula for the equilibrium—and hence radiation—
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temperature of a static black hole in terms of the surface
gravity?:

T =«/2. (4.2)
This is immediate from the first equality in (3.4).

Some remarks are in order concerning the physical
meaning of this temperature. At infinity, the Green’s func-
tion will approach the Green'’s function for flat space-time
appropriate to a system in thermal equilibrium. With the
Killing field ¢ “ normalized to unity at infinity (a normaliza-
tion we will henceforth assume), the temperature 7 given by
(4.2) will be that measured by an ordinary thermometer at
rest at infinity. This 7 will not, therefore, be the temperature
measured by a static thermometer elsewhere in the space-
time.>* In the familiar way, a constituent of the gas moving
freely through the space—time will preserve p, ¢ ¢, where p, is
its 4-momentum. In equilibrium, this conserved energy must
be the same everywhere in the gas. A static thermometer,
however, measures energy relative to a unit vector parallel to
t“. Thus, the locally measured temperature differs from 7T 'by
a redshift factor?*:

T,.=Te Y. (4.3)

loc
All the distorted spherical and toroidal holes construct-
ed earlier have a crossing surface, and so a Hawking tem-
perature. From (3.5) and (4.2), this temperature is

T = (87m)~'e*. (4.4)

In the spherical case with no distorting matter, and so with
u = 0, (4.4) reduces, of course, to the Schwarzschild value.
We claim that the effect of reasonable distorting matter in
the spherical case is to lower the temperature from its
Schwarzschild value. Indeed, in the presence of sources Ein-
stein’s equation projected along ¢ ° reads

DD, U =87e?0— 27T, —1Tg,,)t°t". (4.5)

Under the strong energy condition, the right side is nonnega-
tive, and therefore U, and so , is nonpositive. By (3.3), there-
fore, the effect of such distorting matter is to lower the tem-
perature for fixed 4 (and also for fixed m)—the same
direction as the effect of rotation. The effect of either spin-
ning up or distorting an initially Schwarzschild black hole is
always to lower its temperature. In the toroidal case, by con-
strast, while we still have (4.5), no conclusion as to the direc-
tion of temperature change from distortion is possible, not
least because we cannot then impose the strong energy
condition.

The laws of mechanics for an axisymmetric system con-
sisting of black hole plus distorting matter have been given
by Bardeen, Carter, and Hawking.?® The zeroth law states
that the surface gravity is constant over the horizon.?® The
first law states that, between two nearby equilibrium
configurations,

M = (k/87) 84 + 80, (4.6)

where M is the change in the total mass, 54 is the change in
horizon area, and 5Q is a certain expression involving the
change in the stress-energy of the external matter, interpre-
table as the change in its heat content as measured from
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infinity. The second law states that,classically, the area of
the horizon is nondecreasing. With the temperature given by
(4.2), the first law becomes identical with the first law of
thermodynamics, provided the black hole is assigned an en-
tropy equal to one quarter its area. The generalized second
law can then for formulated in the usual way that the entro-
py of the black hole plus that of the external matter is
nondecreasing.

The general laws above concern the total system, con-
sisting of the black hole together with its distorting matter.
They, of course, apply in particular to the spherical and tor-
oidal holes of the previous sections. But for these we can
write down further laws for the black hole regarded as a
single system acted upon by external gravitational forces.
The zeroth and second laws, being already local to the hole,
remain unchanged. But various forms of the first law are
available, depending on how the mass of the hole is
characterized.

For example, using the Komar mass m, the mass of the
hole alone as measured at infinity, one has from (3.3) and the
identification of the thermodynamic variables

ém = T8S + mbu. 4.7)
This is a version of the first law of thermodynamics, with the
term mdu = (mass of hole) X (change in external potential)
interpreted as the work done on the hole by the variation in
the external matter. This interpretation is confirmed by the
observation that, for slow changes in which neither matter
nor gravitational waves cross the horizon,?” §4 = 0, and so,
by (4.7), mdu is indeed thé& change in the mass m.

There is also a version of the first law appropriate to
observers who, living near the hole, have no access to infin-
ity. These observers cannot determine the Komar mass m,
for they do not know how to scale the static Killing field 7 “ to
make it unit at infinity. That is, these observers could deter-
mine the Weyl potential U only up to an arbitrary additive
constant. At least in the spherical cases, they might resolve
this ambiguity by computing Uy, the “potential due to the
hole,” and demanding that the difference, U — Ug = U,
vanish at the ends of the segment H. In this way, these ob-
servers would rescale the static Killing field by a redshift
factor, and so would obtain for their mass of the hole

m,, =me " {4.8)
Then, from (3.3),
A= 16mm, 2 (4.9)

as we would expect for observers having access only to the
hole. Similarly, these observers would measure locally a tem-
perature, (4.3), for the radiation, i.e., a temperature that ap-
proaches infinity at the hole. They would attribute this effect
to the local redshift caused be the hole, and so would correct
it to an “‘ambient background temperature” using the red-
shift factor for the hole, eYs, Thus, their version of the tem-
perature would be

T.

int = Te*u:(gﬂ'mint)_]! (410}

From (4.9) and (4.10), we obtain a local version of the first
law
ém,,, =T,

ing

58. (4.11)
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There is no work term in this version because these observers
effectively ignore the overall potential due to the external
matter. In the toroidal case, the definitions (4.8) and (4.10)
still yield (4.11) of course, but the physical interpretation of
these definitions in terms of local observations seems less
natural.

5. EVOLUTION OF RADIATING DISTORTED BLACK
HOLES

The Weyl formalism leads to a simple and explicit de-
scription of the behavior of axisymmetric, distorted holes
with spherical topology as they evolve by radiating quantum
particles.

For the applicability of this description, we shall re-
quire (i) that the evolution be sufficiently slow that the hole
can be regarded as evolving through a sequence of equilibri-
um states, (ii) that the evolution be sufficiently fast that insta-
bilities which would tend to move the hole off axis can be
ignored,”® and (iii) that the mass of the hole be sufficiently
small that its effects on the external matter can be neglected.
By (iii), we may regard the external matter as fixed during the
course of the evolution. Ihat is, we have a fixed Wey! back-
ground, with potential U, in which the hole evolves. By (i)
and (i), the hole can be represented, at each instant of time,
by a segment H of length 2m on the axis of the background,
where m is the instantaneous mass of the hole. Since the hole
is to be in equilibrium, A will be so located that the potential
U assumes the same values at its two ends. As the hole
evolves by radiating, its various parameters, including m,
will in general change. Thus, the segment H, with slowly
changing length, will continually readjust its location to
maintain equality of U at its two ends. In the analogous ar-
rangement of a Newtonian rod of fixed mass density in a
background potential, the corresponding behavior would
follow from adiabatic invariance of the action.

An example of a background potential U, produced by
external matter perhaps more concentrated in the equitorial
plane than on the axis, is shown in Fig. 1. In this example,
there is a unique location of the segment H for each value of
m: As its length changes, its center will always remain on the
dashed curve shown. Thus, we may take », the common
value of U at the ends of H, as a function of m, the half-length
of H. In this example, u{m) is an increasing function of its
argument.

—~
<>

FIG. 1. The equilibrium position of the segment ¥ in a background poten-
tial U. The segment of length 2m positions itself such that the potential U
assumes the same value (denoted u) on its two ends. This determines the
function u(m). As m changes, the center of H moves along the dashed curve
shown.
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In general, from the function u(m), as determined by the
background field, together with (3.3) and (4.4), which respec-
tively express the area 4 of the horizon and the temperature
T of the hole in terms of m and u, we obtain

8m—1T(1—md—u) 84, (5.1)
dm
2
5T = _T—(l_zmd_”)(1_m£’1) 4. (52)
4m dm dm

Thus, the behavior in time of all the parameters characteris-
tic of the hole is determined from that of any one. But the
time rate of change of A4 is given by the area-decrease
formula®’

a _ —8—”J<Tab>t“t"d,4. (5-3)
dt Py
Here (T,, ) is the renormalized expectation value of the

stress energy of the quantum fields, the integral is over a
certain cross section of the horizon, and ¢ is Killing time.
While the magnitude of the right-hand side of (5.3) is of order
AT*, its detailed evaluation is in general difficult. But there is
a simple argument, using the static character, conservation
of (T,, ), and positivity of the energy flux at infinity, which
yields that this right-hand side is always nonpositive.*”
Therefore the horizon area (entropy) of the hole decreases
monotonically with time in the course of the evolution. The
direction of change of m and T are now given by (5.1) and
(5.2).

. Asan example of these remarks, consider the potential
U shown in Fig. 2. At the location of segment 7,

0 <m du/dm <. So, by (5.1) and area decrease, the mass of
the corresponding black hole will decrease as it radiates. The
segment will therefore become shorter, and so will settle
downward into its potential well. Meanwhile, by (5.2) and
area decrease, the temperature of the hole will increase. This,
of course, is the normal behavior for a Schwarzschild hole.
At the location of segment A4, on the other hand,

m du/dm > 1. So, by (5.1) the mass of the corresponding hole
will increase with time, the segment moving upward in the
diagram, while, by (5.2), the temperature is increasing. The
behavior of the hole represented initially by segment C is
more complicated. There, § <m du/dm < 1, and so the hole
will initially have decreasing mass, its segment settling into
the potential well, but with temperature also decreasing. The
segment, on reaching location D, cannot bifurcate into two
segments, one in each potential valley, as is guaranteed by
general theorems.*® So, the segment, still representing a hole
with m and T both decreasing, will continue to move down-
ward, approaching location E, where m du/dm = }. There
by (5.2), the temperature reaches a minimum, the mass con-
tinuing to decrease. So, the segment, representing a hole
evolving with decreasing m and increasing 7, will continue
past location F, where m du/dm = 0, and then on toward
location G. At G, m du/dm = + o (plus from below, minus
from above). By (5.1) and (5.2), the segment will move
smoothly through location G, with the temperature of the
hole continuing to increase, but its mass reaching a mini-
mum there. The hole now grows more massive and hotter, as
its segment approaches H, where m du/dm = 1. This H re-
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presents a local minimum of horizon area. There will occur a
“runaway” toward H, presumably in finite time, and with
rapidly increasing (but finite) m and T. Thereafter, there is
no quasistatic equilibrium configuration.

Thus, depending on the behavior of m du/dm—the val-
ues of which are determined solely by the background gravi-
tational field—there can occur evolving black holes with
various combinations of increasing or decreasing 7°or m. We
note that these effects will not be seen by the local observers
of the previous section, for they, using (4.9) and (4.10), will
always find m,,, decreasing and T, increasing during the
evolution.

int int

It seems unlikely that the condition of reasonable exter-
nal matter will eliminate the effects described above. Indeed,
the only obvioug constraint on the potential U (z) would seem
tobethat |m d U/ dz|, where m measures the size of a hole the
potential can accommodate, cannot greatly exceed the order
of one. To see this, let M be an effective total mass of the
external matter, and L its characteristic distance from the
hole. Then

mdU Sm (ﬁ) . (5.4)

dz L?

But one expects M /L 5 1, in order that the external matter
not be inside its Schwarzschild radius, and
m/L <A'?/L % 1,inorder that the external matter notbein
contact with the hole. So, |m d 0 /dz| % 1. While this ig, of
course, a genuine restriction on the external potential U (one
violated, e.g., near location 4 in Fig. 2), the behavior of U
near locations F, G, and H in Fig. 2 shows that there is no
corresponding restriction on the values of m du/dm.

The shape of the horizon during the course of the evolu-
tion of the hole can of course be determined from (3.1). The
more nearly constant Uis along the segment, the more near-
ly spherical the hole. Thus, in the normal situation, such as
that of the hole whose segment begins at location [ in Fig. 2

1w

FIG. 2. A potential U on the axis that illustrates different possible behaviors
of an evaporating distorted Weyl black hole. Various possible line segments
H and their corresponding values of w = m du/dm are shown on this plot of
U versus z. The arrows indicate the momentary direction of motion of the
segment induced by the Hawking radiation. As described in the text, the
segment at [ represents a hole that will heat up and lose mass, the segment
decreasing its length and settling to the bottom of the well. The segment at 4
will move upward off the diagram, the hole increasing both its temperature
and mass. The segment at C will move through positions D, E, F, and G,
with the evolution of the hole becoming nonquasistatic before its segment
reaches H. As described in the text, the temperature of the hole at first
decreases, reaches a minimum at £, and then increases through the rest of
the evolution. The mass decreases through locations D, E, and F, reaches a
minimum at G, and thereafter increases.
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and thereafter settles into the potential well, the hole be-
comes more nearly spherical as it evolves. The hole whose
segment begins at location 4, on the other hand, becomes
less spherical. But the argument above suggests that it may
not be possible to realize the situation of location 4 with
reasonable external matter. In fact, these observations gen-
eralize. One checks from the geometry that the deviation
from spherical, measured by the difference between the
maximum and minimum of U along the segment, can in-
crease during the evolution only when m is increasing and
further dU /dz at the two ends of the segment have opposite
signs. However, from (5.1), this can occur only if |m dU /dz|
exceeds two at at least one end of the segment, which may
violate the argument of (5.4). These remarks suggest that
there may be a general theorem to the effect that distorted
holes in the presence of reasonable external matter must,
during the course of their evolution by Hawking radiation,
become more spherical.

For the specific heat of the hole we have, from (5.1) and
(5.2),

c=om_ _m 2m? du

8T T T dm
For m du/dm > |, this specific heat is positive, in contrast
with the usual situation for isolated black holes and for iso-
lated self-gravitating systems in general. The reason for this
behavior is the same as the reason why the specific heat of an
ideal self-gravitating gas confined to a box can be positive:
the action of external forces.*'

An intriguing question left unanswered here concerns
the details of the Hawking radiation from the distorted
holes, and in particular the question of whether this radi-
ation carries net linear momentum along the axis of symme-
try. For wavelengths short compared to the size of the hole,
the radiation should be similar to that from an irregularly
shapped black body radiating at a constant temperature
from its surface. The resulting radiation has an angular dis-
tribution appropriate to the shape of the body, but carries no
net linear momentum. But for wavelengths comparable to
the size of the hole, the answer is less clear. Unfortunately,
the actual motion of the hole itself, as described above, pro-
vides no information about the emission of momentum.
Consider again the analogous Newtonian arrangement: A
rod of fixed mass density in an external potential, which
slowly loses mass from its ends and thereby shrinks and set-
tles into the potential well, as in Fig. 1. By adiabatic invari-
ance, no matter how the rod slowly disposes of its mass—by
tossing it in one direction or another—the rod will still settle
with its center along the dashed line in Fig. 1. The potential
soaks up the excess momentum. It would be of interest to
have a direct calculation of (T, ) for at least some of the
distorted holes.

(5.5)

6. GENERAL STATIC BLACK HOLES

We have seen in Sec. 4 that, for distorted Weyl holes
with spherical topology, there can be formulated a version of
the first law that applies to the system consisting only of the
hole itself; and, in Sec. 5, that there can be followed in some
detail the quasistatic evolution that results from the Hawk-
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ing radiation of the hole. It is natural to ask how much of this
material can be generalized to the nonaxisymmetric case,
i.e., to the class of all static distorted black holes in the back-
ground field of an external matter distribution. We shall
show in this section that significant generalization is
possible.

The relevant parameters for an axisymmetric Weyl hole
are its surface gravity and temperature, its horizon area and
entropy, its Komar mass, and the effective potential u. Con-
sider now a static, not necessarily axisymmetric, black hole
in a static external matter distribution. Which of these pa-
rameters are still available in this case? The surface gravity,
given by (3.4), is again constant on the horizon, and the tem-
perature 7" may again be defined in terms of it by (4.2). In-
deed, assuming only the presence of a crossing surface, the
Gibbons—Perry argument leading to {4.2) applies equally
well in the present case. The static Killing field again gener-
ates the horizon, and so the area 4 is again independent of
cross section. We may again identify .S as 14, as suggested by
the general first law (4.6). The Komar mass m of course
makes sense for any static black hole:

m=— J € V1A, (6.1)
47 Jo

where ¢ “ is the static Killing field, the integral is over any
cross section C of the horizon, and d4 * is the surface ele-
ment of this cross section.

The difficult parameter is of course the effective poten-
tial u. In the Weyl case, u is defined by writing the Weyl
potential U as the sum of one potential, U, regarded as due
to the hole, and a second potentig}, U, regarded as due to the
external matter, and evaluating U at the ends of the segment
H that defines the hole. In the absence of axisymmetry, with
no Weyl form, we do not of course have such a decomposi-
tion. Nonetheless, we may generalize the definition of u as
follows. Consider a solution with a static, distorted hole with
spherical topology and a distribution of external matter.
Imagine building up this solution by the following proce-
dure: First assemble the distribution of external matter, and
then take a black hole, initially a Schwarzschild hole far
from the matter, slowly move it into the vicinity of the mat-
ter, find a position at which the now-distorted hole is in equi-
librium, and release it there. In the course of moving the
hole, its Komar mass will change from its initial value, m _,
to some final value, m. We define u to be the redshift factor
relating these two masses:

m_ =me * (6.2)

This formula is suggested, e.g., by the fact that a particle,
beginning at infinity with mass m_ and moved to an equilib-
rium position at which ¢ “t, = — ¢**, will there have mass m
satisfying (6.2).

At infinity, our hole is Schwarzschild, and so has hori-
zon-area 16rm? . But, by (5.3), this area will not change
during the slow motion to the equilibrium position. So, from
(6.2), we have

A = 167m’e ~**. {6.3)

The temperature T'can also beexpressed in terms of m and u.
Indeed, Bardeen, Carter, and Hawking®® have shown that
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the relation k4 /m = 4, verified in Sec. 3 for the Weyl case,
holds for any static black hole. The proof consists of substi-
tuting in (6.1) the usual expression for V¢ " in terms of ¢ ™
and the gradient of its norm, using the second expression
(3.4), and integrating. From this and (6.3) we obtain

T = (87m) ™ 'e*. (6.4)

The local version of the first law for general static holes
is now immediate. Take the variation of (6.3) and use (6.4):

ém = T8S + mébu. (6.5)

In addition, much of the discussion in Sec. 5 of the evo-
lution of the holes can be carried over to the general static
case. A hole, initially in the asymptotic region with given
mass, will, when moved to its equilibrium position, acquire
some values for m and u. So, we may regard « as a function of
m. Equations (5.1} and (5.2) again give the changes in m and
T during the evolution, and the argument of (5.3) again yields
that the area 4 decreases as a result of the radiation. This is
the machinery needed to treat the evolution.

But these results in the general static case do suffer, in
comparison with the Weyl case, from significant limitations.
For a distorted Weyl hole, we have a mathematically natural
prescription for extracting from the Weyl potential Ua back-
ground potential U. Therefore u is determined, say as a func-
tion of m, immediately from the background gravitational
field, with the result that the local first law and the discus-
sion of evolution are made explicit. In the general static case,
by contrast, while we do have an opertional definition of «,
and exactly the same formulae relating 7, A, m, and u, we do
not have the same direct access to the values of #. As an
example of this difference, recall that we showed in the Weyl]
case, in Sec. 4, that ¥ must be nonpositive under the strong
energy condition on the external matter. It is by no means
clear that any similar result holds in the general static case.

7. DISCUSSION

Static, axisymmetric black holes are a remarkably sim-
ple class of solutions of Einstein’s equation. They come in
just two topological types—spherical and toroidal—each
with its own global structure. Their local properties are de-
termined by a single solution of Laplace’s equation, while
many of their physically interesting characteristics (e.g., ho-
rizon area, surface gravity) are expressed in terms of just two
parameters, m and u. Despite this simplicity, there is a great
variety of Weyl black hole solutions. They can thus be used
to illustrate and formulate thermodynamic and quantum be-
havior in a way not possible for the Kerr family of isolated
black holes.

It would be of interest to see to what extent the results
obtained here can be generalized to other classes of black
holes. Dynamic holes would seem to be too difficult for im-
mediate investigation. The time-independent holes can be
classified according to whether they are static or stationary
(i.e., whether the time symmetry is surface orthogonal), and
whether they are rotating or nonrotating (i.e., whether the
time symmetry generates the horizon). Whereas all static
holes must be nonrotating, the stationary holes include some
(all axisymmetric®?) that are rotating, and, apparently, some
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that are not.** A very special class of stationary, rotating
black holes can be obtained by taking the present Weyl class
of local black holes, choosing for the “time symmetry” a
suitable linear combination of 7 and ¢ %, and then extending
to achieve asymptotic flatness with this time symmetry an
asymptotic time translation.

What, in analogy with the Weyl case, are the possible
topologies for cross sections of the horizons of these more
general black holes? If the external matter satisfies an energy
condition, then in all cases only spherical topology is possi-
ble, as Hawking has shown.'® Suppose, however, that this
energy condition were relaxed. Then, for axisymmetric
holes—a class that includes all rotating holes as well as our
Weyl examples-—the only possibilities are spherical and tor-
oidal, by the argument of Appendix B. But for holes nonaxi-
symmetric and with no energy condition, are more compli-
cated topologies possible? Our consideration of the Weyl
case suggests that, should such holes exist, the external dis-
torting matter would have to be very carefully constructed
(in addition to its having negative energy). For the Weyl tor-
oidal holes, for example, there must always be external mat-
ter (or singular behavior) extending ‘“‘through the dough-
nut.”** Is there any analogous result for more complicated
topologies? Suppose, under such an arrangement, the matter
were slowly moved from the vicinity of the hole to distant
regions. How would the hole, which could not, presumably,
permit this to happen while retaining its horizon-topology,
react? Similarly, what would happen if a spinning gyroscope
were dropped into a hole with other than spherical or toroi-
dal topology? The hole could not become rotating consistent
with its horizon-topology. To what equilibrium state would
it finally settle, and how would it radiate to achieve this
state?

Space-times with distorted black holes provide useful
examples for the formulation and study of the laws of black-
hole thermodynamics. As we saw in Sec. 6, thermodynamic
laws can be formulated with general static black holes, not
only for the total system of hole plus external matter, but
also for the black hole considered as a single system. Can
similar laws be formulated for stationary, axisymmetric
black holes? The two key starting points in Sec. 6 were the
relation between m, k, and 4 and the operational definition
of the potential u, both in the general static case. The former
has been generalized, including angular velocity and angular
momentum, to stationary holes.?> But what of the latter?
What is needed is the proper definition of the work done on
the black hole by axisymmetric deformations of the external
matter. The static case suggests that some insight into this
may be obtained by studying the changes in the parameters
describing the hole as it is lowered axisymmetrically into an
axisymmetric distorting system.

In addition to these issues, which involve generalizing
Weyl results, there remain a number of interesting questions
concerning the Weyl black holes themselves. We mention a
few.

In Sec. 5, we discussed the quasistatic evolution of a
single radiating Weyl black hole in a background of distort-
ing matter. One might consider the case of two or more black
holes evolving together. Each hole will then feel not only the

R. Geroch and J. B. Hartle 689



field of the external matter, but also the evolving fields of the
other black holes. Neglecting the absorption of Hawking ra-
diation by the holes, this problem should be soluble by the
methods of Sec. 5.

It would further be of interest to settle the question
raised in Sec. 5 as to whether a distorted black hole can radi-
ate linear momentum. A related issue, also raised in Sec. 5, is
whether a static black hole always evolves in its static back-
ground in such a way as to reduce its spherical symmetry. A
broader question concerns the evolution of isolated but mo-
mentarily distorted black holes. Do such holes radiate in
such a way as to increase or descrease their distortion? If the
distortion increases and the hole radiates momentum, could
there result a runaway effect? Or, are there general results
which forbid this?
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APPENDIX A: THE WEYL CHARACTERIZATION

Essentially every static, axisymmetric solution of Ein-
stein’s equation can be written in Weyl form, (2.3), and this
characterization is essentially unique. The details follow.

Let (M,g,, ) be a solution of Einstein’s equation, with
zero stress-energy and with commuting, orthogonal, sur-
face-orthogonal Killing fields, ¢ * (complete and everywhere
timelike) and @ “. Let there exist an orientable spacelike slice
S in this space-time, everywhere orthogonal to ¢“ and such
that every point of M is reached in one and only one way by a
t-orbit from a point of §. Then M = § X R. Define smooth
scalar fields U and r* on S by the formulae

22U

V= —1%,, re " =9p'g,. (A1)
Let X be the scalar field on .S given by
X =e g (V,r)(V,r)
=}V (Vi@ ") + e 2V, UV
— e (v, U)VU), (A2)

where V, is the derivative operator of (M,g,, ). The second
expression follows from the first, expanding the derivative of
@ “interms of its norm and using (A 1). This X is nonnegative,
by the first expression, and smooth, by the second.

Were our metric in Weyl form, then, from (2.3) and
the first expression {A2), we would obtain X = ¢ ~ *". Hence,
the following two properties would hold: (i) X = 1 at all axis
points (where 7 = 0), and (ii) X is strictly positive. But the
converse is also true. Let these two properties hold. Then (ii)
implies that the ¥ defined by X = e ~ *"is smooth, and (i) that
this ¥ vanishes on the axis. Hence, defining /# “* on S by (2.3},
our metric would be in Weyl form. Furthermore, this repre-
sentation would be unique, except for the freedom to rescale
@ “ by a constant in those situations in which there is no axis.
[When there is an axis, this freedom is lost, by condition (i).]
There remains, therefore, only the issue of when conditions
(1) and (ii) can be achieved.

Condition (i): First note that X cannot vanish at any axis
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point, for otherwise, by the second expression (A2), both ¢ ¢
and its derivative would vanish at a point, implying ¢ =0
everywhere. Furthermore, taking the gradient of the second
expression (A2), we find that the gradient of X vanishes on
the axis. Thus, by rescaling ¢ ¢ by a constant, we can always
achieve X = 1 on any one connected part of the axis. Unfor-
tunately, the axis will in general consist of more than one
connected component, and it is not true in general that X’
assumes the same constant value on each component. (When
not, then the metric has no Weyl form. Note that this is a
quite different issue than the usual one of “wire singulari-
ties.””) But constancy of X on the entire axis does hold in cases
of interest, e.g., whenever all closed @ “-orbits have the same
period, and whenever ¢ “ is complete.

Condition (ii): It is a consequence of Einstein’s equation
that r is harmonic in local 2-surfaces in S orthogonal to ¢ “.
However, X vanishes where and only where the gradient of »
vanishes [first expression, (A2)], which in turn is where and
only where the gradient of the corresponding complex ana-
lytic function vanishes.*® Therefore, either X = 0 every-
where, or else X has at most isolated zeros. The case X = 0
everywhere leads to flat space-time: Writing out explicitly
the vanishing of the projection of the Ricci tensor into the 2-
planes orthogonal to the Killing fields, and using X = 0, one
obtains U = const. But this implies (since ¢ “ is surface or-
thogonal) that ¢ ¢ is a constant vector field in the space-time,
and so (equating to zero the second derivative of ¢ %} that
Copeat * = 0, where C,,, is the Weyl tensor, and so (since ¢
is nowhere null) that C,,., = 0. Thus certain representations
of flat space-times as “static and axisymmetric” cannot be
written in Weyl form.

The case of isolated zeros of X, as it turns out, can occur.
An example (obtained by merely repeating the standard
Weyl construction, but without introducing an r coordinate)
follows. In a neighborhood of the origin of the flat 2-plane
with Euclidean coordinates x,p, let r be the (harmonic) func-
tion 2 + x* — y*, and let U be any solution of
DU + r 9 ,U)2“) = 0 having gradient (0,1) at the
origin, where & , is the flat derivative operator. Now con-
sider the equation

DV =D r D [2mD UL U
—rDUD Uy + DD yr] PPr. (A3)

Away from the origin, the curl of the right side of (A3) van-
ishes identically, and, taking a divergence there, we have
DV = — 2 ,UZ*U. On approaching the origin,

9, r9"r = 4(x* + y*) vanishes quadratically. But both the
expression in square brackets in (A3} and the & °r vanish at
the origin, by our choices of » and U, and so the right-hand
side of (A.3) remains bounded at the origin. It follows*® that ¥/
satisfying (A 3) is smooth, including at the origin. The metric
is now given by

ds? = et W (dx? 4 dy*) + rreYdp? —eVdt?. (A4

The isolated zero of X is of course at the origin. These solu-
tions are apparently new, but just barely so as they are Weyl
solutions, and hence known, almost everywhere.

Thus, except for certain solutions with anomalous glo-
bal t-behavior, certain with anomalous global axis-behavior,
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certain representations of flat space-time, and certin local
solutions of the type (A4), all static, axisymmetric solutions
are Weyl.

APPENDIX B: BLACK HOLE CANDIDATES

Let the Weyl solution (2.3) associated with (S,4,,,U, V)
be a local black hole in the sense of Sec. 2. We show that this
solution must, at least in a neighborhood of the horizon,
coincide with one of the local Weyl holes listed in that
section.

First note that a cross section of the horizon must be a
compact, orientable two-dimensional manifold with posi-
tive-definite metric and nonzero Killing field ¢ °. Since the
sum of the indices of the zeros of @ * must be the Euler num-
ber of this cross section, and since, by the Killing character,
each index must be + 1, there are just two possibilities: a
topological sphere (two zeros of ¢ ) and a topological torus
(no zeros). We first sketch the topological structure of each
possibility.

In the spherical case, the orbits of ¢ “ must, from their
behavior near a zero, all be closed circles of the same period.
Rescale @ “ so that the period is 27. The axis in the external
region must meet this cross section in just the two zero-
points. In a neighborhood of the horizon, § must be topologi-
cally S 2 X R. Further, as we showed in Sec. 2, 7 must vanish
on the horizon. Thus, as #—0, the ends of the cylinders of
constant rin S must collapse down to an axis, their centers to
the horizon. One shows from this that (S,4,, @ ¢) must be of
the form S =S — H, where His a segment of the axis in
Euclidean 3-space with axial Killing field ¢ ¢, and S'is an
open neighborhood of this H. The Weyl potential U must of
course be smooth on S, but may be singular in S at H.

In the toroidal case, S must, in a neighborhood of the
horizon, be topologically S ' X.S ' X R, with the.S ' X.S "’s the
surfaces of constant r. There can be no axis in such a neigh-
borhood. If the orbits of ¢ ¢ are closed circles on these tor-
uses, they must all have the same period, in which case we
may rescale @ “ so that the period is 27. If the orbits are not
closed, then each orbit is dense in its torus, in which case we
may choose a new axial Killing field ¢ * which does have
closed orbits. The angle a of Sec. 2 is defined by starting at
any point p of a torus, moving within that torus orthogonally
to @ “ until reaching the point, g, at which the @ °-orbit
through p is next encountered, and setting a the g-angle
between p and ¢ on this orbit. Thus, in S we have flat tori of
constant r, each with Killing field ¢ ¢ of period 27, with these
tori converging, as 7—0, to the horizon. That is, we have
S =S — H as in Sec. 2, with, again, U smooth on S but in
general singular on H in S.

The rest of the argument is local, dealing with the de-
tailed behavior of U near H. The idea is to show that the
presence of the Killing fields and a horizon imply that U
must go “like In #” near the horizon, whence U — Uy or
U — U, must be smooth at H.

Since we have a local black hole, the norms of the two
Killing fields, e*V and * e ~ 2V, must be bounded near H.
That is, for some constant ¢ we have

Inr—e<Ugec (B1)
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in a neighborhood of H. But these bounds on U imply in turn
that Uis a distribution on S. Thus 8 = D *Uis also a distribu-
tion, and, by (2.1), one with support in H. The next step is to
show that the distribution 4 is that of a line-density. Let fbe
any smooth, nonnegative function with compact support in
S. Then we have

5(f) =J.(D2f)UdV=lim

5 x—0 Jrox

(D) UdV

—lim | (fD,U—UD, f)d3*
=0 Jr—x

~lim | D,(fU)d>" (B2)
x—=0 Jr=x

—limrs'| dx| D,(fU)dZ =1m| fUd4,
ry—0 (V] r=x ro—0, r=r,

where the first step is the definition of &, the third follows by
integration by parts, using (2.1), the fourth from the fact that
the limit of the integral of the second term in the previous
step vanishes, from (B1), and the sixth from performing the x
integral. But this last expression for § ( f), together with the
second inequality (B1), implies the second inequality of

27| fdz<8(f)<O0. (B3)

The first inequality of (B3) follows by repeating this argu-
ment, replacing U by In » — U. But it is not difficult to show
that a distribution § with support in H and satisfying (B3) for
every nonnegative test function f must be of the form

8(f)=27| fpdz (B4)

for some integrable function p on H with 0<p< 1. Thus, we
have shown so far that the source for U must be a line density
on H, with strength everywhere between zero and one.

We next show that the strength must be one. Write out,
from DU = 8, U as the sum of the inhomogeneous solution
obtained using the Green’s function and p and a homogen-
eous solution on S. There follows an expression for D, U, and
from this that, for almost all points p of our segment H, the
limit, along an integral curve of — D “r approaching p, of
w(r) = rdU /dris p( p), and of r JU /32 is zero. (The homo-
geneous solution does not contribute in these limits.) But this
implies, from (2.2}, that ¥ approaches p( p)* In #, in the sense
that the quotient approaches one, and that U approaches
p(p)In r. Now consider

(Va tb )(Vc td )gacgbd
= ¢V (D, U)D,U)h “>r eV~ Vu?, (BS)

Since we have a local black hole, the left-hand side must be
bounded near H, and so therefore must the right-hand side.
For 0 <p( p) < 1, this right side approaches p( p)r 2P = 11",
which is not bounded. For p( p) = 0, boundedness requires
that 7~ 'w’ be bounded, which contradicts the property that
U= fw/rapproach — « at H. So, p( p) = 1 almost every-
where, i.e. (since only integrals of p count) everywhere.
Now set U= Us + U in the spherical case (H a line-

segment), and U = U,. + U in the toroidal (H a circle), with
Us and U, as given in Sec. 2. Then, since the strength of the
source of U is one—precisely the strength of the sources of
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Usand U T—ﬁ is a distributional solution of Laplace’s equa-
tion, with zero source everywhere on S. It follows that U is
smooth.

Thus, we recover both the topology of (S,4,,,¢ ¢} and
the form of U given in Sec. 2.
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ERRATA

Erratum: Inverse scattering. ll. Three dimensions

[J. Math. Phys. 21, 1698 (1980)]

Roger G. Newton

(Received 26 February 1982; accepted for publication 26 February 1982)
Physics Department, Indiana University, Bloomington, Indiana 47405

PACS numbers: 03.65.Nk, 99.10. + g

I am indebted to Professor Y. Sait6 for pointing out to
me that the equation four lines from the bottom of the left-
hand column of p. 1713 is in error and should be replaced by

(60— 769 VV(x +3)

PR =T gy

As aresult the proof of Lemma 3.2 is invalid. A modification
of this proof by means of Holder’s inequality leads to the
following replacement of Lemma 3.2: If the assumptions
stated in Lemma 3.2 are made, and in addition it is assumed

that ©C, and u such that for all keR*
[V Ik)<Col® + [k 57,

where Vis the Fourier transform of ¥, then for all p>4,3C,
such that for all f&L”(S?)

f dkk 2|4, f112 <Cal | FI 12

where [[-||, is the L? norm.
This form of Lemma 3.2 (and its corresponding change
in the corollary on p. 1704) suffices for all subsequent results.

Erratum: Inverse scattering. lll. Three dimensions, continued

[J. Math. Phys. 22,2191 (1981)]

Roger G. Newton

{Received 26 February 1982; accepted for publication 26 February 1982)
Physics Department, Indiana University, Bloomington, Indiana 47405

PACS numbers: 03.65.Nk, 99.10. + g

The lower limits on the k-integrals in the equations on
lines 7 to 10 from the bottom of the right-hand column on p.
2192 should allbe — . Equaticn {A3)isvalidforO<a < 1.
The equation four lines below (A3) should read
@' —0"0—6" =2—0+6"u)

— |6 —0'|*(1 — u?) cos’,

and similarly in the integral in the next line. In line 6 from
below in the same column, it should be O (|a> — 1] %>~ 1),
and in line 4 from below, a*>b 2.

Erratum: On the existence of simultaneous synchronous coordinates in
spacetimes with spacelike singularities [J. Math. Phys. 22, 2659 (1981)]

Robert M. Wald and Ping Yip

Enrico Fermi Institute, University of Chicago, Chicago, Ilinois 60637

(Received 10 February 1982; accepted for publication 12 February 1982)

PACS numbers: 04.20.Jb, 99.10. + g

In the publication of our paper, several paragraphs in
Sec. IV were printed twice, with the second printing corre-
sponding to the uncorrected galley proofs and thus contain-
ing some minor errors. Therefore, the material beginning on
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line four of the first column of p. 2664 and ending on the fifth
line below Eq. (4.6) on the second column of that page should
be deleted.
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